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Preface 


We feel proud to present this edition of the book. It is based on the new CBSE 
syllabus. Apart from the CBSE course, this book can be used as a textbook 
for the courses of those state boards which follow the CBSE syllabus. The 
book has been thoroughly revised and reset. It now has a large number 
of questions from the NCERT textbook with full explanatory solutions. A 
large number of multiple-choice questions (MCQ) on all topics have also 
been included. This book will also be of immense help to the students who 
wish to sit for the board examination. 


Though revised and reset, it continues to have the qualities which 
made it so popular among teachers and students in the past. We have 
emphasized the theoretical as well as the numerical aspects of the 
mathematics course. The underlying concepts have been gradually and 
systematically developed. The exposition is simple, yet rigorous. The 
language is precise and simple. In each chapter, all the results and concepts 
of a particular topic have been put together. These are followed by a large 
number of solved examples. Quite a large number of problems have been 
given as exercises. 


Weare thankful to the editorial and production staff of Bharati Bhawan 
for doing such a good job. We also wish to thank all teachers and students 
who sent suggestions for the improvement of the book. We hope that we 
shall continue to receive such invaluable feedback. 


—Authors 


(iii) 


Mathematics Syllabus 
For Class 9 


Unit I: Number Systems 

1. Real Numbers (18 Periods) 
Review of representation of natural numbers, integers, rational numbers 
on the number line. Representation of terminating /nonterminating 
recurring decimals on the number line through successive magnification. 
Rational numbers as recurring/terminating decimals. Operations on 
real numbers. 
Examples of nonrecurring/nonterminating decimals. Existence of 
nonrational numbers (irrational numbers) such as y2, /3 and their 
representation on the number line. Explaining that every real number is 
represented by a unique point on the number line and conversely, every 
point on the number line represents a unique real number. 
Definition of nth root of a real number. Existence of yx for a given 
positive real number x and its representation on the number line with 
geometric proof. 


Rationalisation (with precise meaning) of real numbers of the type (and 


1 and 1 
a+byx Jxt fy’ 


numbers, a and b are integers. 


their combinations) where x and y are natural 


Recall of laws of exponents with integral powers. Rational exponents 
with positive real bases (to be done by particular cases, allowing learner 
to arrive at the general laws). 


Unit II: Algebra 
1. Polynomials (23 Periods) 


Definition of a polynomial in one variable, its coefficients, with 
examples and counter-examples, its terms, zero polynomial. Degree of a 
polynomial. Constant, linear, quadratic, cubic polynomials; monomials, 
binomials, trinomials. Factors and multiples. Zeros of a polynomial. 
Motivate and state the Remainder Theorem with examples. Statement 
and proof of the Factor Theorem. Factorisation of ax? bx *c,a #0, 
where a, b and c are real numbers, and of cubic polynomials using the 


Factor Theorem. 
(v) 


Recall of algebraic expressions and identities. Further verification of 
identities of the type 


xt+ytz) = x? +y? +274 2xy + 2yz + 22x, 
y y yY + ey 


(xy)? =x y? X3xy(x y) x xy? (xy) F xxyy’) 


X +y? +z? 3xyz = (x +y +z) (x? +y? +z- xy- yz- zx), 
and their use in factorization of polynomials. 

2. Linear Equations in Two Variables (14 Periods) 
Recall of linear equations in one variable. Introduction to the equation 
in two variables. Focus on linear equations of the type ax+by+c=0. 
Prove that a linear equation in two variables has infinitely many 
solutions, and justify their being written as ordered pairs of real 
numbers, plotting them and showing that they lie on a line. Graph of 
linear equations in two variables. Examples, problems from real life, 
including problems on Ratio and Proportion, and with algebraic and 
graphical solutions being done simultaneously. 


Unit III: Coordinate Geometry 
1. Coordinate Geometry (6 Periods) 


The Cartesian plane, coordinates of a point, names and terms associated 
with the coordinate plane, notations, plotting points in the plane. 


Unit IV: Geometry 
1. Introduction to Euclid’s Geometry (6 Periods) 
History—Geometry in India and Euclid’s geometry. Euclid’s method 
of formalizing observed phenomenon into rigorous mathematics 
with definitions, common/obvious notions, axioms/postulates, and 
theorems. The five postulates of Euclid. Equivalent versions of the fifth 
postulate. Showing the relationship between axiom and theorem, for 
example: 
(Axiom) 1. Given two distinct points, there exists one and only one 
line through them. 
(Theorem) 2. (Prove) Two distinct lines cannot have more than one 
point in common. 
2. Lines and Angles (13 Periods) 
1. (Motivate) If a ray stands on a line, then the sum of the two adjacent 
angles so formed is and the converse. 
2. (Prove) If two lines intersect, vertically opposite angles are equal. 


(vi) 


3 


4 
5 
6 


. (Motivate) Results on corresponding angles, alternate angles, 
interior angles when a transversal intersects two parallel lines. 


. (Motivate) Lines, which are parallel to a given line, are parallel. 
. (Prove) The sum of the angles of a triangle is 180°. 


. (Motivate) If a side of a triangle is produced, the exterior angle so 
formed is equal to the sum of the two interior opposite angles. 


3. Triangles (20 Periods) 


1 


N 


ies) 


> 


Ov UOI 


. (Motivate) Two triangles are congruent if any two sides and the 
included angle of one triangle are equal to any two sides and the 
included angle of the other triangle (SAS congruence). 

. (Prove) Two triangles are congruent if any two angles and the 
included side of one triangle are equal to any two angles and the 
included side of the other triangle (ASA congruence). 

. (Motivate) Two triangles are congruent if the three sides of one 
triangle are equal to three sides of the other triangle (555 congruence). 

. (Motivate) Two right triangles are congruent if the hypotenuse and 
a side of one triangle are equal (respectively) to the hypotenuse and 
a side of the other triangle. 

. (Prove) The angles opposite to equal sides of a triangle are equal. 

. (Motivate) The sides opposite to equal angles of a triangle are equal. 

. (Motivate) Triangle inequalities and relation between 'angle and 
facing side' inequalities in triangles. 


4. Quadrilaterals (10 Periods) 


1. 


(Prove) The diagonal divides a parallelogram into two congruent 

triangles. 

. (Motivate) In a parallelogram opposite sides are equal, and 
conversely. 

. (Motivate) In a parallelogram opposite angles are equal, and 
conversely. 

. (Motivate) A quadrilateral is a parallelogram if a pair of its opposite 
sides are parallel and equal. 

. (Motivate) In a parallelogram, the diagonals bisect each other, and 
conversely. 

. (Motivate) In a triangle, the line segment joining the midpoints 

of any two sides is parallel to the third side and is half of it, and 

(motivate) its converse. 


(vii) 


5. Area (7 Periods) 
Review concept of area, recall area of a rectangle. 


1. 


2. 


(Prove) Parallelograms on the same base and between the same 
parallels have the same area. 


(Motivate) Triangles on the same (or equal base) base and between 
the same parallels are equal in area. 


6. Circles (15 Periods) 
Through examples, arrive at definitions of circle and related concepts— 


radius, circumference, diameter, chord, arc, secant, sector segment, 
subtended angle. 


1. 


(Prove) Equal chords of a circle subtend equal angles at the centre, 
and (motivate) its converse. 


. (Motivate) The perpendicular from the centre of a circle to a chord 


bisects the chord and conversely, the line drawn through the centre 
of a circle to bisect a chord is perpendicular to the chord. 


. (Motivate) There is one and only one circle passing through three 


given noncollinear points. 


. (Motivate) Equal chords of a circle (or of congruent circles) are 


equidistant from the centre (or their respective centres), and 
conversely. 


. (Prove) The angle subtended by an arc at the centre is double the 


angle subtended by it at any point on the remaining part of the circle. 


. (Motivate) Angles in the same segment of a circle are equal. 


. (Motivate) If a line segment joining two points subtends equal 


angles at two other points lying on the same side of the line 
containing the segment, the four points lie on a circle. 


. (Motivate) The sum of either of the pair of the opposite angles of a 


cyclic quadrilateral is 180*, and its converse. 


7. Constructions (10 Periods) 


T. 


2. 


3. 


Construction of bisectors of line segments and angles of measure 
60°, 90°, 45°, etc., equilateral triangles. 


Construction of a triangle given its base, sum/ difference of the other 
two sides and one base angle. 


Construction of a triangle of given perimeter, and base angles. 


(viii) 


Unit V: Mensuration 


1. 


Areas (4 Periods) 


Area of a triangle using Heron’s formula (without proof) and its 
application in finding the area of a quadrilateral. 


. Surface Areas and Volumes (12 Periods) 


Surface areas and volumes of cubes, cuboids, spheres (including 
hemispheres) and right circular cylinders/cones. 


Unit VI: Statistics and Probability 


1. 


Statistics (13 Periods) 
Introduction to Statistics: Collection of data, presentation of data— 
tabular form, ungrouped/grouped, bar graphs, histograms (with 
varying base lengths), frequency polygons. Mean, median and mode of 
ungrouped data. 

Probability (9 Periods) 
History, repeated experiments and observed frequency approach to 
probability. Focus is on empirical probability. (A large amount of time 
to be devoted to group and to individual activities to motivate the 
concept; the experiments to be drawn from real-life situations, and from 
examples used in the chapter on statistics.) 


vw 


(ix) 
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MATHEMATICS 
CLASS 9 


Time: 3 Hours Max. Marks: 80 


The weightage or the distribution of marks over different dimensions of 
the question paper shall be as follows: 


Weightage to Content/Subject Units 


No 


1. Number Systems 


Marks 


e Real Numbers 
2. Algebra 


e Polynomials 
e Linear Equations in Two Variables 


3. Coordinate Geometry 
e Coordinate Geometry 


4. Geometry 28 


e Introduction to Euclid's Geometry 
e Lines and Angles 

e Triangles 

e Quadrilaterals 

e Area 

e Circles 


e Constructions 
5. Mensuration 13 
e Area of a Triangle using Heron's Formula 
e Surface Areas and Volumes 


6. Statistics and Probability 10 
e Statistics 
e Probability 


Total 80 
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19. Probability 690 
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, Number Systems 


INTRODUCTION 
We have learnt about various types of numbers in our earlier classes. Let us 
review them and learn more about numbers. 
NATURALNUMBERS Counting numbers are called natural numbers. 
The collection of natural numbers is denoted by N and is written as 
N={1, 2,3, 4,5,6,...}. 
REMARKS (i) The least natural number is 1. 
(ii) There are infinitely many natural numbers. 
WHOLE NUMBERS All natural numbers together with 0 form the collection W of all 
whole numbers, written as 
W = 10,1, 2,3, 4,5,...}. 
REMARKS (i) The least whole number is 0. 
(ii) There are infinitely many whole numbers. 
(iii) Every natural number is a whole number. 
(iv) All whole numbers are not natural numbers, as 0 is a 
whole number which is not a natural number. 
INTEGERS All natural numbers, O and negatives of natural numbers form the 


collection of all integers. It is represented by Z after the German word ‘zahlen’ 
meaning 'to count'. Thus, we write 


Z7(...,-5,-4,-3,-2, -1,0,1,2, 3, 4,5, ...]. 
REMARKS (i) 0 is neither negative nor positive. 
(ii) There are infinitely many integers. 
(iii) Every natural number is an integer. 
(iv) Every whole number is an integer. 


REPRESENTATION OF INTEGERS ON NUMBER LINE 
A number line is a visual representation of numbers on a graduated straight line. 


To represent integers on the number line, draw a line XY which 
extends endlessly in both the directions, as indicated by the arrowheads in 
the diagram below. 

(0) 
-—1 + + + + t + t t t t + | 
x 5 4 3 2 -1 0 1 2 3 4 5 Y 
1 
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Take any point O on this line. Let this point represent the integer 
0 (zero). Now, taking a fixed length, called unit length, set off equal 
distances to the right as well as to the left of O. 


On the right-hand side of O, the points at distances of 1 unit, 2 units, 
3units, 4 units, 5 units, etc., from O denote respectively the positive integers 
1, 2, 3, 4, 5, etc. 


Similarly, on the left-hand side of O, the points at distances of 1 unit, 
2 units, 3 units, 4 units, 5 units, etc., from O denote respectively the negative 
integers —1, 2, -3, 4, —, etc. 

Since the line can be extended endlessly on both sides of O, it follows 
that we can represent each and every integer by some point on this line. 


For instance, starting from O and moving to its right, after 836 units, 
we get a point which represents the integer 836. 


Similarly, starting from O and moving to its left, a point after 750 units, 
represents the integer ‘—750’. 


Thus, each and every integer can be represented by some point on the number line. 


RATIONAL NUMBERS The numbers of the form T where p and q are integers and 
q #0, are known as rational numbers. The collection of rational numbers is 


denoted by Q and is written as 


Q- fz : p, q are integers, q # o} i 
‘Rational’ comes from the word ‘ratio’ and Q comes from the word 
‘quotient’. 
1 3 11 _ 2001 
Thus, 4: 5779" 2002 


REMARKS (i) There are infinitely many rational numbers. 


; etc., are all rational numbers. 


(ii) There is no least or greatest rational number. 
(iii) 0 is a rational number, since we can write, 0 = 1 
(iv) Every natural number is a rational number since we can 


te 121,222,323 
write,1 — 3;2- 3:3 — 1» etc. 


(v) Every integer is a rational number since an integer a can 
a -31 0 79. 


be written as 1» e.g., 317-1 /Ü-Tand79-- 


Hence, rational numbers include natural numbers, whole numbers and 
integers. 
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EQUIVALENT RATIONAL NUMBERS Rational numbers do not have a unique 


representation in the form z, where p and q are integers and q + 0. 


2.3 4. _15_16_ _144_ 
4 6 8 " 303 " 288 °° 


These are known as equivalent rational numbers. 


Thus, T - 


; P. o. oe 
SIMPLEST FORM OF A RATIONAL NUMBER A rational number q is said to be in its 


simplest form, if p and q are integers having no common factor other than 1 (that 
is, p and q are co-primes) and q + 0. 


, 2345 . 1 
Thus, the simplest form of each of 4'6'8' 10 etc., is 2 


Similarly, the simplest form of $ is A and that of aa is 3 : 


; f 4 
EXAMPLE1 Write four rational numbers equivalent to 7 


SOLUTION We have 
4 4X2 4X3 AXA 4X5 
7 7X2 7X3 7X4 7x5 
4_8 12 16 20, 
7 14 21 28 35 


Thus, four rational numbers equivalent to 4 are 


8 12 16 
14’ 21’ 28 


20. 
and 25 


REPRESENTATION OF RATIONAL NUMBERS ON REAL LINE 
Draw a line XY which extends endlessly in both the directions. Take a point 
O on it and let it represent 0 (zero). 


Taking a fixed length, called unit length, mark off OA = 1 unit. 


The midpoint B of OA denotes the rational number 1 "Starting from O, 


set off equal distances each equal to OB = i unit. 


B A 
= + t + a 
X -4 3 -2 1 0 1 2 3 4 Y 
2 2 2 2 2 2 2 2 
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From the point O, on its right, the points at distances equal to OB, 2OB, 


3OB, 4OB, etc., denote respectively the rational numbers 1 E. 


1294. 
2! 2! y y €. 


Similarly, from the point O, on its left, the points at distances equal to 


OB, 2OB, 3OB, 4OB, etc., denote respectively the rational numbers 4 37 


-3 -4 
9’ 37 etc. 

Thus, each rational number with 2 as its denominator can be 
represented by some point on the number line. 

Next, draw the line XY. Take a point O on it representing 0. Let 
OA = 1 unit. Divide OA into three equal parts with OC as the first part. 


Then, C represents the rational number i i 


olor 
e| 
"S 


From the point O, set off equal distances, each equal to OC =} unit 
on both sides of O. 


The points at distances equal to OC, 20C, 30C, 40C, etc., from the point 


O on its right denote respectively the rational numbers i z, 3, M etc. 


Similarly, the points at distances equal to OC, 2CC, 30C, 40C, etc., 


from the point O on its left denote respectively the rational numbers 
mu A MO 
3 Fi 3 , 3 , . 

Thus, each rational number with 3 as its denominator can be 
represented by some point on the number line (or, the real line). 


a1 
3 * 


Proceeding in this manner, we can represent each and every rational 
number by some point on the line. 


EXAMPLE2 Represent (i) 23 and (ii) -12 on real line. 


SOLUTION Draw a line XY and taking a fixed length as unit length, 
represent integers on this line. 


E D [9] A B Cc 
x -2 -1 0 1 2 3 Y 
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(i) On the right of O, take OA = 1 unit. Then, OB = 2 units. 
Divide the 3rd unit BC into 8 equal parts. 


BP represents M of a unit. Therefore, P represents 22 f 
(ii) On the left of O, take OD = 1 unit. 
Divide the 2nd unit DE into 7 equal parts. 


DQ represents 7 ? of a unit. Therefore, Q represents a2 
n8 2, 11 j 
EXAMPLE3 Represent (i) 5 and (ii) =z on the number line. 
SOLUTION Draw a line XY and taking a fixed length as unit length, 
represent integers on this line. 


Q P 
Eu p 9 n B 4E 
x "UU EE EE ET aa y 
a9 49. 
0) 5=15 


On the right of O, take OA = 1 unit. 
Divide the 2nd unit AB into 5 equal parts. 


AP represents $ of a unit. Therefore, P represents 12 : 


SY 1125 14. 
(ii) 7 1 7 
On the left of O, take OD = 1 unit. 


Divide the 2nd unit DE into 7 equal parts. 


Then, DQ represents 7 2 of a unit. Therefore, Q represents 


1. 
7 


FINDING RATIONAL NUMBERS BETWEEN TWO GIVEN RATIONAL NUMBERS 
METHOD 1 Suppose we are required to find one rational number between 


two rational numbers x and y such that x < y. 


Then, La +y)is a rational number lying between x and y. 


EXAMPLE4 Find a rational number lying between (i) i and L, (ii) z and T 


SOLUTION (i) Let x = i and y=5 


required rational number lying between x and y 


TEETE 


TR y- 2^6 12 
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Hence, > is a rational number lying between i and H ] 


S 2 3 
(ii) Letx= 3 and y=—]q" 
required rational number lying between A and 3 


-terapij 


1 iX 1. 
2% ( TE 
1. : . 2 3 
Hence, 75, isa rational number lying between 3 and x d 
EXAMPLE5 Find three rational numbers between —2 and —3. [2014] 


SOLUTION A rational number lying between -2 and —3 is A 2)* (-3)], 
5 


ie., 72 i 


Now, a rational number lying between -2 and E is 
1 5|. 1.9. 9. 
A 2)+( 5), ie, 5 x( 2) ie, -7 

And, a rational number lying between -2 and -3 is 
33^ (73) " i.e., 1 x( 2) ie., Hu j 


2 4 
Thus, we have -2 > 


s 2 1g 
2 4 . 


Hence, three rational numbers between -2 and —3 are T 3 


11 
and 1 
METHOD2 Suppose we are required to find n rational numbers between two 


rational numbers, x and y with like denominators. 


Then, we convert the given rational numbers into equivalent rational 
numbers by multiplying the numerator and denominator by a suitable 
number, usually (n * 1). 


Now, the required rational numbers may be manually chosen. 


EXAMPLE 6 


SOLUTION 


EXAMPLE 7 


SOLUTION 


EXAMPLE 8 


SOLUTION 
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Find five rational numbers between M and 5 : [2015] 

Letn — 5. 

We convert $ and : into equivalent rational numbers by 

multiplying the numerator and denominator by (n + 1), i.e., 6. 
3_3X6_ 18 4 AX6 24. 

Thu» i5 30 6 5 5x6 a 


Clearly, we have 
18 19 20 21 22 28 24 
30 ^30 ^30 ^30 ^30 ^30 ^30 
3 19 2 7 11.23 4. 


oF 5*30*3 71071553075 

Hence, five rational numbers between : and E are B, F 
X OL 25 

10' 15* 30 

Find six rational numbers between 3 and 4. [2015] 
Let 1 = 6. 


We convert 3 and 4 into equivalent rational numbers using 
(n * 1) =7 as multiplying factor. 
B ORT OF o d E 9B. 
1 1x7 7 1 1x7 7 
Now,21.22.,23 ,24 25 26 (27 28 
ME RIS A a Maen ICQ 


e 422,25 24 ,25 26 27 | 
7 7 7 7 777 i 


Thus, 3 = 


Hence, six rational numbers between 3 and 4 are 2, 2, A, 
Em 20 nd dt 
yy 7 
Insert 10 rational numbers between Bs and At, 
13 13 
We have 
oe cT ag an e ee es 
13 13 13 13 13 13 ^13 ^13 ^13 ^13 ' 13 
Hence, 10 rational numbers between ES and E are 
4 3 2 1 0 12 3 4 d 5., 
is 13 q^ 19 "19 132 10 13 413 
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EXAMPLE 9 Insert 100 rational numbers between -4 and L . 
SOLUTION Clearly, we have 
4 C99 Mg TW. 
11 11X10 110979117 11x10 110 


40 < 39 < 38 <... < 1 <0< 1 < 2 « 
110 110 110 ``” 110 110 110 `” 
59 60 


<710 ^110- 


Now, 


Hence, 100 rational numbers between -4 and i are 


39 38 2 1 o 1 2 60 . 

110’ 110' " 110’ 110' '110'110' "110 
METHOD3 Suppose we are required to find n rational numbers between two 
given rational numbers x and y (especially those with unlike denominators) 
such that x « y. 
(y-3) 
(n * 1) 


Let d= 


Then, n rational numbers lying between x and y are (x * d), (x * 2d), 
(x * 3d), ..., (x * nd). 


REMARK There are infinitely many rational numbers between any two given 
rational numbers. 


; 2 
EXAMPLE 10 Insert five rational numbers between — 


3. 
3 and 4 


SOLUTION — Letx- -$ and y = » ‘Clearly, x < y. n — 6. 


y-x a 3] +3) aria 


PG Gai) el 7 77 8 


So, the five rational numbers between -$ and Š are 


(x * d), (x + 2d), (x + 3d), (x + 4d) and (x + 5d), 


T (-2+47), (2+ 34), (2451) C28) nd (-2+85) 
* i3 B4'\ 3 8X3 B4)'\ 3 B4)* 3 84 
39 22 5 12 4 29 
84' 84' 84’ 84 °S gq’ 
13 11 5 1, 429. 
28’ 42' 84/7 9" Ba 


i.e. 


i.e. 
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EXAMPLE 11 Find nine rational numbers between 0 and 0.1. 


SOLUTION Herex=0,y=0.landn=9. 
(7x3 (01-0) 01 
(n*1) (9-1) 10 
Hence, the required numbers between 0 and 0.1 are 
(x * d), (x + 2d), (x + 3d), (x + Ad), (x + 5d), (x + 6d), (x + 74), 
(x * 8d), (x * 9d), 
ie. 0.01, 0.02, 0.03, 0.04, 0.05, 0.06, 0.07, 0.08 and 0.09, 
1 2 3 4 5 6 7 8 add 9 
100’ 100’ 100’ 100’ 100’ 100’ 100” 100 100’ 
1 1 3 1 1 3 7 2 | ON 
100’ 50’ 100’ 25’ 20’ 50’ 100’ 25 100 
Hence, nine rational numbers between 0 and 0.1 are 


1 1 3 1 1 3 7 2 ndo 
100’ 50’ 100’ 25” 20’ 50’ 100’ 25 100 


d 


= 0.01. 


i.e. 


i.e. 


EXERCISE 1A 


1. Is zero a rational number? Justify. 


2. Represent each of the following rational numbers on the number line: 


AD 28 wie, 29 ; 
(i) 7 (ii) 3 (iii) "s (iv) 1.3 (v) 24 
3. Find a rational number between 
(3 and 2 (ii) L3 and 14 (iii) -Land 1 
8 5 2 
. 3 2 1 2 
(iv) 4 and 5 (v) 9 and 9 [2015] 
4. Find three rational numbers lying between Z and Z i 
How many rational numbers can be determined between these two 
numbers? [2011] 
5. Find four rational numbers between z and 2 . [2010] 


6. Find six rational numbers between 2 and 3. 


7. Find five rational numbers between 2 and 2 . 
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8. Insert 16 rational numbers between 2.1 and 2.2. 


9. State whether the following statements are true or false. Give reasons 
for your answer. 


(i) Every natural number is a whole number. 
(ii) Every whole number is a natural number. 
(iii) Every integer is a whole number. 
(iv) Every integer is a rational number. 

(v) Every rational number is an integer. 


(vi) Every rational number is a whole number. 


ANSWERS (EXERCISE 1A) 


un 


- Yes, because 0 can be written as 2 which is of the form D where p and q 


are integers and q + 0. 


4 31 - sene. Ili TS T 
3. (i) 30 (ii) 1.35 (iii) 3 (iv) 40 (v) 6 
107 59 129 = 1021.12.35 
' 160’ 80’ 160 ` 21” 21’ 21” 21 
e, 12 16 17 18 19 20 ; il 28 19 29 59 


' 18' 45' 30' 45’ 90 
8. 2.105, 2.11, 2.115, 2.12, 2.125, 2.18, 2.135, 2.14, 2.145, 2.15, 2.155, 2.16, 
2.165, 2.17, 2.175, 2.18 


TU qp 


el 


. (i) True 
(ii) False; 0 is a whole number which is not a natural number. 


(iii) False; negative integers are not whole numbers. 


(iv) True; every integer can be written in the form T where p and q are 
integers and q + 0. 
(v) False; fractional numbers are not integers. 


(vi) False; fractional numbers are not whole numbers. 
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DECIMAL REPRESENTATION OF RATIONAL NUMBERS 


Every rational number 5 can be expressed as a decimal. On dividing p by 
q, two possibilities arise 


(i) The remainder becomes zero and the division concludes after a 
finite number of steps. In this case, the decimal expansion obtained 
also terminates or ends. 


(ii) The remainder never becomes zero and a repeating string of 
remainders is obtained. In this case, we get a digit or a block of 
digits repeating in the decimal expansion. 

Thus, we have two types of decimal expressions: 
1. TERMINATING DECIMAL A decimal that ends after a finite number of digits is 
called a terminating decimal. 


Examples — Wehave(i)l-025, (i) 2 =0.625, (iii) 22 = n -26. 
4)1.0(.25 8) 5.0 (.625 5)13 (2.6 
20 20 30 
—20 -16 -30 
x 40 x 
—40 
x 
15 3 
Thus, each of the numbers 4'8 and 25 can be expressed as a 


terminating decimal. 


Es ; P : 
IMPORTANT RULE A rational number ru expressible as a terminating decimal 


only when prime factors of q are 2 and 5 only. 


13 7 13. MENS ' 
Examples Each one of the numbers =, 4' 20’ 25 i5 a terminating decimal 
since the denominator of each has no prime factors other than 
2 and 5. 


EXAMPLE Without actual division, find which of the following rational numbers 


are terminating decimals: (i) = (ii) n (iii) a : 
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SOLUTION (i) Denominator of S is 32. 


And, 32 = 2. 
32 has no prime factors other than 2. 


So, Š is a terminating decimal. 


ii) Denominator of 11 is 24. 
24 


And, 24=2° x 3. 
Thus, 24 has a prime factor 3, which is other than 2 and 5. 


i is not a terminating decimal. 


(iii) Denominator of Pa is 80. 
And, 80 7 2* x 5. 
Thus, 80 has no prime factors other than 2 and 5. 


a is a terminating decimal. 


2. REPEATING (OR RECURRING) DECIMALS A decimal in which a digit or a set of digits 
is repeated periodically, is called a repeating, or a recurring, decimal. 


In a recurring decimal, we place a bar over the first block of the 
repeating digits and omit the other repeating blocks. 


Examples We have 


(i) A = 0.666 ...— 0.6. (ii) n: = 0.2727 ...= 027. 
3) 2.0 (.666... 11) 3.0 (2727... 
-18 -22 
20 80 
-18 -77 
20 30 
LL.» -22 
2 80 
-77 
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(iii) 2 = 2.142857142857... (iv) a = 1.8333... 
= 2.142857. =1.83. 
7) 15 (2.14285714... 6) 11 (1.833... 
-14 6 
10 50 
E .-48. 
30 20 
-28 -18 
20 20 
-14 -18 
60 2 
-56 
40 
-35 
50 
—49 
10 
-7 
30 
-28 


You must have noticed a repeating string of remainders in each of the 
above cases. 

In (i), itis 2, 2, ...; in (ii), itis 8, 3, 8, 3, .... 

In (iii), itis 1, 3,2, 6, 4, 5, 1, ..; in (iv), itis 5, 2,2, 2, .... 

Kindly note that the number of entries in the repeating string of 
remainders is less than the divisor. 


In z, only one number 2 repeats itself and the divisor is 3. 


In B, a set of 6 digits, namely 132645, repeats itself and the divisor is 7. 


Thus, if the divisor is n then the maximum number of entries in the repeating 
oe ; ; 1. 
block of digits in the decimal expansion of 4; is (n — 1). 
LENGTH OF PERIOD Repeated number of decimal places in a rational number 
is called the length of its period. 


Example B = 2.142857. 


So, the length of its period is 6. 
SPECIAL CHARACTERISTICS OF RATIONAL NUMBERS 


(i) Every rational number is expressible either as a terminating 
decimal or as a nonterminating recurring decimal. 
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(ii) A number whose decimal expansion is terminating or 


nonterminating recurring is rational. 


SOLVED EXAMPLES 


EXAMPLE 1 Express 3t in decimal form. 


25. 


1 
SOLUTION We have 38 8 


By actual division, we have 


8) 25.000 (3.125 


-24 


10 
-8 
20 
ET 
40 
—40 
x 


25 _ 
à 73.025. 


EXAMPLE2 Express & in decimal form. 


By actual division, we have 


11) 2.0 (0.1818... 


SOLUTION 


EXAMPLE3 Write M in decimal form and say what kind of decimal representation 
[2010] 


it has. 
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SOLUTION By actual division, we have 


13) 3.0 (0.23076923 
-26 
40 
-39 
100 
-91 
90 
-78 
120 
-117 
30 
-26 
40 
-39 
1 


» = 0.23076923... = 0.230769. 


3 


15 


Clearly, 13 has a nonterminating recurring decimal representation. 


EXAMPLE4 Find the decimal expansion of I : Can you predict what the decimal 


23456 


expansions of S15) 51 517 are, without actually doing the long 


FEE TT 
division? If so, how? 
SOLUTION By long division, we have 


7) 1.0 (1428571428... 
-7 
30 
-28 
20 
-14 
60 


16 


EXAMPLE 5 


SOLUTION 


Secondary School Mathematics for Class 9 


i — 0.1428571428... 


— 0.142857. 


Clearly, 2 =2X = = 2 X 0.142857 = 0.285714; 
à =3%x I- = 3 X 0.142857 = 0.428571; 
i =4X l= = 4 X 0.142857 = 0.571428; 
2 =5X i- = 5 X 0.142857 = 0.714285; 
s =6X l= = 6 X 0.142857 = 0.857142. 


What can the maximum number of digits be in the repeating block of 
digits in the decimal expansion of +? Perform the division to check 
your answer. 

By long division, we have 

17) 1.00 (0.05882352941176470588 


-85 
150 80 
—136 —68 
140 120 
—136 —119 
40 100 
-34 -85 
60 150 
-51 —136 
90 140 
-85 —136 
50 4 
—34 
160 
-153 
70 
68 
20 
-17 
30 
-17 
130 
—119 
110 
—102 


EXAMPLE 6 


SOLUTION 


EXAMPLE 7 


SOLUTION 


EXAMPLE 8 


SOLUTION 
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Clearly, + = 0.05882352941176470588 ... 


= 0.0588235294117647. 
Length of period = 16. 


Hence, the maximum number of digits in the repeating block 


of digits in the decimal expansion of 1 is less than 17, i.e., 16. 


Express 0.3 in the form T where p and q are integers and q #0. 


[2014] 

Let x 7 03. 
Then, x = 0.333 .... ... (i) 
Since the repeating block has only one digit 3, we multiply x 
by 10 to get 

10x = 3.333... ... (ii) 
Subtracting (i) from (ii), we get 

Be gehe. 
Hence, 0.3 = i. 

3 

Express 1.4 as a fraction in simplest form. 
Let x - 14. 
Then, x= 1444 .... ze (il) 
Since the repeating block has only one digit 4, we multiply x 
by 10 to get 

10x = 14.444 .... ... (ii) 
Subtracting (i) from (ii), we get 

9x 213 © x- Bis. 
Hence, 1.4 = 1$- 


Express 0.9999 ... as a fraction in simplest form. 
Let x = 0.9999... . ve) 
Since the repeating block has only digit 9, we multiply x by 
10 to get 

10x = 9.9999 ... . ... (ii) 
Subtracting (i) from (ii), we get 

9x -9 e x-1. 
Hence, 0.9999... = 1. 
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EXAMPLE9 Express 0.57 in the form T where p and q are integers and q #0. 


[2014] 
SOLUTION Let x= 0.57. 
Then, x = 0.575757 .... (i) 
Since the repeating block 57 has two digits, we multiply x by 
100 to get 
100x = 57.5757 .... .. (ii) 
Subtracting (i) from (ii), we get 
= 257.19. 
99x =57 © X= 99 7 33 
5-19. 
Hence, 0.57 = 33 
EXAMPLE 10 Express 0.001 as a fraction in simplest form. [2011] 
SOLUTION Let x= 0.001. 
Then, x = 0.001001001 ... . (i) 
Since the repeating block 001 has 3 digits, we multiply x by 
1000 to get 
1000x = 1.001001001 ... . ... (ii) 
Subtracting (i) from (ii), we get 
- =l. 
999x =1 © x= 999 


T-L. 
Hence, 0.001 = 999 
EXAMPLE 11 Express 2.4178 in the form D where p and q are integers and q + 0. 
[2015] 
SOLUTION Let x = 2.4178. 


Then, x = 2.4178178178 .... TE 
Since the repeating block 178 has 3 digits, we multiply x by 
1000 to get 

1000x = 2417.8178178178... . ... (ii) 


Subtracting (i) from (ii), we get 
2415.4 _ 24154 12077. 
999 9990 4995 


999x = 2415.4 x= 


EXERCISE 1B 


1. Without actual division, find which of the following rational numbers 
are terminating decimals. 


O gg ET (ii) 3 (iv) ŽE v 76 
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2. Write each of the following in decimal form and say what kind of 
decimal expansion each has. 


AD TUA ES : 5 11 
(i) g (ii) 55 (ii) 41 (iv) 33 (V) 54 
4 261 ux 231 iss 5 

(vi) 400 (vii) 625 (viii) 215 


o 


. Express each of the following decimals in the form A where p, q are 
integers and q #0. 


(i) 0.2 [2014] (ii) 0.53 [2010] (iii) 2.93 [2010, 15] 
(iv) 18.48 [2014] (v) 0.235 [2010] (vi) 0.0032 
(vii) 1.323 [2010] (viii) 0.3178 [2014] (ix) 32.1235 [2011] 
(x) 0.407 [2014] 
4. Express 2.36 + 0.23 as a fraction in simplest form. [2011] 
5. Express in the form of D 0.38 + 1.27. [2015] 
ANSWERS (EXERCISE 1B) 
(i) and (v) 
2. (i) 0.625; terminating 


(ii) 0.28; terminating 


(iii) 0.27; nonterminating recurring 


(iv) 0.384615; nonterminating recurring 


(v) 0.4583; nonterminating recurring 
(vi) 0.6525; terminating 
(vii) 0.3696; terminating 


(viii) 2.416; nonterminating recurring 


N- NE «a 97 _, 610 235 4. 8 
3. (i) 9 (ii) 99 (iii) 33 (iv) “33° (V) 999 (vi) 2475 
191,44 635... 318023 367 
(vii) gg^ (vi) 1998 O93900 — 09 900 
257 164 
' ^99 ' 99 
IRRATIONAL NUMBERS 


IRRATIONAL NUMBER A number which can neither be expressed as a terminating 
decimal nor as a repeating decimal, is called an irrational number. 


Thus, nonterminating, nonrepeating decimals are irrational numbers. 
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EXAMPLES OF IRRATIONAL NUMBERS 
TYPE 1 (i) Clearly, 0.01001000100001... is a nonterminating and 
nonrepeating decimal and therefore, it is irrational. 
Similarly, 
(ii) 0.02002000200002 ... is irrational, 
0.03003000300008 ... is irrational, and so on. 
(iii) 0.12112111211112 ... is irrational, 
0.13113111311113 ... is irrational, and so on. 
(iv) 0.54554555455554 ... is irrational, 
0.64664666466664 ... is irrational, and so on. 
TYPE 2 If m is a positive integer which is not a perfect square then ym 
is irrational. 
Thus 42, /3, 45, /6, /7, /8, /10, V11, etc., are all irrational 
numbers. 


TYPE 3 If m is a positive integer which is not a perfect cube then V/m is 
irrational. 
Thus, 72, 73, 3/4, 3/5, 76, 3/7, 3/8, 3/9, etc., are all irrational 
numbers. 


; . 22 
The Number z: 7 is a number whose exact value is not 7 


In fact zhas a value which is nonterminating and nonrepeating. 


So, m is irrational, while = is rational. 


PROPERTIES OF IRRATIONAL NUMBERS 
1. Irrational numbers satisfy the commutative, associative and distributive laws 
for addition and multiplication. 
2. (i) Sum of two irrationals need not be an irrational. 
Example Each one of (2+ /3) and (4 - /3) is irrational. 
But, (2+ /3)+ (4 - /3) = 6, which is rational. 
(ii) Difference of two irrationals need not be an irrational. 
Example Each one of (5 * /2) and (8 + /2) is irrational. 
But, (5+ 42) -(3+ 4/2) = 2, which is rational. 
(iii) Product of two irrationals need not be an irrational. 
Example V3 is irrational. 
But, /3 X /3 =3, which is rational. 
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(iv) Quotient of two irrationals need not be an irrational. 
Example Each one of 2453 and y3 is irrational. 


248 
/8 


But, = 2, which is rational. 


3. (i) Sum of a rational and an irrational is irrational. 


(ii) Difference of a rational and an irrational is irrational. 


(ii) Product of a rational and an irrational is irrational. 


(iv) Quotient of a rational and an irrational is irrational. 


REMARK 


If a is rational and yb is irrational then each one of 


(a+ Jb y (a- Jb ), ayb and 4 is irrational. 


Examples: Each one of (4+ /3), (8— /5), 5/3 and 
irrational. 


3 


J2 


is 


AN IMPORTANT RESULT 
If a and b are two distinct positive rational numbers then 


at 
1. 2 


a is a rational number lying between a and b. 


2. yab is an irrational number lying between a and b. 


EXAMPLE 1 


SOLUTION 


EXAMPLE 2 


SOLUTION 


EXAMPLE 3 


SOLUTION 


SOLVED EXAMPLES 


Are the square roots of all positive integers irrational? If no, give two 
examples. 


The square root of every positive integer is not always irrational. 
Examples (i) /4 = 2, which is rational. 

(ii) /9 = 3, which is rational. 
Are the cube roots of all positive integers irrational? If no, give two 
examples. 
The cube root of a positive integer is not always irrational. 
Examples (i) V8 = 2, which is rational. 

(ii) /27 = 3, which is rational. 
Write three numbers whose decimal expansions are nonterminating 
and nonrepeating. 


We know that if m is a positive integer which is not a perfect 
square, then Vm is irrational. 


22 


EXAMPLE 4 


SOLUTION 


EXAMPLE 5 


SOLUTION 


EXAMPLE 6 


SOLUTION 


EXAMPLE 7 


SOLUTION 
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Also, we know that the decimal expansion of an irrational 
number is nonterminating and nonrepeating. 


So, the required numbers are V2, /3 and y5. 


Insert a rational and an irrational number between 3 and 4. 
3+4 
2 
number between 3 and 4, is /3 X 4, i.e., /12. 


A rational number between 3 and 4 is = 3.5. An irrational 


Find two irrational numbers between Land Z . 


By actualdivision, weknow that] = 0.142857 and = = 0.285714. 
Now, consider the numbers 

a = 0.16016001600016 ... and b = 0.21211211121111.... 
Clearly, a and b are irrational numbers such that i «a«b« E . 
Hence, a and b are the required numbers. 
Find two rational and two irrational numbers between 42 and /3. 

[2014, '15] 

We have 

/2 = 141421356... and y3 = 1.732050807 ... . 
If we consider the numbers 1.5 and 1.6, we find that both of 
them are rational numbers such that J2 <15<16< /3 , 
Hence, two rational numbers between /2 and 43 are 1.5 
and 1.6. 
Now, consider the numbers 

a = 1.5050050005 ... and b = 1.6161161116.... 
Clearly, a and b are irrational numbers such that 

42 «a«b«43. 


Hence, a and b are two irrational numbers between /2 and /3 : 


Find two rational numbers in the form E between 


q 
0.343443444344443 ... and 0.363663666366663 ... . [2010] 
Let a = 0.343443444344443 ... and b = 0.363663666366663 ... . 


Consider the numbers 


" -3 _7 E 2:98 9. 
c - 0.35 = 100 20 and d= 0.36 100 25 


Clearly, c and d are rational numbers such that a « c « d « b. 


Hence, 28 and x are the required rational numbers. 
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EXERCISE 1C 


1. What are irrational numbers? How do they differ from rational 
numbers? Give examples. 

2. Classify the following numbers as rational or irrational. Give reasons to 
support your answer. 


(i) "ES (ii) (361 Gii) /21 (iv) /1.44 


(v) 2/6 (vi) 4.1276 (vii) 2 
(viii) 1.232332333 ... (ix) 3.040040004 ... 
(x) 2.356565656 ... (xi) 6.834834 ... 


3. Let x be a rational number and y be an irrational number. Is x+y 
necessarily an irrational number? Give an example in support of your 
answer. [2010, 14] 

4. Let a be a rational number and b be an irrational number. Is ab 
necessarily an irrational number? Justify your answer with an example. 

5. Is the product of two irrationals always irrational? Justify your answer. 

6. Give an example of two irrational numbers whose [2015] 

(i) difference is an irrational number. 
(ii) difference is a rational number. 
(iii) sum is an irrational number. 
(iv) sum is a rational number. 
(v) product is an irrational number. 
(vi) product is a rational number. 
(vii) quotient is an irrational number. 
(viii) quotient is a rational number. 


7. Examine whether the following numbers are rational or irrational. 
(i) 3+ /3 (ii) (7 -2 (iii) 5 x 3/25 
(iv) V7 x (343 (v) i (vi) /8 x /2 
8. Insert a rational and an irrational number between 2 and 2.5. 


9. How many irrational numbers lie between /2 and /3? Find any three 
irrational numbers lying between /2 and V3. [2010] 
10. Find two rational and two irrrational numbers between 0.5 and 0.55. 


11. Find three different irrational numbers between the rational numbers 
5 P eae 
7 11 


24 Secondary School Mathematics for Class 9 


12. Find two rational numbers of the form 5 between the numbers 
0.2121121112... and 0.2020020002... . 
13. Find two irrational numbers between 0.16 and 0.17. 
14. State, in each case, whether the given statement is true or false. 
(i) The sum of two rational numbers is rational. 
(ii) The sum of two irrational numbers is irrational. 
(iii) The product of two rational numbers is rational. 
(iv) The product of two irrational numbers is irrational. 
(v) The sum of a rational number and an irrational number is irrational. 


(vi) The product of a nonzero rational number and an irrational 
number is a rational number. 


(vii) Every real number is rational. 
(viii) Every real number is either rational or irrational. 


(ix) wis irrational and 7 is rational. 


ANSWERS (EXERCISE 1C) 


2. (i) Irrational (ii) Rational (iii) Irrational 
(iv) Rational (v) Irrational (vi) Rational 
(vii) Rational (viii) Irrational (ix) Irrational 

(x) Rational (xi) Rational 

3. Yes 4. Yes 5. No 

6. (i) 2-/3)and (2+ /3) (ii) (2+/3) and (5+ /3) 
(iii) (6+ /2) and (/3 - 5) (iv) (8 /2) and (8- /2) 
(v) (2+/2) and (8- /2) (vi) (4+ /3) and (4- /3) 
(vii) /18 and /3 (viii) /27 and /3 

7. (i) Irrational (ii) Irrational (iii) Rational 
(iv) Rational (v) Rational (vi) Rational 

8. 2.25; /5 


9. Infinite; 1.5050050005 ..., 1.6161161116 ..., 1.70770770777... 
10. 0.51 and 0.53; 0.5151151115 ... and 0.5455455545... 
11. 0.727222722227 ..., 0.7577577757 ..., 0.8080080008 ... 
51 103 
* 250' 500 
13. 0.16116111611116 ..., 0.1686686668666 ... 
14. (i) True  (ii)False (iii) Irue (iv) False  (v)True (vi) False 
(vii) False (viii) True (ix) True 
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REAL NUMBERS 
REAL NUMBERS A number whose square is non-negative, is called a real number. 
In fact, all rational and all irrational numbers form the collection of all 
real numbers. 
Every real number is either rational or irrational. 
Consider a real number. 
(i) If it is an integer or it has a terminating or repeating decimal 
representation then it is rational. 
(ii) Ifit has anonterminating and nonrepeating decimal representation 
then it is irrational. 


The totality of rationals and irrationals forms the collection of all real 
numbers. 
COMPLETENESS PROPERTY On the number line, each point corresponds to 
a unique real number. And, every real number can be represented by a 
unique point on the real line. 
DENSITY PROPERTY Between any two real numbers, there exist infinitely 
many real numbers. 


ADDITION PROPERTIES OF REAL NUMBERS 


(i) CLOSURE PROPERTY The sum of two real numbers is always a real 
number. 
(ii) ASSOCIATIVE LAW (a+b)+c=a+(b+c) for all real numbers a, b, c. 
(iii) COMMUTATIVE LAW a+b = b +a for all real numbers a and b. 
(iv) EXISTENCE OF ADDITIVE IDENTITY Clearly, 0 is a real number such that 
0+a=a+0=a for every real number a. 
0 is called the additive identity for real numbers. 
(v) EXISTENCE OF ADDITIVE INVERSE For each real number a, there exists 
a real number (~a) such that a + (-a) = (-a) +a = 0. 
a and (~a) are called the additive inverse (or negative) of each other. 


MULTIPLICATION PROPERTIES OF REAL NUMBERS 


(i) cLosuRE PRoPERTY The product of two real numbers is always a 
real number. 
(ii) ASSOCIATIVE Law (ab)c = a(bc) for all real numbers a, b, c. 
(iii) COMMUTATIVE LAW. ab = ba for all real numbers a and b. 
(iv) EXISTENCE OF MULTIPLICATIVE IDENTITY Clearly, 1 is a real number 
such that 1: a — a-1— a for every real number a. 
1 is called the multiplicative identity for real numbers. 
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(v) EXISTENCE OF MULTIPLICATIVE INVERSE For each nonzero real number 


a, there exists a real number (b) such that a - "n x a — 1. 
a and 1 are called the multiplicative inverse (or reciprocal) of each 


other. 


(vi) DISTRIBUTIVE LAWS OF MULTIPLICATION OVER ADDITION We have 
a(b +c) = ab * ac and (a + b)c = ac + bc for all real numbers a, b, c. 


SOME MORE RESULTS ON REAL NUMBERS 
For all positive real numbers a and b, we have 


(i) ab = a x Yb, in = 


SOLVED EXAMPLES 


EXAMPLE1 Add (342 * 743) and (/2 — 54/3). 
SOLUTION We have 
(3/2 +743) + (/2 543) = (8/2 + /2) * (743 - 5/3) 
= (3+1)/2+(7-5)¥3 
= (4/2 € 243). 


EXAMPLE2 Multiply 5411 by 3411. 
SOLUTION We have 


54/11 x3/11 25x3x /11 x /11 = (5X3 X11) = 165. 
EXAMPLE3 Divide 15415 by 3 5. 


SOLUTION We have 


15/15 _ 5x5 X y3 


15415 + 3/5 = T iis -543. 
EXAMPLE4 Simplify 
(i) (3* /3)Q * /2) (ii) (6 /6)(6 — /6) 
(iii) (/3 + /2)* (iv) (/5 - /2)/5 + 2) 


SOLUTION We have 
(i) 8/32 - /2) 23x 2*3x 2+3 x 2*- /3 x J2 
2643424243 * /6. 
(ii) (6*/6)66-/6) = (60?-(V/6) — [- (a*b(a-b) =a" -V?] 
= (86 — 6) = 30. 


EXAMPLE 5 


SOLUTION 


EXAMPLE 6 


SOLUTION 


1. Add 
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(iii) (/3 +2)? = (/3) + (2) +2 x 73 x /2 
[^ (a+b)? 2 à? +b? +2ab] 
=3+24+2/6=5+2y6. 
(iv) (/5 - /2)(/5 + /2) = (75)? - (72)? 
[^ (a7 b)(a € b) 2 4^ - V] 


=5-2=3. 
-—-— 72 
Simply — 71 «3/288 2/688. m 
We have 
/72 E /72 
547234288 -2/648 | 54/724 344X72 - 249 X 72 
- /72 
 B47243-4/8 «722/972 
- /72 
 5847243X2X472—2x3x472 
- /72 
"54726472 — 6472 
/72 1 


(646-6472 5 


Ja - V +a . Ja tb -b 


a+b +b a ya p 


a-b’ +a | ya +b -b atya b a-ya =b 
atb +b a-Va-b Vath th ya +b -b 

7 (a)^ ( [iP - y? 
( a? +b’)? - (b)? 
«4-(6-b) g$-g$-w o 
(a+b) -b 4ewW-D a 


EXERCISE 1D 


(i) (2/3 - 5/2) and (/3 * 2/2) 


28 


N 


o 


a UI 


N 


oo 


Nor 


ol 
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(ii) (272 +5/3 - 7/5) and (3/3 - V2 * /5) 
(it) (5/7 - 5/2 + 6VI1) and (5/7 «542 - /11) 


. Multiply 


()3/5by2/5 Gi) 6y15by4y3 (ii) 2/6 by 373 
(iv) 3/8 by3/2 (v) /10 by /40 (vi) 3/28 by 2/7 


. Divide 
(i) 16/6 by 4/2 (ii) 12/15 by 4/3 (iii) 18/21 by 6/7 
. Simplify 
(i) 3-V/11)9*V/11) pot (i) C3 +y5)-3- V5) [2014] 
(iii) (8-3)? (iv) (/5 - /3)* 
(v) 6* /7)2* /5) (vi) (/5 - /2)(/2 - /3) 
. Simplify (6+ /3)(2 * y2)”. [2010] 
. Examine whether the following numbers are rational or irrational: 
(i) (6- /5)(5 * V5) Gi) (/3 +2)? 
(iii) VE e (iv) V8 +4/32-6/2 


. On her birthday Reema distributed chocolates in an orphanage. The 


total number of chocolates she distributed is given by (5 + /11)(5- 11). 
[2014] 
(i) Find the number of chocolates distributed by her. 


(ii) Write the moral values depicted here by Reema. 


. Simplify 
(i) 3/45 - 125 + /200 — /50 [2010] 
Gi) 2730 34140 | /55 
/6 /28 99 
(iii) /72 + /800 - /18 [2014] 
ANSWERS (EXERCISE 1D) 

()3(/2-/2) ii) /2«8/3-6/5 (ii) (7 + /2 +511 
(i) 30 (ii) 72/5 (iii) 18/2 (iv) 36 (v) 20 

(vi) 84 3. (i) 4/3 (ii) 3/5 (iii) 3/3 
(i) -2 (ii) 4 Gii) 12-6/3 (iv) 8- 2/15 


(v)10+5/5+2y7 +35 (vi) V10- /15-2* /6 


. 18+12,/2+6/3 +476 
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6. (i) Rational (ii) Irrational (iii) Rational (iv) Irrational 
7. (i) 14 
(ii) To help the poor and needy and to make the deprived children 
happy. 


8. (0A/Bb454/2 — i) — v8 (ii) 23/2 


REPRESENTING IRRATIONAL NUMBERS ON THE NUMBER LINE 


EXAMPLE 1 Represent each of the numbers V2, 43 and 4/5 on the real line. 


SOLUTION Let X'OX be a horizontal line, taken as the x-axis and let O be 
the origin. Let O represent 0. 


= 


x’ 


Take OA = 1 unit and draw AB L OA such that AB =1 unit. 
Join OB. Then, 


OB = (OA?+ AB’ = 1? «1? = y2 units. 
With O as centre and OB as radius, draw an arc, meeting OX 
at P. 
Then, OP = OB = /2 units. 
Thus, the point P represents y2 on the real line. 
Now, draw BC L OB such that BC = 1 unit. 
Join OC. Then, 
OC = JOB! + BC? = /(/2)?+ 1? = /3 units. 


With O as centre and OC as radius, draw an arc, meeting OX 
at Q. Then, 


OQ = OC = /3 units. 
Thus, the point Q represents 4/3 on the real line. 
Now, draw CD L OC such that CD = 1 unit. 
Join OD. Then, 

OD = OC? + CD? = /(/3)?+ V = /4 - 2 units. 
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Now, draw DE L OD such that DE = 1 unit. 
Join OE. Then, 
OE = VOD’ + DE! = 2? «1? = /5 units. 
With O as centre and OE as radius, draw an arc, meeting OX 
at R. Then, OR = OE = V5 units. 
Thus, the point R represents y5 on the real line. 


Hence, the points P, Q, R represent the numbers /2, /3 and 
/5 respectively. 


REMARK In the same way, we can locate yn for any positive integer n, after 


EXAMPLE 2 


SOLUTION 


4n —1 has been located. 


Represent each of the numbers /5, /6 and 7 on the real line. 


Draw a horizontal line X' OX, taken as the x-axis. 


Take O as the origin to represent 0. 


= 
x’ 


Let OA = 2 units and let AB L OA such that AB = 1 unit. 
Join OB. Then, 
OB = (OA?+ AB! =y? +17 - 5. 
With O as centre and OB as radius, draw an arc, meeting OX 
at P. 
Then, OP = OB - 75. 
Thus, P represents V5 or the real line. 
Now, draw BC L OB and set off BC = 1 unit. 
Join OC. Then, 
OC = JOB! + BC? = /(/5)? +1? = 6. 
With O as centre and OC as radius, draw an arc, meeting OX 
at Q. 
Then, OQ = OC = /6. 
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Thus, Q represents V6 on the real line. 
Now, draw CD OC and set off CD = 1 unit. 
Join OD. Then, 

OD = (OC? + CD? = /(/6)?+ 1 =¥7. 


With O as centre and OD as radius, draw an arc, meeting OX 


at R. Then, 
OR-OD-J/7. 


Thus, the points P, Q, R represent the real numbers 7/5, / 6 and 


/7 respectively. 


EXISTENCE OF y x FOR A GIVEN POSITIVE REAL NUMBER x 


Let x be a given positive real number. 


We shall prove the existence of yx in the following three steps. 


STEP 1 


STEP2 


Finding yx geometrically. 


Draw a line segment AB =x units and extend it to C such that 


BC = 1 unit. 

Find the midpoint O of AC. 

With O as centre and OA as radius, draw a semicircle. 
Now, draw BD L AC, intersecting the semicircle at D. 
We shall show that BD = yx. 


A [9] B C E x 
Proving that BD = x. 
We have, AB = x units and BC = 1 unit. So, AC = (x + 1) units. 
Now, OD = OC (radii of the same semicircle) 
gl gee 
= ZAC =a (x +1) units. 


xt+1 
2 


And, OB = (OC- BC) = ( & 1) units = 1 (x - 1) units. 


BD? = (OD? OB’) - Lai ns 1)? 


=f et? @-V}=(4 x 4r)=2 
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BD 7 /x. 


Thus, we have proved that BD = yx : 


srEP3 Representing y x on the real line. 


Take BC produced as the number line with the origin at B. 
Now, BC = 1 unit. 
So, B and C denote 0 and 1 respectively. 


With B as centre and BD as radius, draw an arc, meeting BC 
produced at E. Then, BE = BD = /x. 


Hence, the point E represents yx. 


Thus, for every positive real number x, /x is also a positive real 
number and hence yx exists. 


EXAMPLE 3 


SOLUTION 


EXAMPLE 4 


SOLUTION 


Find the value of 44.3 geometrically. 

Draw a line segment AB = 4.3 units and extend it to C such 
that BC = 1 unit. 

Find the midpoint O of AC. 

With O as centre and OA as radius, draw a semicircle. 


A ò B c Ex 
Now, draw BD L AC, intersecting the semicircle at D. 
Then, BD = /4.3 units. 
With B as centre and BD as radius, draw an arc, meeting AC 
produced at E. Then, BE = BD = /4.3 units. 


Represent «8.47 on the real line. 


Draw a line segment AB = 8.47 units and extend it to C such 
that BC = 1 unit. 
Find the midpoint O of AC. 


With O as centre and OA as radius, draw a semicircle. 
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Now, draw BD AC, intersecting the semicircle at D. 

Then, BD = /8.47 units. 

With B as centre and BD as radius, draw an arc, meeting AC 
produced at E. Then, BE = BD = /8.47 units. 


REPRESENTING REAL NUMBERS ON THE NUMBER LINE (SUCCESSIVE 
MAGNIFICATION) 


EXAMPLES Locate 3.895 on the number line. 


SOLUTION We proceed stepwise as follows. 


STEP 1 


STEP2 


STEP 3 


3.895 lies between 3 and 4. 


We divide this into 10 equal divisions and mark them as 3.1, 3.2, 
3.3, ..., and so on as shown in Fig. (ii) given below. 


3.895 lies between 3.8 and 3.9. 

If we look at this part of the number line closely, as through a lens, 
it would appear as shown in Fig. (iii). 

We divide this into 10 equal divisions and label them as 3.81, 3.82, 
3.83, ..., and so on. 


3.895 lies between 3.89 and 3.9. 

If we look at this part of the number line closely, it would appear 
as shown in Fig. (iv). 

We divide this into 10 equal divisions and label them as 3.891, 
3.892, 3.893, ..., and so on. Mark 3.895 as P. 


(i) - 


(i) - 


(i) < 


.892 3.893 3.894 3.895 3.896 3.897 3.898 3.899 3. 
P 


(iv) ^4 


Clearly, point P on the number line represents 3.895. 
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EXAMPLE6 Visualize the representation of 2.32 on the number line up to 


SOLUTION 


STEP 1 


STEP 2 


STEP 3 


(i) ~ 


4 decimal places. 

2.32 = 2.3222 (up to 4 decimal places). 

We proceed stepwise as follows: 
2.3222 lies between 2 and 3. 
We divide this portion of the number line into 10 equal divisions 
and mark them as 2.1, 2.2, 2.3, ..., and so on, as shown in Fig. (ii). 
2.3222 lies between 2.3 and 2.4. 
If we look at this part of the number line closely, as through a lens, 
it would appear as shown in Fig. (iii). 
We divide this into 10 equal division and label them as 2.31, 2.32, 
2.33, ..., and so on. 
2.3222 lies between 2.32 and 2.33. 
If we look at this part of the number line closely, it would appear 
as shown in Fig. (iv). 
We divide this into 10 equal divisions and label them as 2.321, 
2.322, 2.323, 2.324, ..., and so on. 


=3 -2 =1 0 1 2 3 4 


(ii) ^ 


24 25 26 27 


(iii) ~ 


2.3 


2.31 2.32 2.33 2.34 2.35 2.36 2.37 2.38 2.4 


2.3, 


(iv) ~ 


(v) ^ 


2.321 2.322 2.323 2.324 2.325 2.326 2.327 2.32 > 2.33 


2.322 2.3221 2.3222 2.3223 2.3224 2.3225 2.3226 2.3227 2.3228 2:3229 2.323 


STEP 4 


P 


2.3222 lies between 2.322 and 2.323. 

If we look at this part of the number line closely, it would appear 
as shown in Fig. (v). 

We divide this into 10 equal divisions and label them as 2.3221, 
2.3222, 2.3223, ..., and so on. Mark the division representing 2.3222 
as P. 
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Clearly, point P on the number line represents 2.32 up to 4 decimal 


places. 
EXERCISE 1E 
1. Represent /5 on the number line. [2010, 11, 14] 
2. Locate /3 on the number line. [2012, 15] 
3. Locate /10 on the number line. [2010] 
4. Locate /8 on the number line. [2014] 
5. Represent y4.7 geometrically on the number line. 
6. Represent /10.5 on the number line. [2014] 
7. Represent /7.28 geometrically on the number line. 
8. Represent (1 + /9.5) on the number line. [2015] 
9. Visualize the representation of 3.765 on the number line using 
successive magnification. [2015] 
10. Visualize the representation of 4.67 on the number line up to 4 decimal 
places. [2011] 
RATIONALISATION 


RATIONALISATION Suppose we are given a number whose denominator is irrational. 
Then, the process of converting it into an equivalent expression whose denominator 
is a rational number by multiplying its numerator and denominator by a suitable 
number, is called rationalisation. 


EXAMPLE 1 Simplify " by rationalising the denominator. 


SOLUTION On multiplying the numerator and denominator of the given 
number by /5, we get 


3 _ 3 dB. aun. 


= x = 
v5 45 v5 95 
RATIONALISING FACTOR (RF) 


If the product of two irrational numbers is rational then each one is called the 
rationalising factor of the other. 


If a and b are integers and x, y are natural numbers then 
(i) (a+ yb) and (a — yb) are RF of each other, 
as (a+ / b)(a — yb) = (a^ — b), which is rational. 
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(ii) (a+ b/x) and (a — b/x) are RF of each other, 

as (a + by/x) (a — bx) = (a? — D^ x), which is rational. 
(iii) (yx + /y) and (yx — yy) are RF of each other, 

as (yx + J|yywx = Jy) = (x - y), which is rational. 


For rationalising the denominator of a number, we multiply its 
numerator and denominator by its hg d factor. 


Thus, the rationalising factor of — — aE is (3 - /2) since 


i^ 29-42. - . G-v2) 
3«42^ 3-43 «420-43 GY-u2y 
3-42 3-42 


| 9-2 7 


, Which is a rational number. 


e : ic 2 z 
Similarly, the rationalising factor ————— is (7-443), the 
imilarly i ising r 7x48 is ( 43) 


; so 1 : 
rationalising factor of —————— is (y7 + 46), and so on. 
g p ge 


SOLVED EXAMPLES 


EXAMPLE 1 — Rationalise the denominator of LL s 
(3/2) 


SOLUTION We have 


1 . 1 460-42  G-v2) 
(3*2) G/D (3-72) (3?-(/2) 
Ta NaO 


92 


EXAMPLE2  Rationalise the denominator of — —— —- 
(8+ "s 2) 


SOLUTION We have 
1 _ 1  ,(8-5/2  (8-5/2) 
(8*5/23) (8*5/2) (8-5/2) (8)- 6/2} 
_ (8-572) (8-542) 


64-50 14 


EXAMPLE3 Rationalise the denominator of ———— - 
(V5 +2) 


SOLUTION We have 
6 _ 6 (5-42) 6(5-V/2) 
(/5*y2) (/5*/2) (/5-/2) (V5y-(/2) 


Number Systems 37 


6(/5 - /2) E 42) 
= 5-2 ~ -2(/5 4/2). 


: . : 2 
EXAMPLE4  Rationalise the denominator of —=——= - [2011] 
(V3 - /5 


SOLUTION We have 
2 . 2  ,(3*/5)  2/3*/5) 
(/3—45). 4y3-4/5) X 8 * 45) (3) 5) 


2(/3 + 5) Au) 
^. 8-5 (V3 +5). 


-4/3 
+4,/3 


6 
EXAMPLES Simplify by rationalising the denominator: r [2010, 14] 


SOLUTION We have 
6-443 (6- 443) .. (6-4/3) (6-4/3)? 
6*4/8 (64448) (6-448) O- EF 
6 * (443) -2x6X4/3. 36*48-48/3 
36 — 48 -12 


_ 84- 4843 _ = 84 = (4/3 -7). 


-12 


3+2 
EXAMPLE6 Find the values of a and b if 3 5 =a+b/2. (2014, 15] 


-2 
SOLUTION We have 


3*/2 (742) QG*42) G2) 


3-/2 G-/À GVD G- WJ 
_3 *+(y2)°+2X3X/2 9+2+6y2 11-642. 


9-2 E 7 EE 
3442 11.6 
=atby2 H 2=a+by2 
ona e Dauer by 
S a= H and b=2. 
v11-y7 


EXAMPLE? Ifa and b are rational numbers and —=—= = a - b 77, find the 
Aa +y7 
values of a and b. 


SOLUTION We have 
A-47. (11-77) (v11 - 7) 
/ÁAi-/z (qwH-/7) (11-7) 
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(11-/7) — 11*7-2x 11 x 7) 


 QHuy-u» 11-7 
_(18-2/77) 18 2 (9 1 
E 4 = 4 7)-(2-2 77): 


11-47 
YET aac WI e $-1 T a- MI 


-2 zl. 
Hence, 4 7 5 and b= 2 


4+ 
EXAMPLE8 If a and b are rational numbers and i a =at+b/5, find the 
values of a and b. 


SOLUTION We have 
4*3/5  (&4*3/5) | (&*3/5) 
4-3/5 (4-345) 4+3/5 
| (4*3/5y — (4*3/5) (4*3/5) 


(4)-(3/5? 16-45 -29 

_ (4)°+ G5) * 2x 4x 345) 

= —29 

_ (16* 45 * 24/5) 

| 0-29. —— 

_(61+2475) | 61, | 24 

EET :( a) 25)5- 
4*345 | 611,/ 24V. , 
4o m ee e( oa) 25) 7 a4 5. 
a=-$ and b -- 25. 


: - . 25 R R 
EXAMPLE9 Evaluate after rationalising the denominator of ——  ———, it bein 
EXAMPLE 9 fi g if /40 - /80 g 
given that /5 = 2.236 and 410 = 3.162. [2011] 
SOLUTION We have 
5o a 3 — 10+ 275) 
/40-/80 2/10-4/5 2(/10-2/5) (/10+2,/5) 
25(/10 + 2/5) 25(/10 + 2/5) 


- 2(/10-2/5)(/10-2/5) 2110- Q5] 
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| 25(/10 +275)  25(/10 +25) 


2(100 — 20) 160 
| 5(V10*2/5) 5(3.162*2x 2.236) 
B 32 J 32 


_5X7.634 _ 38.17 _ m 
OSA ce o 511928 51,195. 


EXAMPLE 10 Find the values of a and b if 
M Lae cae Bb (2010, 11, 45) 
SOLUTION We have 
74845 7-345 (7345). (8-5) (7-3/5). (8*5) 
3+¥5 3-7/5  (8*/5) (3-/5) (3-/5) (6+5) 
cDi-74599458-15 Q149745-945-15) 
(0 Q*/5)8- 45) (3- /5)(8- V5) 
_ (64245) (6-2/5) 
 (GY-(5) 6-57 
_ (64275) (6-2/5) 6*2/5 6-2/5 


(9-5 (9-5) 4 4 
ee 
c: 1$ Lob > /5=a+/5b 


=> a=0 and b=1. 

EXAMPLE 11 Show that 
1 1 , 1 1 , 1 
3-/8 /8-/7 47-46 6-45 45-2 


SOLUTION We have 


— 5. [2011,15] 


1 1 , 1 1 , 1 

3-4/8 yB-/7 S746 «6-48 5-2 

21 t8) 1. (8/7) 

(3-78) (34/8) (/8-/7) (/8*V/7) 

LLLA V V7 t6) 1 — (6*5) 

(7-46) (/7-46) (V6-V/5) (6*5) 
(01 , (5*2 
(5-2) W5 +2) 


40 


EXAMPLE 12 


SOLUTION 


EXAMPLE 13 


SOLUTION 
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G*/8) — (/8*/7) , (/7*6) 
3)/-(/8) W8) -07  Q7Y-(/6)* 
(/6r5) , (/5*2) 
(/6)-(5) W/5)*- 2)" 
(3+78)_ (/8*/7) (/7*V6) (V6*V5) | (V5 +2) 
(9-8) (8-7) (7-6) (6-5) (5-4) 
= (3+ 78)— (V8 +77) + (7 + /6) - (V6 + /5) + (V5 +2) 
=3+/8-/8-/7+/7+/6-V6-/5+/5+2 
=3+2=5. 
If /2 =1.414, /3 =1.732, y5 =2.236 and y6 =2.449, find the 
24/3 2- v3, /3-1 
2-/3 2448. Jaad 
We have 
2449 2-49 .43—1 
2- E 
.Q*43) (2+¥3) | Q-v3) T ,U3-1) (3-1) 
"Q-48). ony (2+/3) Q-J8) (8-1 (8-1) 
Q*/3* | Q-/3* Ts n? 
(2-3 B- vr- 
_ 2 +(y3) o 2? + (V3) -2x2x V3 


value of [CBSE Sample Paper] 


(4-3) (4-3) 

6/3)" + 0) -2x 3x1 
' 6-1) 

= (44+3+4,/3)+ (443 aa 

=7+44/3+7-4/34 ae m -14*2- /3 - 16 - /3 

= 16- 1.732 = 14.268. 

Ifx=3+ 2/2, find the value ez + zi : [2015] 

X 


Given, x 2 34242. 
y... d 1 60-272) 
* (8342/2) ~ (+242) - (3-2,/2) 
. 6-2/2 _ @-2y2) 
Toe 0-8) ^ 80. 
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= (3+2/2)+(3-2/2)= 


= (^ * pe 36 > (e) «36-27 04 
x x 
Hence, (^ F x 34. 
x 


5-421 
EXAMPLE 14 If x= an prove that 


paee 


be 


SOLUTION Given, x = 


MEE EE: ,O*y21). 2(5 +21) 


x 5- Ja 6v2) 6/2) ()-(21y 
2(5+421) _ 26+ 7/21) _ 5+y21 
-n 


^ (95-21) 4 
.1 [5-421|,(5* 21) 5-/21*5*421 | 
wra c» QUE m T 2 z 
2 
(x«i) =5?=25 
2,1, L 
x Ra dais 
2 2, 1\_ Z 
> |x +=>|+2=25 > ES =25-2=23. 
x? x 


And, x+}=5 > (+1 1y- = (5)°=125 
1 wi 
> +L +3xxxtHx+})=125 
x? x po 


= (as) +35 = 125 
x 


> (^ + xl -125-15- 110. 
x 


41 


[2011] 


=p; 


42 


EXAMPLE 15 


SOLUTION 


EXAMPLE 16 


SOLUTION 


EXAMPLE 17 
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epe eg 


= 110-5 23+5=110-115+5=115-115 =0. 


£u 0 4431 

Ifx tdi nd the value of x^ ^ y^ + xy [2015] 
If x = fea! oe Ly fx ey + xy. 

We have 


.42*1 (2941), (/2*1 _ (V2)? + (1)? 42X92 X1 
42-1 (/2-1) (2-1) (2) - (1)? 
24+14+2,/2 

= 3422 


42-1 (2-1), W2-1) (/2**(0)-2x/2x1 


d,y= = 2 2 
mY ael (241) (2-1) (/2) - 1) 
| 241- 241-242 
"pu 999 


xt ey xy = (x+y) xy 
-[8*/2)* (8- 2) - 6* 2/2) - 2/2) 
= (6) -[G)^ - Q/2)*] = 36- (9 - 8) 


=36-1=35. 
Express AVE with rational denominator. [2010] 
We have 
3 E 3 ,U3-42)- /5 
(8-/2)*48. (3-/3)4 8. W8-2)- V5 
3(/3-/2-V/5) - 3(/3 - /2 - /5) 


~ (V3 -/2)?- (15)? [6/3)? *(/2? -2x 73 xJ2]-5 
| 3(/3-42- 2 38-42-45). v6 


| (8*2-246)- -2/6 v6 
3608-248), 20/1-2/8-48 
-2X6 = 12 
z 3/2 -243 —,/30 _ 243 € 4/30 - 3/2 l 
—4 4 


, find the value of x? - 2x? -7x +5. 


_— 1 
gir: 
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SOLUTION We have 


_ 1 _ 1 ,(G*/8  (QG*/8) 
3-/8 (3-78) (3+¥78) (3y-(/8y 
Ta. = (8 /8). 

rapt fo x3-48 


^ (x-3'-(/8)-8 
=> x°4+9-6x=8 > x!-6x41-0 
x°- 2x7? -7x *52 x (x! - 6x +1) + 4(x?-6x+1)+ 16x41 
=xX0+4X0+16(3+/8)+1 
=48+16/8+1=49+32,/2. 


EXERCISE 1F 
1. Write the rationalising factor of the denominator in iD : B . [2014] 
2. Rationalise the denominator of each of the following. 
(i a (i) A (i) 
(e) — — z- j (v) 5 = fa (vi) " 1 J6 [2010] 
(vii) A [2010] (viii) D [2014] (ix) m 


3. It being given that /2 = 1.414, /3 = 1.732, y5 = 2.236 and //10 = 3.162, 
find the value to three places of decimals, of each of the following. 


(i) e (ii) a (iii) Se [2010] 
5 48 2 
4. Find rational numbers a and b such that 
v2-1 2-75 
Er agi 2012 ii =aVv5t+b 2014 
DET v2 qu — (i) TN [2014] 
/842 54248 
iii =atb 2010, 11] (iv =atby3 2014 
(ii i n v6 I DEMO v3 [2014] 


5. It being given that 73 = 1.732, y5 = 2.236, y6 = 2.449 and //10 = 3.162, 
find to three places of decimal, the value of each of the following. 


TE ME e — 
/6 * 45 4/5 *- 43 443 - 345 


[2014] [2011] (iii) [CBSE Sample Paper] 
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14. 


15. 
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1+2/3 V 5*2 
2-8 d s 


(iv) M [2010] (v) 


. Simplify by rationalising the denominator. 


743-542 
/48 + /18 


2/6 - 45 


(i) 3/8 -2 /6 


(ii) 


. Simplify 


4+/5 4-45 


+ 
4-45 44+75 


1 2 3 
(3+/2 45-43 2-75 
2448 2-43 43-1 
nem - 3049 3+1 
2/6 6/2 8/3 


(i) 


(ii) 


(iii) 


uu) 48448. J6« 8 /6 * 42 

. Prove that 
"ES 1 1 1 
Ò 3lg7 J+J +3 Ba 


1 1 1 1 1 


NE, | | 
(UG JW5 +4 WAS +06 Vée 


1 


[2012] 


[2014] 


[2011] 


[2014] 


[2010, 11] 


[2011] 


. Find the values of a and b if 


7*345 75949 enti 
3445 3-45 


418—411 3/11 


. Simplif 
eee /ÀAA3-4/11 13-,/11 


. If x 234242, check whether x +i is rational or irrational. 
1 3 
. Ifx =2-¥73, find the value of (x-4) : 


A If x - 9 - 4/5, find the value of x? +} - 
x 


=421 
B 2) patei 


: 1 
If a 23-242, find the value of ded 


Ifx= 


"T 
J+J Ves 


[2014] 


[2015] 


[2010] 


[2011] 


[2014] 


[2010] 


16. 


17. 


18. 


19. 


20. 


21. If 


22. 


23. 


24. 


25. 
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If x = /134 243, find the value of x-l ? 
If x 2 2* 73, find the value of x? 1 : [2015] 
x 


5-/3 a 10/3 


If x= , show that x-y =-~: [2015] 


Ifa- 


; rlw that 2a? + 4gb — 3b? = 44 36. z "10. 


Ifa= and b = eRe Be find the value of à? +b? — 5ab. [2011] 


B+ s 


+ 
— ——, find the value of p^ + [2010] 
E p g. 
Rationalise the denominator of each of the following. 


[2011] [2015] 


G e (ii) a 
dii d 43 €45-42 


iii 
d) 
: g 1 
Given, 42 = 1.414 and y6 = 2.449, find the value of ———— 
2 ue 8-41 


to 3 places of decimal. [2014] 


[2015] 


correct 


Ifx= = find the value of x? -2x° -7x +5. 


= 


Evaluate 15 
10 +20 +40 - /5 — /80 


/10 = 3.162. 


HINT 


; it being given that /5 = 2.236 and 


15 15 
/10 +20 - 40-45-80  /10*2/5 *2/10—- /5 -AV/5 


_ 15 5 
3710-375 10-75 


ANSWERS (EXERCISE 1F) 


42-43 


(i) m (ii) um (iii) 2- /3 (iv) /5 +2 


jj 25e (4) 7-46 (wit) (T+ 7 (viis p 
(ix) 17- 12/2 
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3. (i) 0.894 (ii) 0.155 (iii) 0.655 
4 (i) a=3,b=-2 (ii) a=4,b=—-9 (iii) a=5,b=2 (iv) a=11,b=-6 
5. (i) 0.213 (ii) 1.512 (iii) 4.545 (iv) 6.854 

(v) 16.660 (vi) 4.441 

.. 114-4176 .. 4/3049 

0 —39 — -a 
7 0# (i) 2/2 Gii) 16-43 iv) 0 
9.a=1,b=1 10.24 11. Rational 12. -24/3 13. 322 
14.5 15. -24,/2 16. 4/3 17. 52 20. 93 21. 47 


22. 


746 64/7 * 4546 4 243-372-730 ,.. 2/3- 42143 
(i) 84 (ii) 4 ii) 3 


(i 
23. —1.466 24.3 25. 5.398 


LAWS OF EXPONENTS 


Let a>0,b>0 be real numbers and let m and n be rational numbers. Then, 
we have 


(a^ Xa og (ii) g =q"" 
(ii) (2) =a" (iv) a" x p" = (ab)” 
(v) (ab)" = a" p" (vi) (£J" e 
(vii) a" — E (viii) à? 2 1 


EXAMPLE 1 Simplify 


(Da x9 (ii) Sm (iii) 32? x 7^ 
SOLUTION Using the laws of exponents, we have 
Go" xa e ege eges fea Xa" eg 
(i) Ea = 5(1/3-1/6) — 51/6 E: L - 4). 
(4) 37 x7 ^ 43x 7? = (21) [^ a" x b" = (ab). 


EXAMPLE2 Simplify 
(i) (36)? (ii) (64)? (iii) (32) ^ 
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SOLUTION We have 


(i) G9 = (g^ = 6") = e =6, 


(i) (64) = py =") a gt =, 


d. 1/5 5 1/5 (5x5) 1 
(iii) (32) ^-2(Q7)^-22 Y= 2 =2. 
EXAMPLE 3 Simplify 
(i) 6)?? (won (iti) (125) 1/° 


SOLUTION We have 


(i) 19 = (497? = £9) = p = ga, 


2 
(ii) Q7)? = 35i - 309) = 32 2g. 
i i 1 oe 
(125)? oy 503) 5! 5 


(iii) (125) '^ = 


IMPORTANT RESULTS 


RESULT1 Let a> 0 bea real number and n be a positive integer. Then, nth 
root of a is defined as V/a =b, if b" =a and b » 0. 


In the language of exponents, we define Va =a". 
1 1 
Thus, we have 3/2 2 25; 1/5 =54, etc. 


m : 
RESULT2 Let a> 0 be a real number and E be a rational number, n » 0. 
Then, 


p (as = (a) ae = n/g? e(t ay". 
1 


3 1 
Thus, 4? = (4°)? = (64)? = /64 — 8. 


3 
And, 4^ s (4 ^ S (/4) =?" 2g. 


SOLVED EXAMPLES 
EXAMPLE1 Evaluate 
i K 
(i) (82)? + (-7)? + (64)? [2010] 


2 
(ii) (0.00032) 5 [2014] 


2 


2a [ 64 
(iii) (5) [2011] 
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SOLUTION (i) (32) +(-7)°+ (64)? 


L 
-(255 +1+y64 pg =i) 
L 
=o8"5)4749=24148=11. 
BA 
(ii) (0.00032) 5 = —+— |- a*= i| 
(0.00032)5 
fore 2s 0x 
1 _ 100 
70047 4 7 


EXAMPLE2 Evaluate 


(i) V (343) * [2010] (ii) 627 
SOLUTION (i) 9/343) 2 = [(343) ^]!? = (343)°2*3 


a 


(i) /82)* -162I = 9 = 935 


_ of] 43-121, 
x arcu 
EXAMPLE3 Assuming that x, y, z are positive real numbers, simplify each of the 
llowing. 

following K 

ae 

(i) J xy? (ii) (x oy y. (iii) s 

y 

(iv) V8lx3y'zi5 + 3/278 yi2 [2015] 


(0) Vx! Vi o ix [2014] 
2 
(vi) (Vx) 3 J^ +y xy Eya [2014] 
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1 3 
3 3 3 6*3 3 
SOLUTION O (xy? s, [E E Ca ME E s 5^ " . 
y y (y^)? y 2 


E NN 1 

=x 3- y 1 = Rs 

x?y 
(iii) s i E : ms fed _ y: 
y" E (x*)4 r3 a 


(iv) Y/81x*y*z" + 27x y z 
 Guéy'z5s 691-5: e 
OYA Qni 992-5 


wd) ge) tua 


F (35)4 LE MEM. 


T 


p (33)3 Ta d aM a0*3) ^ 


Cae Meu yz 
(2-1) 
y y 


5 5 2 4| 48 1 
(v) Vae Ye Va x = Yx Me Vat? = a V8 a3 
= Ja 3/,5/2 = 3x! Af. TO 
= ae, Pea = Yat e fag 
NER 3 «P 
(x $) zi m ue = HC (x54) 


B" 1 119 
= y\ 24 ^5 = x120, 


(vi) (3) 549 + yxy tery 


(AVF yy Eea 


(y) Gy) at Ti (e 


) 
3 


2 


UJ 
E * ya al . "EL ae "n 2) 


x 
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EXAMPLE 4 


SOLUTION 


EXAMPLE 5 


SOLUTION 


EXAMPLE 6 


SOLUTION 


EXAMPLE 7 
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x 3-y eddy 41.9 
= I E! a z= x03). eni) 
x2 Uy 4*x -y2 
1 3 
=x6: y4. 
zou (BIT. BYE. OO 
Spy (Ge) (e) «() l pen 


(ay 


er 


G* 


SE mp 2 I V dau ME 
EP 3 3| 43 3 3| 43 S e 
3 5 5 3 5 2 3 2 
27142 B8 
Prove that 361.9:72 
We have 
2*1. 9* B viia d! +2) B 3. 2x1 E jr 
ttt pt 2* (2-1) 2* 
=3-24=3. 


230 d 2? +4 228 7 


Prove that 9514990 95 710. [2011] 
We have 

290,924.55. 2 (27+2+1) 2"7(4-241) 

731 4.930 _ 429 B 2705494 E 291.42—1) 

EVAT eT uU 
5 95089 5x2 10 
Prove that 
(i) x a7 = a7 a 2 [2015] 

a +b a -b b-a 

(ii) € 1 ;71 [2010] 


1+x 14x" 
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SOLUTION We have 
E E 1 1 1 1 
(i) ü ü = a a = a a 
ath a-b’ 1,1 1.1 (55) e) 
a b a b ab ab 
_1 db ,1 ab _ b , b 
a (b+a) a (b-a) b+a b-a 
 b(b-a)*tb(b*ta) _b?°-ab+b+ab 
(b +a) (b-a) b-a 
_ 2b /— 
E 
- 1 1 E 1 1 
(ii) a-b b-a /— a -b b -a 
1+x 1+x Itxe l+x-x 
= 1 "E _ 1 A 1 
x! i b a b\ a b 
135. 14% o (=) 
b a 
x x x x 
x' x xx 1 
yu! ggg, um boc 
EXAMPLE8 — Simplify 
A. 1 1 
. x Im x" "n x" al 
(i) s) ou a [2014] 
x 
. xP p*q x’ qtr x rtp 
(ii) y "b ce [2011] 
SOLUTION We have 
1 1 
x Vm [x os (xh va 
(i) x" È x" g x! 
_ l-m 1 m-n H n-l 1 Me a” p-q 
= (x )m “(x ) iin (x jul -T a 
a 
lzm m-n nl 
—Xxin y ™ -x al 
l-m m-n nal 
=x Im mn om 
n(I-m)*l(m-n)*m(n-1) nl-nm+lm-ln+mn-ml 
sy Imn =y Imn 
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fx? da x4 in x V 

(i) (a F » 
= (PNPA (TT). (xPP 
(x ty t yn?) 


= xP DED, vac narn, verc pep 


HPO). PP), PP") 


Sg GP ese eT. 


1 1 
EXAMPLE 9 (i) If x12 = 4924, find the value of x. [2014] 
(ii) If (125)* = =, find x. [2014] 


SOLUTION We have 
1 


(i) x2 = 495 (xis) = (4928) 


25 ke 5 
we 919) "us 
5 e 5 


e g% = 52x 


(ii) 125)» 


2 1 
3x-2-x 4x =2 X= Gq 5° 
EXAMPLE 10 ]f 5" ^ x 37 ? = 135, find the value of x. 
SOLUTION We have 
5r? x e =135 > 5r? x 3773 =5™x 3? 

> x-2-1and2x-3-3 

> x-3. 
EXAMPLE 11 Write the following in the descending order of magnitude. [2010] 


1 1 T 
SOLUTION Wehave 1/2225; /3232; $/5-56. 
LCM of 3, 2 and 6 = 6. 


1 12 


23 -o5*3)- 98 = (2)6 zd; 


1.9 3 1 1 
)=36= (356 = (27)$. 


un 


N 


o 


ol 


[en] 
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Clearly, (27)6 > 56 » 4$. 


1 L 1 
So, 32>56>23 or /3>V5> Y2. 
Hence, the correct descending order is /3, V5 and 7/2. 


EXERCISE 1G 
. Simplify 
2 1 2 1 
(i) 23 x 23 [2015] (ii) 23 x 25 
5 2 1 H 
(iii) 76 x 73 (iv) (1296)? x (1296)? 
. Simplify 
n di TE inn TS Ci 
() Cus GD 2 (iii) 7s 
. Simplify 
1 1 5 5 1 1 
(i) 34 x 54 (ii) 28 x 38 (ii) 62 X 72 
. Simplify 
1 1 
(i) (344 (ii) 9! cai) (Sz) 
. Evaluate 
1 1 3 
(i) (125)3 (ii) (64)5 (iii) (25)2 
3 al -1 
(iv) (81)* (v) (64) ? (vi) (8) ? 
. If a = 2, b = 3, find the values of 
(i) @ +b)" (ii) (a 0^)" 
. Simplify 
3 
„n (81\ 2 T . 
(i) (as) d [2011] (ii) (14641)°”° 


(iii) [e [2011] (iv) Qus 


53 


[2014] 


[2014] 


[2015] 


[2014] 
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8. Evaluate 
: 4 1 2 
(i) E we Ei 
(216) © (256)* (243) 5 
Gi) [E "n [ss (3) 
wW (125) 625) \ 
81\2|/25\2 . (5y? 
o I^) 
5 1 
: (25)2 x (729)3 
(iv) 2 2 4 
(125)3 x (27)3 X 83 
9. Evaluate 
L 3l En 
(i) (1242535)? [2015] (ii) ls: +273)| 
0 0 1 L 
(iii) 2 ar [2015] (iv) lae; 


10. Prove that 


(i) [e x22 x 2574| + [5275 x 1252| =/2 


(6X3, 1 ,25 65 
G) (i25) rl Ve 16 


625 


(iii) bant + (256)2|"] = 16807 


[2015] 


[2010] 


[2011, 15] 


[2014] 


[2015] 


[2011] 


[2015] 


11. Simplify V Vx! and express the result in the exponential form of x. 


12. Simplify the product 9/2 - 4/2 - 7/32. 
13. Simplify 


NUM il E din cul un 
(i) (S) [2010] (ii) E [2010] (ii) ea 


14. Find the value of x in each of the following. 


(i) Y¥5x+2=2 [2014] (ii) V¥3x-2=4 


an EY "GÀ me ^ Gay saa 
3° E 37 _ aD 
(v) = 3 


3* 


[2011] 


[2011] 


[2014] 


[2010] 


[2015] 
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15. Prove that 


16. 


17. T 


18. 


o 


14. 


16. 


. (i) (15) 
.5 @2 (125  (v27 (v) § (vi) à 


(i) /x ly i Jv iz wIzixzl 


1 1 1 
iiag d S 13 ves 
(ii) is] diss (x) ^24 [2015] 
a(b-c) bc 
+(>)] =1 
(ili) Gacy arn) í z [2010] 
a+b btcy2 y eta2 
x x x 
qe ww. 
(xx x)" 


If x is a positive real number and exponents are rational numbers, 
simplify [2011] 


x? b*c-a xt cta-b x! atb-c 
c $ 3 . n . 
x x x 


9" x 3? x 8A? -(27)" E 


If 39" x 27' Prove thatm-n - 1. 
Write the following in ascending order of magnitude. [2015] 
Ve, V7, V8. 


ANSWERS (EXERCISE 1G) 


.(02 (ii) 25 (iii) 72 (iv) 216 2. (i) 62 (ii) g^ (iii) 52 


5 4 
8 3 


eje 


(ii) (6)9 (üi) (42)? 4()3 (ii) 3 i) $ 


1 


Qi Gi 13 


Ea ae Gil. ui n (iv) i 
d)214 Gi) M (iii) 1 (iv) m 
Q6  G)5 G2 (iv) 2 
1 27 
. x6 12.2 13. (i) 22z 225 i) 2 3 (ili) — 5 dy 


()x-6 (i) x=22 (ii) x=5 (v)x-5 (v) x=2 


1 18. $/6 < 1/8 < 3/7 
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HINTS TO SOME SELECTED QUESTIONS 


14. (i) V5x 4222 > 5y+2=2°=32. 
(ii) ¥38x-2=4 > 3x-2=4 = 64. 


ain (@) (@) =(@) »G) -) > s 


(iv) 5? x3" *25'x3! > x-3-2 and 2x-8=2 > x=5. 


v) -= Qs gx 303) 3% = 35 pus : 
1. Oey ra PE fe Ee fex 
re 142 1 
(ii) (ces * n (acce (geal? 


1 1 1 
= xy(-BDa-co) . e (b-c)(b-a) . x (c-a)(c-b) 


1 
= ODED C00) CEH 


~(b-c)—(c-a)—(a—b) 
=y (a-b)(b-e)(c~a) 
—b+c-cta-atb 
= x 4-b)(b-o)(c-a) = x? m 


a(b-c) bc (ab —ac) "n 
sis . * b-a)c 
(iii) QI 7 (5) MUT x 
= y (00 7 (ab bo) ES hoa) 
= yP 80) (ab be) - (beac) 


— .ab-ac-ab+be-bet+ac _ 0 _ 
=x =x si: 


. (cP)? a? ge? E yr , 0820) , 5 (2c+20) 


( ) a b c4 4a 4b 4c 
Xxx Xo vxo 
(22 2b+2b+26+20+22) 
= QU 
(4a+4b+4c) 
= arab 1. 
x 
x b+c-a ye\ctazb fya atb-c 
16. : ( i) qu 
x x ba 
= x(b-O(b*c-a) , 4(c~a)(cta-b) . (a7 b) (abo) 
- (teca be- + ac) . y +ac=bc-ac-a?+ab) «y +ab-ac-ab-b°+bc) 
- (cob rae) (c?—bo-a + ab) + (a?—ae-b+be) =7=1. 
-2 
n x 2 x( 72 E n 
17 9 x3 3 (27) 1 


gom x 2 27 


(3?)" x 32x 3-3) xe n (3°) n a 
gm x 8 27 


Number Systems 


3? x 3° x 3" = 3? 1 genre = 35" 1 
gm x 8 27 35" x 8 3° 

3? (3° = 1) » 3" x 8 
gm x 8 gom x 8 
3n-3m=-3 n-m--1 m-n- 1. 


3? anmam) 3:9 


MULTIPLE-CHOICE QUESTIONS (MCQ) 


Choose the correct answer in each of the following questions. 


1. Which of the following is a rational number? 

(a) 1/3 (b) x (c) 2/3 (d) 0 
2. A rational number between -3 and 3 is 

(a) 0 (b) -4.3 

(c) -3.4 (d) 1.101100110001 ... 
3. Two rational numbers between A and 3 are 

@ and2 — (bland (Zand (d) Sand 
4, Every point on a number line represents 

(a) a rational number (b) a natural number 

(c) an irrational number (d) a unique number 
5. Which of the following is a rational number? 

(a) /2 (b) /23 

(c) /225 (d) 0.1010010001... 
6. Every rational number is 

(a) a natural number (b) a whole number 

(c) an integer (d) a real number 


7. Between any two rational numbers there 
(a) is no rational number 
(b) is exactly one rational number 
(c) are infinitely many rational numbers 
(d) is no irrational number 
8. The decimal representation of a rational number is 
(a) always terminating 
(b) either terminating or repeating 
(c) either terminating or nonrepeating 
(d) neither terminating nor repeating 


57 


[2010] 


[2010] 


[2010] 


[2010] 


58 


9 


11 


13 


16 
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. The decimal representation of an irrational number is 
(a) always terminating 
(b) either terminating or repeating 
(c) either terminating or nonrepeating 
(d) neither terminating nor repeating 


. The decimal expansion that a rational number cannot have is 
(a) 0.25 (b) 0.2528 
(c) 0.2528 (d) 0.5030030003... 
. Which of the following is an irrational number? [2011] 
(b) 3.14 (b) 3.141414 ... 
(c) 3.14444 ... (d) 3.141141114 ... 
. A rational number equivalent to 15 is [2011] 
(a) i 0) i (o 2r (d) 2 
. Choose the rational number which does not lie between -i and E . 
[2011] 
(a) -4 DE (9 -4 à -Z 
. Tis (2010, 11) 
(a) a rational number (b) an integer 
(c) an irrational number (d) a whole number 
. The decimal expansion of /2 is 
(a) finite decimal (b) 1.4121 
(c) nonterminating recurring (d) nonterminating, nonrecurring 
. Which of the following is an irrational number? 
(a) /23 (b) /225 
(c) 0.3799 (d) 7.478 


. How many digits are there in the repeating block of digits in the 


decimal expansion of UV 


(a) 16 (b) 6 (c) 26 (d) 7 
. Which of the following numbers is irrational? 
4 /1250 (24 
@ y$ eU. 08 ic 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 
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The product of two irrational numbers is 
(a) always irrational 
(b) always rational 
(c) always an integer 
(d) sometimes rational and sometimes irrational 
Which of the following is a true statement? 
(a) The sum of two irrational numbers is an irrational number. 
(b) The product of two irrational numbers is an irrational number. 
(c) Every real number is always rational. 
(d) Every real number is either rational or irrational. 


Which of the following is a true statement? 
(a) x and E are both rationals. 
(b) x and 2 are both irrationals. 


(c) x is rational and 2. is irrational. 


d) wis irrational and 22. is rational. 
7 


A rational number lying between y2 and 73 is [2010] 
2443 
(a) a) (b) /6 (c) 1.6 (d) 1.9 
Which of the following is a rational number? [2010] 
(a) y5 (b) 0.101001000100001 ... 
(c) x (d) 0.853853853 ... 
The product of a nonzero rational number with an irrational number is 


always a/an 


(a) irrational number (b) rational number 
(c) whole number (d) natural number 
The value of 0.2 in the form 5, where p and q are integers and q #0, is 
i 2 5 i [2011] 
(a) 5 (b) 5 ( ) 5 (d) g 
The simplest form of 1.6 is 
833 8 5 
(a) 500 (b) 5 (c) 3 (d) none of these 
The simplest form of 0.54 is 


(a) z (b) E (c) E (d) none of these 
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28. 


29. 


30. 


31. 


32. 


3 


o 


34. 


3 


ol 


3 


© 


3 


N 


3 


oo 


8 


Kel 


40. 
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The simplest form of 0.32 is 


. (6* 427) - (3+ 73) + (1-243) when simplified is 


(a) positive and irrational (b) positive and rational 


(c) negative and irrational (d) negative and rational 


. When 1515 is divided by 3/3, the quotient is 


(a) 5/3 (b) 3/5 (c) 5/5 (d) 3/3 
. The value of /20 x /5 is 
(a) 10 (b) 2/5 (c) 20/5 (d) 4/5 
4/12 


The value of is 


12,/27 
(a) i (b) 2 E (d) § 


16 32 29 
(a) 45 (b) 99 (c) 90 (d) none of these 
The simplest form of 0.123 is 
41 37 41 
(a) 330 (b) 330 (c) 333 (d) none of these 
An irrational number between 5 and 6 is 
(a) 16 +6) (b) /5*6 (c) /5X6 (d) none of these 
An irrational number between 4/2 and y3 is 
(a) (24/3) — (b /2x/3 (c) 5" (d) e" 
An irrational number between i and = is 
1í1.2 1.2 142 
(a) 5 + 5) (b) (7 x 5) (c) 7X7 (d) none of these 
. The sum of 0.3 and 0.4 is [2010] 
vA 7 7 7 
(a) 79 (b) 5 (c) 47 (d) gg 
The value of 2.45 + 0.36 is 
67 24 31 167 
(a) 33 (b) 11 (c) IT (d) 319 
. Which of the following is the value of (/11 — 47) (/11 + 4/7)? [2010] 
(a) -4 (b) 4 (c) V11 (d) V7 
. (C2- /3)(-2 * /3) when simplified is 
(a) positive and irrational (b) positive and rational 
(c) negative and irrational (d) negative and rational 


[2010] 
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. (10 x /15 =? 
(a) /25 (b) 5/6 (c) 6/5. (d) None of these 
¥32+/48 _, 

` (8+ 712 
(a) /2 (b) 2 (c) 4 (d) 8 

. (195) ^ =? 
(a) 5 (b) -5 (9i (d) -t 

. The value of 72 . 82 is [2010] 
(a) Q8) (b) 66) ^ (c) 14) 7 (d) 42) 


1/5 


. After simplification, ae is 


(a) 13” (b) 13°” (e) 13^ (didg 
. The value of 1/(64) ? is 
1 1 1 
(a) g (b) 5 (c) 8 (d) ox 
0 0 
. The value of 2 a is [2011] 
9 1 
(a) 0 (b) 2 (9 $ (d) i 
. The value of (243)! is [2014] 
1 
(a) 3 (b) -3 (c) 5 (d) 3 
. 9 +(-3) ep e 
(a) 432 (b) 270 (c) 486 (d) 540 
. Simplified value of (16) x 1/16 is [2010] 
(a) 0 (b) 1 (c) 4 (d) 16 
. The value of V 1/2? is 
(a) ave (b) 2% (c) 91/6 (d) 26 
. Simplified value of (25)? x 5!? is 
(a) 25 (b) 3 (c) 1 (d) 5 


. The value of ley; is 
(a) 3 (b) -3 (o) 9 (d) 5 


. There is a number x such that x? is irrational but x* is rational. Then, x 
can be 


(a) v5 (b) /2 (c) V2 (d) V2 


62 


55. 


56. 


[2 


57. 


5 


ioe) 


59. 


60. 


62. 


63. 


64. 


65. 


66. 


67. 


Secondary School Mathematics for Class 9 


Ifx= ld and 2 = p/7 then the value of p is 
7 25 7 15 
(a) 55 (b) 7 (c) i5 (d) 7 
1 
16| 4 
The value of 2:3 | is 
ly 
3y 3y 4y Ax* 
NL. M IL d scam 
re. (b) ga ed (d) 3, 
The value of x" * - x! *- x' P is equal to 
(a) 0 (b) 1 (c) x (d) x?” 
. The value of Vp iq : Jqir : /rip is 
(a) -1 (b) 0 (c) 1 (d) 2 
V2 x V2 x 2/32 =? 
(a) 2 (b) /2 (c) 2/2 (d) 472 
2vy(39* 81 
(5) (2) = qg thenx-? 
(a) 1 (b) 2 (c) 3 (d) 4 
. If (3°)? 2 9' then 5* =? 
(a) 1 (b) 5 (c) 25 (d) 125 
nt2 — nl 
On simplification, the expression a equals 
13x5 -2x5 
5 -3 3 -3 
The simplest rationalisation factor of 3/500 is 
(a) v5 (b) /3 (c) V5 (d) V2 


The simplest rationalisation factor of (2 /2 - /3) is 


(a) 2/243 (b) 272+ /3 (c) 2/3 (d) /2 - /3 


The rationalisation factor of 5 is 


1 
48-48 
(a) /5-2/3 (b) /3 42/5 (c) (/3*/5) — (d) /12* 5 


Rationalisation of the denominator of —L—— gives 


5+2 
(b) y5 +2 (c) /5- 42 (d) 


(a) -= i: 
/10 3 
If x -2* /3 then (x + +) equals 
(a) -2/3 (b) 2 (c) 4 (d) 4-273 
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D 
8. oio 
()^ ge (b) = (c) 8-2/2) ^ (d) None of these 


69. If x= (7 +4y3) then (x1) - 
(a) 8/3 (b) 14 (c) 49 (d) 48 


70. If /2 =1.41 then 5 =? 
(a) 0.075 (b) 0.75 (c) 0.705 (d) 7.05 
71. If /7 = 2.646 then 9 =? 
(a) 0.375 (b) 0.378 (c) 0.441 (d) None of these 


72. The value of 3-242 is 

(a) /3* 2 (b) /3- 2 (c) 2*1 (d) /2-1 
73. The value of (5+2/6 is 

(a) /5* 6 (b) /5 - v6 (c) ¥3+/2 (d) /3- /2 


i [(2-1) _ 
74. If /2 2 1.414 then (341) =? 


(a) 0.207 (b) 2.414 (c) 0.414 (d) 0.621 
75. If x= 3+¥8 then (i^) =? 
x 
(a) 34 (b) 56 (c) 28 (d) 63 


Assertion-and-Reason Type 
Each question consists of two statements, namely, Assertion (A) and 
Reason (R). For selecting the correct answer, use the following code: 
(a) Both Assertion (A) and Reason (R) are true and Reason (R) is a 
correct explanation of Assertion (A). 
(b) Both Assertion (A) and Reason (R) are true but Reason (R) is not a 
correct explanation of Assertion (A). 
(c) Assertion (A) is true and Reason (R) is false. 
(d) Assertion (A) is false and Reason (R) is true. 


76. Assertion (A) Reason (R) 


Three rational numbers between |A rational number between 
2 two rational numbers p and q is 


5 
Foto. 
The correct answer is: (a)/(b)/(c)/(d). 


and 3 are zm . 
5 20' 20 20 
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77. Assertion (A) Reason (R) 


Square root of a positive integer 
which is not a perfect square is an 
irrational number. 


The correct answer is: (a)/(b)/(c)/(d). 


4/8 is an irrational number. 


78. Assertion (A) Reason (R) 


e is an irrational number. mis an irrational number. 


The correct answer is: (a)/ (b)/(c)/ (d). 


79. Assertion (A) Reason (R) 


The sum of a rational number 
and an irrational number is an 
irrational number. 


The correct answer is: (a)/ (b)/(c)/ (d). 
Matching of Columns 


/3 is an irrational number. 


80. Match the following columns: 


Column I Column II 


(a) 6.54 is ...... . 
(b) wis ...... : 


(c) The length of period of 4 Eds ] (r) a rational number 


(d) If x= (2 - V3) then (x? + 1 ) -— 


E (s) an irrational number 
x 


Column I Column II 
(a) 1/(91) ? =...... (p)4 
(2) ^ - (DJ ^ thenx-...... CE 
(c) If x =(9+4y5) then (y-=)= - (1 
81y9^4. /64\1/3 
(a) ce) x (55) = ors 
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The correct answer is: 


75, EUM (5 M (c)—...... , (dou 


ANSWERS (MCQ) 


1(d 2a) 3() 4(d 5&() 6(d) 7() sS(b 
9. (d) 10.(d) 11. (d) 12.(d) 13.(b) 14.(c)  15.(d) 16. (a) 
17. (D  18.(c) 19. (d) 20.(d) 21.(d) 22.(c) 23.(d) 24. (a) 
25. (D) 26.(c) 27.(b) 28.(c) 29. (d) 30.(c) 31. (d) 32. (c) 
33. (D) 34. (c) 35. (b) 36. (b) 37. (b) 38. (c) 39. (a) 40. (b) 
41. (b) 42. (b) 43. (c) 44. (b) 45. (d) 46. (a) 47. (b) 48. (a) 
49. (c) 50. (b) 51.(c) 52. (d) 53. (a) 54. (d) 55. (b) 56. (b) 
57. (D) 58. (c) 59. (a) 60. (d) 61. (d) 62. (b) 63. (d) 64. (b) 
65. (d) 66. (d) 67. (c) 68. (c) 69. (b) 70.(c) 71. (b) 72. (d) 
73. (c) 74. (©) 75. (a) 76. (a) 77. (a) 78. (b) 79. (b) 

80. (a)-(r), (b)-(s), (c)-(q), (d)-(p) 81. (a)-(r), (b)-(s), (c)-(p), (d)-(q) 


HINTS TO SOME SELECTED QUESTIONS 


s'"-gxg"' 516-6) 5" CD 


in 13x5'-2x5"! 5"'(3-2x5) 5".(13-10) 
1.5"! 1 Lew, 1 5 
Boge ag ONY ag Xba 3 
72. (3-272 = f(/2)?+ 1)! -2x 2x1 = 2-1) = (/2 -1). 
73. (5+ 276 = (2) + (V3)? +2 2x y3 = (2 + 73)" = (V2 + /3). 
"i JS- (2-1. (/2-)  |(2-1' oy a 9’ 
NUD NUD W2-1) NVD- 
4(2-1)? = ¥2-1=1414-1=0.414. 


VERY-SHORT-ANSWER QUESTIONS 


1. What can you say about the sum of a rational number and an irrational 
number? [2014] 


2. ME" on 11). [2014] 


3. The namber 2 pe 5 will terminate after how many decimal places? [2015] 
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4. Find the value of (1296)°”” x (1296)?95. 
5. Simplify 6/36 + 5/12. 
6. Find an irrational number between 5 and 6. 


23. 


. Find the value of 
. Rationalise 


. Solve for x (5 


. If /10 = 3.162, find the value of 


. Evaluate 


21/12. 
10427 


1 
V3 +2 
ap _ 32 


5 ~ 3125. 


. Simplify (32)! + (-7)? + (64)! ^. 


81 


. Evaluate (^. 


49 


. Simplify 4/81x°y*z"*. 


. If a=1,b =2 then find the value of (a° + b°)”. 


3125 


. Simplify (325^ s 


243 
product is rational. 
Give an example. 


x? is a rational number. 


. Write the reciprocal of (2 + 73). 


1 


AT 


. Simplify (2/5 * 3/2)^. 
. If 10* = 64, find the value of 106°, 


on + 91-1 


51" E 9" 


4 


1 -1f 
Simplify lea | f 


ANSWERS 
(VERY-SHORT-ANSWER QUESTIONS) 


. Irrational 2. -2 3.3 4.6 5.1673 6. /30 


x 


[2015] 


[2013] 


[2010] 


[2011] 


[2014] 


. Give an example of two irrational numbers whose sum as well as 
. Is the product of a rational and an irrational number always irrational? 


. Give an example of a number x such that x? is an irrational number and 


aN 


Number Systems 67 


- TA 343 24 1 625 
8.43-/2 9 x=5 10.11 1 555 12 3x°yz" 13.3 14. 5 
15. 2 /3) and (2-3) 16. Yes; 2 X /3 22/3, which is irrational 
17. V3 18. 2 - /3) 19. 0.3162 20. (3812/10) 21. 80 
3 
22.5 23.4 


HINTS TO SOME SELECTED QUESTIONS 


xg. x "m i 
21. 102") = 102-10 = (10%? x 10 = (64) x 10 = 8 x 10 = 80. 


geret Peti get oW 8, 


9^. 9n 5h (2-1) g” 2n 070 2 
12 


Katt | ery 


[ae = [23] = 22-4. 


22. 


23. loss] - 


& 


2 Polynomials 


In our previous classes, we have learnt about expressions and various 
operations on them. Here, we shall review these concepts and extend them 
to particular types of expressions, known as polynomials. 


We shall come across two types of symbols, namely, constants and 
variables, defined below. 


CONSTANTS A symbol having a fixed numerical value is called a constant. 
Examples 9,-6, z, /2, mare all constants. 
VARIABLES A symbol which may be assigned different numerical values is known 


as a variable. 


Example We know that the circumference of a circle is given by the 
formula C = 2zr, where r is the radius of the circle. 


Here, 2 and z are constants, while C and r are variables. 


ALGEBRAIC EXPRESSIONS 

A combination of constants and variables, connected by some or all of the operations 
+, —, X and ~, is known as an algebraic expression. 

TERMS OF AN ALGEBRAIC EXPRESSION 


The several parts of an algebraic expression separated by + or — operations are 
called the terms of the expression. 


Examples (i) 5x -9x - 4 is an algebraic expression containing three 
terms, namely 5x^, -9x and 4. 


(ii) 4? + /2x* - ae 8 is an algebraic expression containing 


9 
four terms, namely Ax), 2 x^, Itm and —8. 
(iii) y — 64 is an expression containing two terms, namely y 


and —64. 


POLYNOMIALS IN ONE VARIABLE 


: 2 =i 
An expression of the form ayt+a,xta,x°+...+a, x" +a,x", where 
Ao Ay, Any ..., 0, 4, A, are real numbers, a, £O and n is a non-negative integer, is 
called a polynomial in x of degree n. 
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Here, aj is called the constant term of the given polynomial and 
os 2 3 n-1 
Ay, Ay, 05,...,0, ,,Q, are called the coefficients of x, x ,x^,...,x 
respectively. 
Examples (i) f(x) 7 7x? - 4x * 3is a polynomial in x of degree 2. 


(ii) g(x) = (3x°+5x7- ox —9 is a polynomial in x of degree 3. 

(ii) h(x) = x*-2x° + 5x * /2 isa polynomial in x of degree 4. 

(iv) p(y) = 2y" - 6y* + &* -2 is a polynomial in y of degree 5. 
(v) q(z) =z’-1is a polynomial in z of degree 9. 


Standard Form of a Polynomial A polynomial in x expressed either in ascending 
powers of x or in descending powers of x is said to be in standard form. 


An illustrative example 
Give reasons to show that none of the following expressions is a polynomial. 


(i) f(x) =x+ł (ii) g(x) = yx -3 (iii) h(y) = 3/y -6 
-1\(x-3 + 
mae ae (0) 0) = — (vi) r(x) = X25 
SOLUTION (i) f(x) =x +i may be written as f(x) = x+ x. 


Here, in one term, the exponent of x is -1, which is a 
negative integer. 
f(x) is not a polynomial. 
(ii) g(x) = /x -3 may be written as g(x) = x? - 3. 
8 y 8 
Here, in one term, the exponent of x is L which is not a 
non-negative integer. 
g(x) is not a polynomial. 
(iii) h(y) = Yy - 6 may be written as h(y) = y? — 6. 


Here, in one term, the exponent of y is L which is not a 
non-negative integer. 
h(y) is not a polynomial. 


—D(r-23 
(iv) pa) = PES) 


ae 
> p(x) =~ 213-( 4+3)= (x 4+3x'). 
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Here, in one term, the exponent of x is -1, which is a 
negative integer. 


p(x) is not a polynomial. 


(v) dec scia which is not a polynomial in 


(x + 2) and therefore, it is not a polynomial in x. 


(vi) On dividing (x + 3) by (x + 4), we get x*4)x*3( 
1 as quotient and -1 as remainder. x+4 
we may write, — : 
x+3 E 1 m : -i 
174 Gap” peer 


which is not a polynomial. 
Hence, r(x) 7 ane is not a polynomial. 


POLYNOMIALS OF VARIOUS DEGREES 


(i) LINEAR POLYNOMIAL A polynomial of degree 1 is called a linear 
polynomial. 


A linear polynomial in x is of the form, f(x) = ax + b, where a and b are 
real numbers and a + 0. 


Examples (i) 5x +7 is a linear polynomial in x. 
(ii) /2y — 6 is a linear polynomial in y. 
(iii) -8z is a linear polynomial in z. 
(ii) QUADRATIC POLYNOMIAL A polynomial of degree 2 is called a quadratic 
polynomial. 


A quadratic polynomial in x is of the form f(x) = ax? + bx + c, where a, b, 
c are real numbers and a+ 0. 


Examples (i) 3x^— 8x +9 is a quadratic polynomial in x. 
(ii) 4^ — 9y +5 is a quadratic polynomial in y. 
(iii) z*-11z * 18 is a quadratic polynomial in z. 
(iii) CUBIC POLYNOMIAL A polynomial of degree 3 is called a cubic polynomial. 


A cubic polynomial in x is of the form ax? + bx? + cx + d, where a, b, c, d 
are real numbers and a + 0. 


Examples (i) 4x? x^ + 6x * 3is a cubic polynomial in x. 
(ii) 7? + 5y^ -8y +9 is a cubic polynomial in y. 


(iii) 8—z? is a cubic polynomial in z. 
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(iv) BIQUADRATIC POLYNOMIAL A polynomial of degree 4 is called a 
biquadratic or quartic polynomial. 


A biquadratic polynomial is of the form ax* + bx? + cx + dx + e, where a, 
b, c, d, e are real numbers and a #0. 


Examples (i) x* - 2x? * 3? — Ax +5 is a biquadratic polynomial in x. 
(ii) 3y* - 8? - 5y^ +7 is a biquadratic polynomial in y. 


(iii) 6z* — 97^ + 1is a biquadratic polynomial in z. 


NUMBER OF TERMS IN A POLYNOMIAL 
(i) MoNoMIAL A polynomial containing one term is called a monomial. 
(‘Mono’ means 'one'.) 
Examples 9,-14, 6x, -8x,, 5x, 2x*, etc., are all monomials. 
(i) BINOMIAL A polynomial containing two nonzero terms is called a 
binomial. (‘Bi’ means ‘two’.) 
Examples (9+ 4x), (x - 3x’), (8 + x°), (-x*+7) are all binomials. 


(iii) TRINOMIAL A polynomial containing three nonzero terms is called a 
trinomial. (‘Tri’ means ‘three’.) 
Examples (x^^ 2x —3), Qx? + 5x? - 4), (— 7x" + 5x’ + 6), (5x° - 3x* + x) 
are all trinomials. 
CONSTANT POLYNOMIAL A polynomial containing one term, consisting of a nonzero 
constant, is called a constant polynomial. 
In general, every nonzero real number is a constant polynomial. The degree 
of a nonzero constant polynomial is zero. 

2, 7 
' 14' 12 
ZERO POLYNOMIAL A polynomial consisting of one term, namely zero, is called a 
zero polynomial. 


Examples 6,-8 ; T; etc., are all constant polynomials. 


The degree of a zero polynomial is not defined. 


SOLVED EXAMPLES 


EXAMPLE 1 Which of the following expressions are polynomials? In case of a 
polynomial write its degree. 


(Dx Beg (ii) y *42y-45 (iii) 2yx+7  (iv)-6 
(v) AP e Lie2d8 (vi) ge (vii) E 


+ 3/2 
1 +3x+5 (x) 6x cx 


(viii) 1— 45x (ix) et T 
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SOLUTION (i) x°-5x+2 is an expression having only non-negative 
integral powers of x. So, it is a polynomial. 


The highest power of x is 3. 
So, itis a polynomial of degree 3. 

(ii) ^ - /2y - /5 is an expression having only non-negative 
integral powers of y. So, it is a polynomial. 
The highest power of y is 2. 

So, it is a polynomial of degree 2. 

(iii) 2/x +7 is an expression in which one term, namely 2/x 
(written as 2x'), has rational power of x. So, it is not a 
polynomial. 

(iv) —6 is clearly a constant polynomial of degree 0. 


(v) 4^ + H +243 is an expression having only non-negative 
integral powers of t. So, it is a polynomial in t. 


The highest power of t is 2. So, it is a polynomial of 
degree 2. 


(vi) 2+ a +1 may be written as z -5z?41. 
Z 
Here, in one term, the exponent of z is 2, which is a 
negative integer. 
So, the given expression is not a polynomial. 


vii A may be written as Lot which is not a polynomial. 
gy may 3 poly: 


(viii) 1— /5x may be written as 1 — (5x, 


Thus, in one term, the exponent of x is 1. which is rational. 


So, the given expression is not a polynomial. 
1 
Ax? 
Thus, it is an expression having only non-negative 

integral powers of x. 


* 3x - 5 may be written as ly +3x+5. 


(ix) 


So, the given expression is a polynomial of degree 2. 


6x x^? B x T2 
(x) B U aana a seu J =6+x, 


which is clearly a polynomial of degree 1. 


EXAMPLE 2 


SOLUTION 


EXAMPLE 3 


SOLUTION 


EXAMPLE 4 
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Classify the following as constant, linear, quadratic, cubic and 
quartic polynomials. 


(x-x (ii) y —y (iii) y * y^ +4 
(iv) /2x-1 (v) 5x? (vi) 3 
(vii) £ (viii) 2+ x (ix) 5t - /7 
(i) x-x° is a polynomial of degree 3. So, it is a cubic 
polynomial. 


(ii) y*-y is a polynomial of degree 4. So, it is a quartic 
polynomial. 


(iii) y * y^ * 4 is a polynomial of degree 2. So, it is a quadratic 
polynomial. 


(iv) /2x-1 is a polynomial of degree 1. So, it is a linear 
polynomial. 


(v) 5x? isa polynomial of degree 3. So, it is a cubic polynomial. 
(vi) Clearly, 3 is a constant polynomial and its degree is 0. 


(vii) £^ is a polynomial of degree 2. So, it is a quadratic 
polynomial. 


(viii) 2+x is a polynomial of degree 1. So, it is a linear 
polynomial. 


(ix) 5t-/7 is a polynomial of degree 1. So, it is a linear 
polynomial. 
Write the coefficient of x^ in each of the following. 
()(x-1(3x-4)  (i)(x-5)QxX -3x-^1) (iii) 5x-3 
(iv) a +x 
We have: 
(i) (x - (8x - 4) = 3x - 7x * 4. 
coefficient of x? in (x — 1)(8x — 4) is 3. 
(ii) (2x - 5)Qx? - 3x +1) = AX? - 16x? + 17x — 5. 

coefficient of x° in (2x — 5)2x^ - 3x + 1) is -16. 


iii) Coefficient of x? in 5x — 3 is 0. 
(iii) 


(iv) Coefficient of x* in DE +xis a . 


Give an example of a polynomial, which is 


(i) a monomial of degree 1 (ii) a monomial of degree 5 
(iii) a binomial of degree 20 (iv) a trinomial of degree 3 
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SOLUTION 


EXAMPLE 5 


SOLUTION 


EXAMPLE 6 


SOLUTION 
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(i) x is a monomial of degree 1. 
(ii) x? is a monomial of degree 5. 


(iii) (5 +x”) is a binomial of degree 20. 


(iv) (2+ 3x * 5x)) is a trinomial of degree 3. 


3 
For the polynomial Ex = = Lx xí, write 


(i) the degree of the polynomial, 
(ii) the coefficient of x^, 
(iii) the coefficient of x$, 
(iv) the constant term. 


The given polynomial may be written as 


61178. 7.52. 19. 
x tax 2% texts 


(i) The degree of the given polynomial is 6. 


(ii) The coefficient of x? is i . 
(iii) The coefficient of x^ is 1. 


(iv) The constant term is M ] 


Determine the degree of each of the following polynomials. 
()x'-9x*3x  ()y(1-y)  (i)-2x*1  (iv)-10 
(i) The given polynomial is 3x? * x? — 9x. 

Clearly, it is a polynomial of degree 5. 

(ii) yü B y) = y - y = -y + i. which is a polynomial of 
degree 7. 

(iii) -2x + Lis a polynomial of degree 1. 

(iv) -10 is a constant polynomial. So, its degree is 0. 


EXERCISE 2A 


1. Which of the following expressions are polynomials? In case of a 
polynomial, write its degree. 


(i) x -2x3€x-/3 (ii) y 4 3y (iii) P-2t4y5 
(iv) x-1 (v) Be -J2x*2 (vi) x?+2x"+3 
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(vii) 1 (viii) = (ix) 2 = 
x 
(x) V2x-8 (xi) ae: (ai) XU +1 
Xx, 


(xiii) See-t +9 (xiv) xt- 2+x-3 (xv) 2x +3x?+yx-1 


2. Identify constant, linear, quadratic, cubic and quartic polynomials from 
the following. 


(i) -7 +x (ii) 6y (iii) -z? 
(iv) 1-y- y? (v) x- x? * x* (vi) 14x*x? 
(vii) ^6x? (viii) -13 (ix) =p 
3. Write 


(i) the coefficient of x? in x * 3x - 5x? + x. 
(ii) the coefficient of x in /3 -2/2x + 6x". 
(iii) the coefficient of x^ in 2x - 3 + x^. 
3.2 2 1 


(iv) the coefficient of x in gt 7**8 


(v) the constant term in 2 *7x- d 


4. Determine the degree of each of the following polynomials. 
m 8 
(i) BET Gii) yq-y) (ii) (3x - 2) (2x° + 3x?) 
(iv) -1x«3 (v) -8 (vi) x *(** x) 
5. (i) Give an example of a monomial of degree 5. 
(ii) Give an example of a binomial of degree 8. 
(iii) Given an example of a trinomial of degree 4. 
(iv) Give an example of a monomial of degree 0. 
6. Rewrite each of the following polynomials in standard form. 
(i) x-2x? +8452" (ii) $+ 4y?—3y «2? 


(ii) 6x? + 2x - x? - 3x? (iv) 24 t-3P +t - £ 


ANSWERS (EXERCISE 2A) 
1. (i) Polynomial, degree 5 (ii) Polynomial, degree 3 
(iii) Polynomial, degree 2 (iv) Polynomial, degree 100 
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(v) Polynomial, degree 2 (vii) Polynomial, degree 0 
(viii) Polynomial, degree 0 (x) Polynomial, degree 2 
(xiii) Polynomial, degree 2 
2. (i) Linear (ii) Linear (iii) Cubic (iv) Cubic 
(v) Quartic (vi) Quadratic (vii) Quadratic (viii) Constant 
(ix) Linear 
i T m : 2 2 
3. (i) -5 (ii) -2/2 (iii) 0 (iv) 77 (v) -5T 
4 (i) 2 (ii) 5 (iii) 4 (iv) 1 (v) 0 
(vi) 2 
5. (2x (ii) x +x° Gii) x*+x°+x (iv) 5 
6. (i) 5x-2x+x+8 (ii) 2-4 -3y 2 
(ii) -x° + 6x? - 3x7 + 2x (iv) ^-3P -t «142 
VALUE OF A POLYNOMIAL 


The value of a polynomial p(x) at x = a is obtained by putting x = a in p(x) and it 
is denoted by p(a). 
EXAMPLE1 — (i) If p(x) = 3x - 5x * 6, find p(2). 
(ii) If q(x) =x? -2/2x 1, find q(22). 
(iii) If r(x) = 5x - Ax? + 3, find r(-1). 
SOLUTION We have: 
(i) p(x) 2 33 - 5x * 6 
2 pQ)-3x2?-5x2-*6- (12-1076) - 8. 
pQ) - 8. 
(ii) q(x) =x? -2/2x*1 
= q(2/2) =(272)?-(272)(2,/2) +1 = (8-8+1)=1. 
q(242) =1. 
(iii) r(x) 5x 4x? +3 > r(x) =—4x7 + 5x 3. 
- r(-1) = (-4) X (-1)? +5 x (-1) +3 = (-4)X 1-5 +3 
=(-4-5+3)=-6. 
r(-1) =-6. 
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ZEROS OF A POLYNOMIAL 


Let p(x) be a polynomial. If p(a) = 0 then we say that a is a zero of the polynomial 


p(x). 


REMARK Finding the zeros of a polynomial p(x) means solving the equation 
p(x) = 0. 


EXAMPLE 2 


SOLUTION 


EXAMPLE 3 


SOLUTION 


EXAMPLE 4 


SOLUTION 


EXAMPLE 5 


If p(x) = x -2x!-5x-6, find p(2), p(-1), p(-3) and p(0). What 
do you conclude about the zeros of p(x)? Is 0 a zero of p(x)? 
Given, p(x) = x^ 2x! - 5x - 6. 

pQ)- 2242x2!-5x2-6-(8*8-10-6) - 0. 

p(-1) = A *2x (7-1) -5x (21) -6 = (73124 5-6) - 0. 

p(-3) = C3)! +2 x (-8* -5x(-8)-6 

= (27 * 184 15-6) - 0. 

p(0) =0°+2x0°-5x0-6=(0+0-0-6)=-6+0. 
Since p(2) = 0, p (-1) = 0 and p(-3) = 0, it follows that 2, 71 and 
-3 are the zeros of p(x). 
But, p(0) = -6 #0. 


Therefore, 0 is not a zero of p(x). 


Check whether —2 and 2 are the zeros of the polynomial x * 2. 
Let p(x) = x + 2. Then, 
p-2)7(-2*2)-0andp(2)- 2*2)-4- 0. 


-2 is a zero of x + 2 and 2 is not a zero of x * 2. 


Find a zero of the polynomial 
(i) p(x) =x-3 (ii) q(x) =3x+2 
We have: 
(i) p(x) =0 x-3=0 x=3. 
3 is a zero of the polynomial p(x) = x - 3. 
(ii) q(x) =0 => 3x+2=0 


3x =-2 r=. 


M is a zero of the polynomial q(x) = 3x + 2. 


Find a zero of the polynomial p(x) = ax +b, a +0 and a, b are real 
numbers. 
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SOLUTION Let p(x) = 0. Then, 
p(x) =0 = ax+b=0 


ax =—b x-. 


b is a zero of the polynomial, p(x) = ax * b. 


EXAMPLE6 If p(x) = x +3 then find p(x) + p(-x). 
SOLUTION We have, p(x) =x +3. . (i) 
Replacing x by —x, we get 
p(-x) =-x +3. ... (ii) 
Adding the corresponding sides of (i) and (ii), we get 
p(x) + p(-3) = 6. 


SOME IMPORTANT OBSERVATIONS 
(i) A constant polynomial does not have any zero. 
(ii) Every linear polynomial has one and only one zero. 
(iii) 0 may or may not be the zero of a given polynomial. 
(iv) A polynomial can have repeated zeros. 
For example, p(x) = x? - 2x * 1 has 1 as repeated zeros. 


(v) Number of zeros of a polynomial cannot exceed its degree. 


EXERCISE 2B 
1. If p(x) -5- 4x * 2x*, find (i) p(0), (ii) p(3), (iii) p(-2). 
2. If ply) = 4*3y-y + Sy", find (i) p(O, (ii) p), Gi) pO. 
3. If f(t) = A^ — 3t ^ 6, find (1) f(0), (ii) f(4), (iii) f(-5). 
4. If p(x) = x!- 3x? + 2x, find p(0), p(1), p(2). What do you conclude? 


5. If p(x) = x +x -9x - 9, find p(0), p(3), p(-3) and p(-1). What do you 
conclude about the zeros of p(x)? Is 0 a zero of p(x)? 
6. Verify that 
(i) 4 is a zero of the polynomial, p(x) = x — 4. 
(ii) -3 is a zero of the polynomial, q(x) = x *3. 


(iii) 2 is a zero of the polynomial, f(x) = 2 — 5x. 
5 polyn 


(iv) 4 is a zero of the polynomial, g(y) = 2y * 1. 
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7. Verify that 
(i) 1 and 2 are the zeros of the polynomial, p(x) = x°—3x +2. 


(ii) 2 and 3 are the zeros of the polynomial, q(x) = xX +x-6. 


(iii) 0 and 3 are the zeros of the polynomial, r(x) = x - 3x. 


e 


Find the zero of the polynomial: 

(i) p(x) =x-5 (ii) q(x) x 44 (iii) r(x) =2x+5 
(iv) f(x) =3x+1 (v) g(x) =5-4x (vi) h(x) = 6x-2 
(vii) p(x) = ax, a +0 (viii) q(x) = 4x 


9 


If 2 and 0 are the zeros of the polynomial f(x) = 2x°-5x° +ax +b then 
find the values of a and b. 


HINT f(2)=0 and f(0) = 0. 


ANSWERS (EXERCISE 2B) 
1()5 G)11 (i21 2.0)4 (ii)46  (ii)-5 
3.()6 (ii) 58 (ii121 


> 


p(0) uu 0, p(1) E 0, p(2) =0. 

Conclusion: 0, 1 and 2 are the zeros of p(x) = x? - 3x7 + 2x. 
. p(0) 7 -9, p(3) = 0, p(-3) = 0 and p(-1) = 0. 

3, -3 and —1 are the zeros of p(x). 


ol 


0 is not a zero of p(x). 


5 
4 


(vi) l (vii)0 — (viii) 0 


oo 


.()5 üi) (i) 2 ia + (v) 
9.a=2,b=0 


DIVISION ALGORITHM IN POLYNOMIALS 


Let p(x) and g(x) be two given polynomials such that degree p(x) = degree 
g(x). On dividing p(x) by g(x), let q(x) be the quotient and r(x) be the 
remainder. Then, in general, we have 


dividend = (divisor X quotient) + remainder, 
i.e., p(x) = g(x): q(x) + r(x), where r(x) = 0 or degree r(x) < degree g(x). 
EXAMPLE1 Verify division algorithm for the polynomials 
p(x) = 3x*- Ax? - 3x - 1and g(x) =x-2. 
Find p(2). What do you observe? 
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SOLUTION By long division, we have 


x—2) 8x°—4x"+ Ox"—Sx-1(3x° + 2x^ +4045 


ax'- 6x? 
— + 


2x54 0x? -3x- 1 
2x3 - 4x? 
- + 


Ax! - 3x- 1 
Ax? — 8x 
— + 
5x-1 
5x—10 
— + 
9 


quotient, q(x) = 3x? + 2x? + Ax +5 and remainder, r(x) = 9. 


Now, g(x) X q(x) + r(x) = (x - 2) (Bx? + 2x7 + 4x+5)+9 

= 3x*-4x°-3x-10+9 

= 3x*-4x°-3x-1 = p(x). 

P(x) = g(x) X g(x) + r(x), 
where degree r(x) = 0 < 1 = degree g(x). 
Thus, division algorithm is verified. 
Now, p(2) =3X 27-4 2°-3X2-1=48-32-6-1=9. 
Observation When p(x) is divided by (x - 2), then the remainder is p(2). 


EXAMPLE2 Verify division algorithm for the polynomials 
p(x) = x tx°+2x4+3 and g(x) =xt2. 
Find p(-2). What do you observe? 


SOLUTION By long division, we have 


r2)" x +2x+3(x°-x+4 
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quotient, q(x) = x! - x * Aand remainder, r(x) =—5. 
Now, g(x) X q(x) + r(x) = (x+ 2)65 -x-4)-5 
=x 4x --2x48-5 
i ex 2: 8- pi). 
px) = B(x) X q(x) + r(x), 
where r(x) =—5 and degree r(x) = 0 < 1 = degree g(x). 


Thus, division algorithm is verified. 
Now, p(-2) = (-2)° + (-2)? +2 x (-2) +3 = (-8 +4- 4 +3) = -5. 
Observation When p(x) is divided by (x + 2), then the remainder is p(-2). 


REMAINDER THEOREM Let p(x) be a polynomial of degree 1 or more and let a be any 
real number. If p(x) is divided by (x — a) then the remainder is p(a). 


PROOF Let p(x) be a polynomial of degree 1 or more. 


Suppose that when p(x) is divided by (x — a) then the quotient is 
q(x) and remainder is r(x). 


By division algorithm, we have 

p(x) = (x-a): q(x) + r(x), 

where degree r(x) < degree (x-a) =1 [^ degree (x-a) = 1]. 
But, degree r(x) « 1 = degree r(x) - 0 

— r(x)is a constant, equal to r (say). 

p(x) = (x- o): g(x) +r. zs (1) 
Putting x = a on both sides of (i), we get 

pla) -0x q()*r > r-p(o). 
Thus, when p(x) is divided by (x — a), then the remainder is p(a). 


SOLVED EXAMPLES 


ExaMPLE 1 Find the remainder when the polynomial p(x) = x*+ 2x? - 332 x -1 
is divided by g(x) = x - 2. 


SOLUTION g(x) * 0 x-2=0 x-2. 


By the remainder theorem, we know that when p(x) is divided 
by (x - 2) then the remainder is p(2). 


Now, p(2) = Q^ 2x 22-3x2? «2-1) 
- (16+16-12+2-1)=21. 


Hence, the required remainder is 21. 
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EXAMPLE 2 


SOLUTION 


EXAMPLE 3 


SOLUTION 


EXAMPLE 4 


SOLUTION 


EXAMPLE 5 


SOLUTION 
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Find the remainder when the polynomial p(x) = x? — 3x^ + Ax + 50 is 
divided by g(x) =x+3. 


g(x) =0 x+3=0 x--3. 
By the remainder theorem, we know that when p(x) is divided 
by (x +3) then the remainder is p(—3). 
Now, p(-3) = [(-3)° -3 x (-3)^ + 4 x (-3) + 50] 
= (—27 —- 27 — 12 + 50) = -16. 


Hence, the required remainder is -16. 


Find the remainder when the polynomial p(x) = 4x? - 12x? + 14x -3 
is divided by g(x) = 2x - 1). 


g(x) =0 2x-1=0 x=}. 


By the remainder theorem, we know that when p(x) is divided 


by (2x - 1) then the remainder is r3) . 


Novaa) s] o (of ei 
TETEE 


: . 3 
Hence, the required remainder is 2 


Find the remainder when the polynomial p(x) = 12x? - 13x? - 5x +7 
is divided by g(x) = (2 + 3x). 


2, 
3 
By the remainder theorem, we know that when p(x) is divided 


g(x) =0 2+3x=0 3x =-2 x= 


by (2+ 3x) then the remainder is »C2) i 


wow A pes C] -o-s 


nx G2 13x440 7} = 


7 913 * 


Hence, the required remainder is 1. 


Find the remainder when x? + 3x + 3x + 1 is divided by (x * n). 


Let p(x) = x°+3x°+3x+ land g(x) 7 x-* m. 


Now, g(x) - 0 x+n=0 x=-T. 


EXAMPLE 6 


SOLUTION 


EXAMPLE 7 


SOLUTION 


EXAMPLE 8 


Polynomials 83 


By the remainder theorem, we know that when p(x) is divided 
by (x +7) then the remainder is p(—z). 
And, p(-n) = (=r)? +3 X (-2)?+3X(-n) +1 

=-10°+3n°-3nt1. 


Hence, the required remainder is (71? + 325 - 3n 4 1). 


Let p(x) = x°-x+1 and g(x) 2 2-3x. Check whether p(x) is a 
multiple of g(x) or not. 
g(x) =0 > 2-3x=0 3x =2 xr=2. 


By the remainder theorem, we know that when p(x) is divided 


by (2— 3x) then the remainder is rs) . 


maB 9] -Gi-39) 
= C i A = " » 


* 0. 
Thus, when p(x) is divided by g(x), the remainder is nonzero. 


Hence, p(x) is not a multiple of g(x). 


Check whether (7 * 3x) is a factor of (33? + 7x). 
Let p(x) = 8x? + 7x and g(x) = 7 * 3x. Then, 


eT 
3 
By the remainder theorem, we know that when p(x) is divided 


g(x) =0 > 7+3x=0 3x=-7 > x= 


by (7 + 3x) then the remainder is 2e . 


Nova (3) pA G3] n) Px 8 
= (38 2 = (38- sA = ee E. 


Thus, when p(x) is divided by g(x), the remainder is nonzero. 


0. 


(7 + 3x) is not a factor of (3x° + 7x). 


If the polynomials (2x? + ax?+3x-5) and (x°+x?-2x+a) leave 
the same remainder when divided by (x — 2), find the value of a. Also, 
find the remainder in each case. 
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SOLUTION Let f(x) = 2x? * ax! * 3x — 5 and g(x) = x 4x -2x*a. 
When f(x) is divided by (x — 2), remainder = f(2). 
When g(x) is divided by (x — 2), remainder = 2(2). 
Now, f(2) = (2X 22 *ax 22 8X2- 5) - (17 * 4a). 
And, g(2) = (2°+2°-2 X 2 +a) = (8*4). 
17+4a=8+a 3a =-9 a=-3. 


Hence, a = -3. 
Remainder in each case = (8 - 3) =5. 


EXERCISE 2C 
1. By actual division, find the quotient and the remainder when (x*+1)is 
divided by (x - 1). 
y 
Verify that remainder = f(1). 
2. Verify the division algorithm for the polynomials 
p(x) = 2x* - 6x? +2x°-x+2 and g(x)2x-2. 
Using the remainder theorem, find the remainder, when p(x) is divided by g(x), 
where 
. p(x) = x -6x + 9x43, g(x) 2 x- 1. 
. p(x) = 2x? - 7x? + 9x - 13, g(x) =x-3. 
. p(x) = 3x*— 6x! - 8x -2, g(x) =x-2. 
. p(x) = 2x? - 9x7? +x+15, g(x) = 2x -3. 
. p(x) = x? —2x?-8x-1, g(x) =xt1. 
. p(x) = 2x5 + x! - 15x - 12, g(x) "x*2. 
. p(x) = 6x? + 13x7 +3, B(x) = 3x *2. 


SCS © d oO Ui A» Q 


10. p(x) - x!- 6x5 * 2x — A, g(x)71 -ix. 


1 


11. p(x) = 2x? + 3x! - 11x -3, g(x)- (x + 3) . 


12. p(x) = x!-ax^*6x- a, g(x) 2 x-a. 

13. The polynomials (2x° + xa ax +2) and (2x? - 3x — 3x +a) when divided 
by (x - 2) leave the same remainder. Find the value of a. 

14. The polynomial p(x) = x* - 22x? + 3x? - ax + b when divided by (x - 1) and 
(x+ 1) leaves the remainders 5 and 19 respectively. Find the values of a 
and b. Hence, find the remainder when p(x) is divided by (x ~- 2). 
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15. If p(x) = x°-5x*+4x-3 and g(x) 7 x -2, show that p(x) is not a multiple 
of g(x). 


16. If p(x) = 2x? - 11x! - Ax £5. and g(x) 7 2x * 1, show that g(x) is not a 
factor of p(x). 


ANSWERS (EXERCISE 2C) 


1. Quotient = (x? + x? + x + 1), remainder = 2 3. 7 4. 5 5. 6 
63 74 86 97 10.352 1.3 1254 134-8 


14. (a =5,b =8);10 


HINTS TO SOME SELECTED QUESTIONS 


1. By actual division, we get 


x-1)x' «Ox? + 0x? + Oxt1 (8 x? +441 
4 3 
xoc X 


x -0x 0x41 


quotient — (x +x" * x * 1) and remainder = 2. 


3 B 
2 


6. g(x) - 0 2x-3=0 2x 23 x 


Remainder is r(5) b x (3) 9x (3) + 3 * 15} 


2 2 
(2 StS 15) - (22-8107 00) - 2-3 
9. g(x) =0 > 3x*220 > 3x=-2 > x i. 
Remainder is "CE - fe x (2) M G3j " 2 7 (£ E 5 " 3) 


= (Aaa) = 63 27, 


9 9 
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3 3 2 2 
10. g(x)=0 > 1 2* 0 2* 1>x 3 Find p(3) 
1 Sh e -1 
11. g(x) =0 xt, 02x 2 Find p(=): 
15. g(x) =0 x-2=0 x = 2. Show that p(2) #0. 


16. g(x) =0 > 2v+1=0 > x=}: Show that p) +0. 


FACTOR THEOREM Let p(x) be a polynomial of degree 1 or more and let a be any 
real number. 


(i) If p(a) = 0 then (x — a) is a factor of p(x). 
(ii) If (x — a) is a factor of p(x) then p(a) = 0. 
PROOF When p(x) is divided by (x-a), let q(x) be the quotient and by 
remainder theorem, the remainder is p(a). 
p(x) = (x-a): g(x) + pla) [by division algorithm]. 
(i) If p(a) = 0 then p(x) = (x-a): q(x). 
This shows that (x — a) is a factor of p(x). 
(ii) If (x — a) is a factor of p(x) then we have 
p(x) = (x - a): q(x) for some polynomial q(x). 
Putting x = a on both sides, we get p(a) = 0. 
Thus, when (x — a) is a factor of p(x), then p(a) = 0. 


SOLVED EXAMPLES 


EXAMPLE 1 If p(x) = 8x? — 6x? - Ax - 8 and g(x)- a then check whether 
g(x) is a factor of p(x) or not. 
x 1 x 1 3 
SOLUTION g(x) =0 3 1 9 373 X= 7" 


By factor theorem, g(x) will be a factor of p(x), if (3) =0. 
vost) bG- fad 
Je eene RED 


Since (3) = 0, it follows that g(x) is a factor of p(x). 


EXAMPLE 2 


SOLUTION 


EXAMPLE 3 


SOLUTION 


EXAMPLE 4 


SOLUTION 


EXAMPLE 5 


SOLUTION 
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Show that (2x — 3) is a factor of (x + 2x? - 9x? +12). 
Let p(x) = 2x? - 9x? * x & 12 and B(x) = 2x -3. 


N|% 


Now, g(x)=0 2x-3=0 > 2x=3 x= 

By factor theorem, g(x) will be a factor of p(x), if p) =0. 
3 2 

Now, r(5) = b x (5) -9x (2) 88 12} 


deep 


-(E 81,3 Ve eee 


F-45412 7 4150 


4 4 2 


Since (5) =0,s0 g(x) is a factor of p(x). 


Use factor theorem to show that x* - 2x? - 2x * 2x —3 is exactly 
divisible by (x * 3). 


Let p(x) = x^ + 2x? - 2x? + 2x - 3 and g(x) =x+3. Then, 
g(x) =0 x+3=0 x=-3. 
By factor theorem, p(x) will be exactly divisible by x+3, if 
p(-3) = 0. 
Now, p(-3) = {(-3)*+2 x (-3? - 2x (-3)? * 2 x (-3) - 3} 
-(81—54-18- 6-3) - 0. 
Since p(-3) = 0, it follows that p(x) is exactly divisible by (x + 3). 


If (x — a) is a factor of (x° — ax? + 2x +a — 1), find the value of a. 
3 


Let p(x) =x ax’ +2x+a-1land g(x) 2 x- a. Then, 


g(x) =0 x-a-0 x=a. 
By factor theorem, (x — a) will be a factor of p(x), if p(a) = 0. 
Now, p(2) -0 > a°-aXa’+2a+a-1=0 


> a-a? +3a-1=0 


3a-1=0 3a=1 a= 


[ILS 


Hence, the required value of a is i : 


For what value of m is (x? - 2mx + 16) divisible by (x +2)? 


Let p(x) = x° -2mx! +16 and g(x) =x+2. Then, 
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EXAMPLE 6 


SOLUTION 


EXAMPLE 7 


SOLUTION 
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g(x) =0 x+2=0 x=-2. 
By factor theorem, (x + 2) will be a factor of p(x), if p(-2) = 0. 
Now, p(-2) =0 2 (-2? -2m x (-2)?+ 16 =0 
= -8-8m+16=0 8m = 8 m=1. 
Hence, the required value of m is 1. 


Without actual division, prove that (2x*+ 33? - 12x? - 7x +6) is 
exactly divisible by (x^ * x — 6). 
Let p(x) = 2x*+3x° -12x?-7x+6 and g(x) = x^ * x — 6. Then, 
g(x) =x +x-6 =x +3x-2x-6 = x(x+3)-2(x+3) 
- (x * 3)(x - 2). 

Clearly, p(x) will be exactly divisible by g(x) only when it is 
exactly divisible by (x + 3) as well as (x — 2). 
Now, (x+3=0 > x=-3)and(x-2=0 > x=2). 
By factor theorem, g(x) will be a factor of p(x), if p(-3) = 0 and 
p(2) 7 0. 
Now, p(-3) = (2x (-3)4+3 x (-3)?- 12 x (-3)?-7 x (-8) + 6} 

= {(2 X 81) +3 X (-27) - (12 X 9) + 21+ 6} 

= (162-81 -108 +21 4 6) =0. 
And, p(2) = {(2 X 25) + (83x 2°) - (12x 2) - (7 x 2) +6} 

= (32.-- 24— 48 — 14 6) =0. 

Thus, p(x) is exactly divisible by each one of (x + 3) and (x - 2). 


Hence, p(x) is exactly divisible by (x+3)(x-2), ie, by 
(X * x- 6). 

Find the values of a and b so that (2x + ax? + x b) has (x * 2) and 
(2x — 1) as factors. 


Let p(x) = 2x? * ax^ +x +b. Then, 


(x+2=05 x=~2)and (2x-1=0 2x=1 x=5): 
Now, (x + 2) and (2x - 1) will be factors of p(x), if p(-2) = 0 and 


p(-2)=0 > 2X (-2)°+aX(-2)+ (-2)+b=0 
> -16+4a-2+b=0 > 4a+b=18. .. (i) 


EXAMPLE 8 


SOLUTION 


EXAMPLE 9 


SOLUTION 
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1 a 
> 4'4 


On solving (i) and (ii), we get a = 5 and b - -2. 
Hence, a = 5 and b = -2. 


tieb-02 a+4b=-3. a (ii) 


If (ax? + bx! — 5x + 2) has (x+ 2)asa factor and leaves a remainder 12 
when divided by (x — 2), find the values of a and b. 


Let p(x) = ax? + bx! - 5x * 2, g(x) =x+2 and h(x) = x - 2. Then, 
g(x) =0 x+2=0 x=-2. 
h(x) =0 x-2=0 x= 2. 
(x + 2) is a factor of p(x) = p(-2) =0. 
Now, p(-2) =0 > {aX (-2)?+b X (-2)?-5 X (-2) +2} =0 
=> —-8a+4b+12=0 
> 8a-4b=12 > 2a-b=3. asl) 
When p(x) is divided by (x — 2), then the remainder is p(2). 
p(2) =12 > {(@x2°)+ (bX 27)- (5 X 2) +2} = 12 
> 84+ 4b=20 > 2at+b=5. ... (ii) 
On solving (i) and (ii), we get a= 2and b = 1. 


Hence, a = 2 and b = 1. 
What must be added to (x? - 3x? * 4x — 15) to obtain a polynomial 
which is exactly divisible by (x — 3)? 
When the given polynomial is divided by a linear polynomial 
then the remainder is constant. 
Let the required number to be added be k. 
Let p(x) = x? - 8x! * Ax — 15 t k and g(x) 7» x-3. 
Then, g(x) =0 x-3=0 x=3. 
By factor theorem, p(x) will be divisible by (x — 3), if p(3) = 0. 
Now, p(3)=0 > {3°-3X3?+4X3-15+k} =0 
> (27-27+12-15+k) =0 > k=3. 


Hence, the required number to be added is 3. 
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EXAMPLE 10 What must be subtracted from (4x* - 2x? — 6x? + 2x + 6) so that the 


SOLUTION 


result is exactly divisible by (2x^ * x — 1)? 


When the given polynomial is divided by a quadratic 
polynomial, then the remainder is a linear expression, say 
(ax * b). 
Let p(x) = (Ax* - 2x? — 6x? + 2x +6) - (ax 4 b)and g(x) = 2x^ * x - 1. 
Then, 

p(x) = Ax* - 2x? - 6x" + (2-a)x+(6-b) 
and g(x) = (x^ + x -1) = (2x7 + 2x - x - 1) = 2x(x +1) - (x +1) 

=(x+1)(2x-1). 

Now, p(x) will be divisible by g(x) only when it is divisible by 
(x +1) as well as by (2x - 1). 


Now, (x+1=0 > x--1)and(2x-1-0 2x=1 x=5): 


2 
By factor theorem, p(x) will be divisible by g(x), if p(-1) =0 
and (5)=0 
Pi» . 
p(-1)=0 2 4x (-1)^-2x -1 - 6x (1) * 2-a)x (71) 
+6-b=0 
> A4+2-6-24+a+6-b=0 > a-b=-4. ..(i) 
1 1v 1y 1Y 1 
p(5)=0 => 4x(5) 2x(5) 6x(5) (2-4) X 5 +(6-b)=0 
1 1 1), a 
> (ax45)-Qx3)-(6x1)-1-2*6-»-0 
1 1 3 a, = a, 11 
DE d UR M ACE ge 
> a+2b=11. ... (ii) 


On solving (i) and (ii), we get a = 1and b — 5. 


Hence, the required expression to be subtracted is (x + 5). 


EXERCISE 2D 


Using factor theorem, show that g(x) is a factor of p(x), when 


1. p(x) =x°-8, o(x) =x-2 
2. p(x) = 2x° + 7x” - 24x — 45, g(x) =x-3 
3. p(x) = 2x'+9x°+6x7-11x-6, g(x)=x-1 


m 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


o6 o N anu 
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. p(x) =x*-x?-12, g(x)=x+2 
i p(x) =69+11x-x° +x", g(x)=x+3 
. p(x) = 2x° + 9x? -11x-30, g(x) =xt+5 


p(x) = 2x*+ x? - 8x x * 6, g(x) 2 2x -3 


. p(x) = 8x? + x! - 20x + 12, g(x) - 3x-2 
. p(x) = 7x! - A42x - 6, B(x) = x-/2 

10. 
11. 
12. 
13. 
14. 
15. 
16. 


E 5x+ 2, gt) o x 

Show that (p — 1) is a factor of (p^? — 1) and also of (p^ =T): 

Find the value of k for which (x — 1) is a factor of (2x? +9x° + x + k). 

Find the value of a for which (x — 4) is a factor of (2x? — 3x” — 18x + a). 
Find the value of a for which (x + 1) is a factor of (ax? + x^ — 2x + 4a — 9). 
Find the value of a for which (x + 2a) is a factor of (x? — Aa^ x? + 2x + 2a + 3). 
Find the value of m for which (2x-1) is a factor of 
(8x* Ax? - 16x? + 10x +m). 

Find the value of a for which the polynomial (x! — x? - 11x? - x +a) is 
divisible by (x * 3). 

Without actual division, show that (x?-3x^-13x- 15) is exactly 
divisible by (x? 2x - 3). 

If (x? + ax? + bx + 6) has (x — 2) as a factor and leaves a remainder 3 when 
divided by (x —3), find the values of a and b. 

Find the values of a and b so that the polynomial (x? — 10x? + ax + D) is 
exactly divisible by (x — 1) as well as (x ~ 2). 

Find the values of a and b so that the polynomial (x* + ax? - 7x? - 8x +b) 
is exactly divisible by (x + 2) as well as (x +3). 


If both (x - 2) and (x - E are factors of px? + 5x +r, prove that p =r. 
2 P P P 


Without actual division, prove that 2x* — 5x? +2x"— x * 2 is divisible by 
x? - 3x42. 

What must be added to 2x* — 5x? + 237 — x — 3 so that the result is exactly 
divisible by (x — 2)? 

What must be subtracted from (x* + 2x? — 2x? + 4x + 6) so that the result 
is exactly divisible by (x^ + 2x - 3)? 

Use factor theorem to prove that (x + a) is a factor of (x" +a") for any odd 
positive integer n. 
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ANSWERS (EXERCISE 2D) 


12. k=-12 13. a =-8 14. 4-2 15. a= 


N|% 


16. m=-2 17. a = -12 19.4--3,b--1 20. a= 23, b =-14 
21. a =2,b = 12 24. 5 25. 2x+9 


HINTS TO SOME SELECTED QUESTIONS 


11. Let f(p) = (p”- 1), g(p) =P" - 1) and h(p) 7 p - 1. Then, 
h(p-0- p-1=0 > p=1. 
Now, f(1) (fa)? 1}=(1-1)=0 (p — 1) is a factor of f(p). 
And, 2(1) = (1) - 1] = (171) =0 > (p- 1) is a factor of g(p). 
24. Let the required number to be added be k. Then, 
p(x) = (2x*-5x°+2x?-x-3+k} and g(x) =(x-2). 
Now, g(x) =0 x-2=0 x= 2. 
p(2)=0 = (32-40+8-5+k)=0 > k-5. 
25. Let g(x) = (xà 2x - 3) = (xà * 3x - x -3) = x(x +3) - (x +3) = (x 3)(x - 1). 


When a polynomial is divided by a quadratic polynomial, then the remainder is a 
linear expression, say ax * b. 


Let p(x)= (x* + 2x° — 2x? + 4x 6) — (ax +b). Then, 
p(x) x*+2x°- 2x74 (4-a)x+(6-D). 
p(-3) =O and p(1)=0 > 3a-b=-3anda+b=11. 
On solving these equations, we get a = 2 and b= 9. 


Hence, the required expression is (2x + 9). 


26. Let p(x) = (x^ * a^), where n is any odd positive integer. 


Let g(x) = x +a. Then, g(x) - 0 x+a=0 x--a. 
Now, p(-a) = (Ca) +a"} = {(-1)"a" +a") = (71)" + Ya" 
=(-1+1)a"=0 [^ n being odd, (-1)" = -1]. 


By factor theorem, (x + a) is a factor of (x" +a"), when n is an odd positive integer. 


MULTIPLE-CHOICE QUESTIONS (MCQ) 
Choose the correct answer in each of the following questions. 
1. Which of the following expressions is a polynomial in one variable? 


(a) x« 243 (b) RE 
(c) /23*- /3x*6 (d) x^ «y^ «8 
2. Which of the following expressions is a polynomial? 
x=1 2 2 2 2x22 
(a) /x-1 (D a (9 xt- t5 (d) x! a +6 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 
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- Which of the following is a polynomial? 


1 
(a) Vy*4 (b) /y-3 © y (d) =+7 
vy 
. Which of the following is a polynomial? 
qx-l«2 — les (0 /x*3 (d) -4 
. Which of the following is a polynomial? 
(a) x?*9x *3 (b)xtx'+2 (c) x! (d) 0 
. Which of the following is a quadratic polynomial? 
(a) x *4 (b) x 4x (c) x'-2x*6  (d)x *5x*4 
. Which of the following is a linear polynomial? 
(a) xx (b) x+1 ()5?-x*3 (d) x+} 
. Which of the following is a binomial? 
(a) x2+x+3 — (b) x2+4 (c) 2x2 (d) x+3+} 
. /3 is a polynomial of degree 
(a) 5 (b) 2 () 1 (d) 0 
Degree of the zero polynomial is 
(a) 1 (b) 0 (c) not defined (d) none of these 
Zero of the zero polynomial is 
(a) 0 (b) 1 
(c) every real number (d) not defined 
If p(x) =x +4 then p(x) + p(-x) =? 
(a) 0 (b) 4 (c) 2x (d) 8 
If p(x) = x°-2/2x+1 then pQ42) =? 
(a) 0 (b) 1 (c) 4/2 (d) -1 
If p(x) = 5x —4x°+3 then p(-1) =? 
(a) 2 (b) 2 (c) 6 (d) -6 
If (x°' +51) is divided by (x + 1) then the remainder is 
(a) 0 (b) 1 (c) 49 (d) 50 
If (x * 1) is a factor of the polynomial (x^ + kx) then k=? 
(a) 4 (b) -3 (c) 2 (d) -2 


When p(x) = x’ +2x°-3x?+x-1is divided by (x - 2), the remainder is 
(a) 0 (b) -1 (c) -15 (d) 21 
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18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 
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When p(x) = x? - 3x? + Ax + 32 is divided by (x + 2), the remainder is 
P y 


(a) 0 (b) 32 (c) 36 (d) 4 
When p(x) = Ax? - 12x? + 11x — 5 is divided by (2x - 1), the remainder is 

(a) 0 (b) -5 (c) 2 (d) 2 
When p(x) = x!- ax! +x is divided by (x-a), the remainder is 

(a) 0 (b) a (c) 2a (d) 3a 
When p(x) = x tax! +2x * ais divided by (x +a), the remainder is 

(a) 0 (b) a (c) -a (d) 2a 
(x +1) is a factor of the polynomial 

(a) x? +x°-x4+1 (b) x°+2x?-x-2 

(c) xà -2x!-x42 (d) x! x? +2741 
Zero of the polynomial p(x) = 2x +5 is 

(a) 2 E (92 (a) 3 
The zeros of the polynomial p(x) = x^ +x- 6 are 

(a) 2,3 (b) -2,3 (c) 2, -3 (d) 2, -3 
The zeros of the polynomial p(x) = 2x7 + 5x - 3 are 

(a) 1,3 (b) 57-3 (Qoa id 
The zeros of the polynomial p(x) = 2x? 7x - 4 are 

(a) 4, b) 4,5 () -4,4 (d) -4, + 


If (x + 5) is a factor of p(x) = x° — 20x + 5k then k=? 

(a) -5 (b) 5 (c) 3 (d) -3 
If (x + 2) and (x — 1) are factors of the polynomial p (x) = x°+10x°+mxt+n 
then 


(a) m=5,n=-3 (b) m=7,n=-18 
(c) m 2 17,n 7 -8 (d) m 2 28,n = -19 

If (x? + 2x” + k) is divisible by (x + 1) then the value of k is 
(a) 1 (b) 2 (c) -2 (d) -3 


For what value of k is the polynomial p(x) = 2x? - kx? + 3x +10 exactly 
divisible by (x + 2)? 


(a) -4 (5) i E (d) -3 


The zeros of the polynomial p(x) = x°— 3x are 
(a) 0,0 (b) 0,3 (c) 0, -3 (d) 3, -3 
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32. The zeros of the dct p(x) = 3x -1are 


ES 
(b) —— "5 and /3 (c) = T l and y3 (d) ae and B 


ANSWERS (MCQ) 


( .(d  3.(0 4(d 5. (d) 6 (d) 7) 8. (b) 
( .(c) 11. (d) 12. (d) 13. (b) 14. (d) 15 (d) 16. (c) 
17. (d) 18. (d) 19. (c) 20. (b) 21. (c) 22. (b) 23. (b) 24. (c) 
( .(c) 27. (b) 28. (b) 29. (a) 30. (d) 31. (b) 32. (d) 


(a) i and 3 


REVIEW OF FACTS AND FORMULAE 


1. An expression of the form aj+a,x+a,x°+...+a,,x" '+a,x", where 
Ay Ay Any ...,0, 4, A, are real numbers and a, £0 and n is a non-negative 
integer, is called a polynomial in x of degree n. 

2. (i) A polynomial of degree 1 is called a linear polynomial. 

It is of the form (ax + b), where a and b are real numbers and a #0. 
(ii) A polynomial of degree 2 is called a quadratic polynomial. 
It is of the form (ax? + bx + c), where a, b, c are real numbers and a + 0. 
(iii) A polynomial of degree 3 is called a cubic polynomial. 
It is of the form (ax? + bx? + cx +d), where a, b, c, d are real numbers 
and a * 0. 
(iv) A polynomial of degree 4 is called a biquadratic polynomial. 
It is of the form (ax^ + bx? + cx? + dx +e), where a, b, c, d, e are real 
numbers and a + 0. 
3. (i) A polynomial containing one term is called a monomial. 
(ii) A polynomial containing two terms is called a binomial. 
(iii) A polynomial containing three terms is called a trinomial. 
(iv) A polynomial containing more than three terms is called a multinomial. 


4. (i) Constant polynomial A polynomial containing one term consisting 
of a nonzero constant, is called a constant polynomial. 


(ii) The degree of a constant polynomial is zero. 
5. (i) Zero polynomial A polynomial consisting of one term, namely 0, is called 
a zero polynomial. 
(ii) The degree of a zero polynomial is not defined. 


6. (i) Zeros of a polynomial Let p(x) be a polynomial. If p(a) ^ 0 then a 
is called the zero of the polynomial p(x). 
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(ii) Finding the zeros of a polynomial p(x) means solving the equation 
p(x) = 0. 


. Division algorithm in polynomials 


Let p(x) and g(x) be two polynomials such that degree 
p(x) = degree g(x). On dividing p(x) by g(x), let q(x) be the quotient 
and r(x) be the remainder. Then, 

dividend = (divisor X quotient) + remainder, 
ie, p(x) = g(x): q(x) + r(x), where r(x) = 0 or degree r(x) < degree g(x). 


. Remainder theorem Let p(x) be a polynomial of degree 1 or more and 


let a be any real number. If p(x) is divided by (x — a) then the remainder 
is p(a). 


. Factor theorem Let p(x) be a polynomial of degree 1 or more and let a be 


any real number. 
(i) If p(a) = 0 then (x — a) is a factor of p(x). 
(ii) If (x — a) is a factor of p(x) then p(a) = 0. 


Ù 
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EN 7) Factorisation of 


FACTOR Let p(x) and q(x) be two polynomials. We say that q(x) is a factor of p(x), 
if q(x) divides p(x) exactly. 
Examples (i) (x —2) is a factor of (x*- 3x +2). 


(ii) (x +1)is a factor of (x? - 1). 


FACTORISATION To express a given polynomial as the product of polynomials, each 
of degree less than that of the given polynomial such that no such a factor has a 
factor of lower degree, is called factorisation. 


Examples It is easy to verify that 
(i) (2 —16) = (x - 4) (x +4). 
(ii) (x? — 3x +2) = (x - 1) (x - 2). 
SOME EXPANSIONS We know that 
(i) (a+b)? = (à? + 2ab +b’). 
(ii) (a-b)? = (à - 2ab +b’). 
(ii) (a b c) = (a^ +b? + c°) + 2(ab + bc + ca). 
(iv) (a+b)? 2 à? +b? + 3ab(a +b). 
(v) (a-b)? 2 à - b°- 3ab(a — b). 


SOME FORMULAE FOR FACTORISATION 


(i) (a^ — 5^) = (a-b) (a+b). 


(ii) (a° + b^) = (a+b) (a° -ab 


(iii) (a° — b°) = (a — b) (à + ab 


METHODS OF FACTORISATION 


FACTORISATION BY TAKING OUT THE COMMON FACTOR 


METHOD When each term of an expression has a common factor, we divide 
each term by this factor and take it out as a multiple, as shown below. 
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EXAMPLE 1 


SOLUTION 


EXAMPLE 2 


SOLUTION 
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SOLVED EXAMPLES 


Factorise 

(i) 5a? — 20ab (ii) 36a? b — 60a? bc 
(iii) 5a(b- c) - 7b (b c) (iv) 6(2a + 3b)? — 8(2a + 3b) 
We have 


(i) 5a? — 20ab = 5a (a — Ab). 
(ii) 36a°b — 60d? bc = 12a^ b (8a — 5c). 
(iii) 5ba(b c) - 7b(b * c) = (b * c) (ba - 7b). 
(iv) 6(2a + 3b)? - 8(2a + 3b) = 2(2a + 3b) [3(2a + 3b) — 4] 
= 2(2a + 3b)(6a + 9b — 4). 


Factorise x(x— y) + 8x^ y(x =y). 

x(x- yy + 32y- y) = x(x- y) i- y)? + 3xy] 
= x(x - y) Gà * y^ - 2xy + 3xy) 
= x(x =y) (x? ty xy). 


FACTORISATION BY GROUPING 


METHOD Sometimes in a given expression it is not possible to take out a 
common factor directly. However, the terms of the given expression are 
grouped in such a manner that we may have a common factor. This can 
now be factorised as discussed above. 


EXAMPLE 3 


SOLUTION 


Factorise 

(i) ab + bct ax * cx (ii) x! - 3x ^x ^3 
(iii) 6ab — D? + 12ac — 2bc (iv) a^ - b-ab-a 
We have 


(i) ab * bc * ax ^ cx = (ab + bc) + (ax + cx) 
= b(at+c)+x(atc)=(at+c)(b+x). 
(ii) xà +3x+x+3 = (xà +3x) + (x43) 
= x(x +3) + (x +3) =(x+3)(x+1). 
(iii) 6ab — b^ + 12ac — 2bc = (6ab + 12ac) — (b^ + 2bc) 
— 6a(b * 2c) - b(b * 2c) 
= (b * 2c)(6a - b). 
(iv) à * b-ab-a- a -a-ab-*b- (à? —a) - (ab — D) 
—- a(a— 1) - b(a-1) 7» (a - 1)(a- D). 


EXAMPLE4 Factorise x? + at 22x 2 ] 
SOLUTION — x^*—5: *2-2x TF a(x+3) 
2 
=(x+4) -2(x+4) 
-et-a 
EXAMPLE5 Factorise 1+x+y—z+xy-yz—- Zx- xyz. 
SOLUTION We have 
L+xty-—Zz+xy-yzZ-— 2x — xyz 
-(*x)t(ytxy)-z-zx-yz-xyz 
-(l*x)ty(l*x)-z(1* x)- yz(1- x) 
=(1+x)(1+y-z-yz) 
-(ü *x3*x[ü *y)-z( *y)] 
=(1+x)(1+y)(1-2). 
EXAMPLE6 Factorise (2x — 3)? — 8x +12. 
SOLUTION We have 
(2x -3)*- 8x +12 = (2x - 3! - AQx - 3) 
= (2x - 3) X [Qx - 3) - 4] 
= (2x -3)Qx - 7). 
EXERCISE 3A 
Factorise: 
1. 9x? + 12xy 2. 18x^y — 24xyz 
3. 27a°b° — 45a* b? 4. 2a(x + y) - 3b(x + y) 
5. 2x(p^ * q^) + Ay(p^ * q^) 6. x(a - 5) t y(5- a) 
7. 4(a+ b) - 6(a + D)? 8. 8(3a — 2b)? - 10(3a - 2b) 
9. x(x +y)? - 3x y(x * y) 10. x? * 2x? * 5x * 10 
11. x^* xy - 2xz - 2yz 12. à?b - à^ b * bab — 5b 
13. 8- 4a - 2a? +a" 14. x! - 2x2 y + 3x - 6? 
15. px -5q + pq - 5x 16. xb*y-xy-x 
17. (4-1) - 6442 18. (2x - 3)? - 8x * 12 
19. à? +a- 3a” -3 20. 3ax — 6ay — 8by + 4bx 
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21. abx? +a°x+b x+ ab 22. x; - x +ax+x-a-—1 
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23. 2x c4y - 8xy - 1 24. ab(x^ + y^) - xy(à^ +b’) 
25. a t ab(b - 1) - D? 26. a? +.ab(1 — 2a) - 2D? 

27. 2a° + bc - 2ab — ac 28. (ax * by)? + (bx — ay) 
29. a(a * b — c) - bc 30. a(a — 2b —- c) + 2bc 

31. à x^ + (ax +1)x+a 32. ab(x^ - 1) * x(à +b’) 
83. x^ - (a - b)x * ab 34. re ae 


ANSWERS (EXERCISE 3A) 


1. 3x(3x + 4y) 2. 6xy(3x — Az) 

3. 9a? b^ (3b — 5a) 4. (x y)Qa - 3b) 

5. 2(p + q°) (x + 2y) 6. (a-5)(x- y) 

7. 2(a - b) (2. — 3a — 3b) 8. 2(3a - 2b) (12a — 8b — 5) 

9. x(x * y) (c + y - xy) 10. (x +2)(x? +5) 
11. (xt y) (x -2z) 12. b(a — 1) (à? +5) 
13. (2-a) (4-a°) 14. (x -2y) (x? +3y°) 
15. (x * g)(p- 5) 16. (x- y) (x - 1) 
17. 3(3a - 1) (a - 1) 18. 2x - 3) 2x - 7) 
19. (a - 3) (à? * 1) 20. (3a + 4b) (x — 2y) 
21. (bx * a) (ax + b) 22. (x - 1) (à *a * 1) 
23. (1- 4y) 2x - 1) 24. (bx — ay) (ax — by) 
25. (a+b) (a - D^) 26. (a — 2b) (a^ + b) 
27. (2a - c) (a - b) 28. (a° +b°) (x? + y) 
29. (a — c) (a+b) 30. (a — c) (a - 2b) 
31. (a+ x) (ax? +1) 32. (ax + b) (bx + a) 
33. (x - a) (x - b) 34. (x-4)(x-4-3) 


HINTS TO SOME SELECTED QUESTIONS 


16. x3 * y -xy-x » x - xy - x * y. 
19. Given expression = (à? — 3a?) + (a — 3). 
20. Given expression = (3ax + 4bx) — (6ay + 8by). 


22. Given expression (x? — x") + (ax — a) * (x - 1). 


23. Given expression = (2x - 8xy) - 1 (1 - 4y). 


: : 2.2 2 2 2 2.2 
28. Given expression = a x *tb'y *tbx tay 


= (Px? +x) + (ay! + By’). 
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30. Given expression = (a° — ac) - (2ab — 2bc). 


34. Given expression = (x = 17 - 3(x - i) , 


FACTORISING THE DIFFERENCE OF TWO SQUARES 
FORMULA (a^— b?) = (a — D) (a b). 
SOLVED EXAMPLES 
EXAMPLE 1  Factorise 
2 
y » a 1 
(i) (2-3 (ii) (100 - 9x") (iii) (49-7) 
SOLUTION We have 
(i) (e - > =x- (4) 
100 10 
y y 
= (x - s +i) [ (8^ — ^) = (a — b) (a b)]. 
2 
[aba "toe 1) 
100 10 10 
(ii) (100 - 9x^) = (10)? - (32? 


-(10-3x)(10-3x) [~ (a -b° = (a -D)(a* b)]. 
(100 — 9x?) = (10 - 3x) (10 + 3x). 


(ii) (49-1) = ex? - (Ly 
-(x-395) c e e- bem. 


2 1Y. 1 , 1). 
(49x n a) e 2, 
EXAMPLE2  Factorise 


(i) (x — x) (ii) (184^ x? - 32) (iti) (2a? — 32a) 
SOLUTION We have 
(i) (57x) =x(x*-1) 
= x(x - 1)(x* 1) [^ (à - 5^) = (a - b) (a * D)]. 
(x? x) 2 x(x - 1) (x * 1). 


102 Secondary School Mathematics for Class 9 


(ii) (18a*x* — 32) = 2(9a*x* - 16) 
= 2X [(8ax)? - 47] 
= 2(3ax — 4) (Sax + 4) 
[^ (45 - 6^) = (a- b) (a b]. 
(182^ x? — 32) = 2(Bax — 4) (Bax + 4). 
(iii) (2a — 32a) = 2a(a^ — 16) 
= 2a x [(a°)*- 4] 
=2a(a’-4)(a° 4)  [- (à -b)) = (a - b) (a b)] 
= 2a(a - 2) (a + 2) (a° + 4). 
(2a? — 32a) = 2a(a — 2) (a + 2) (a° + 4). 


EXAMPLE3  FFactorise 
(i) x3 -1-2a- 6 (ii) 1*2ab — (a? +b’) 
SOLUTION We have 
(i) x°-1-2a-a? 
=x°-(1+2a+a°) 
=x°-(1+a)’ 
= {x—(1+a)}{x + (1+a)} [^ (6-05 = (a- b) (a b)] 
=(x-1-a)(x+1+a). 
(x?-1-2a-a’) =(x-1-a)(x+1+a). 
(ii) 1-*2ab- (d +b’) 
=1-(a° +b’ - 2ab) 
=1°- (a-b)? 
= {1—(a—b)}{1+ (a-b)} [^ (à - 5^ = (a-b)(a+b)] 
-(1-a-*b)(1*a-b). 
1-2ab - (à - b) - (17 a* b) (10a — b). 


EXAMPLE4  Factorise 
(i) (x*-4) (ii) (^ i 5) (iii) (^ " L + 1) 
SOLUTION We have 
G) Q4) 
= (x) +27 + (2X x? X2) - (2X x° x2) 
[adding and subtracting (2 x x^ x 2)] 
= (x? + 2)° -4x 
= (x +2)? - (2x) 
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= (x°+2—2x)(x?+2+2x) = (x? - 2x +2) (x? + 2x +2). 
(x^ +4) = (x7 - 2x * 2) (6 * 2x +2). 


i) (ne) 


[adding and subtracting (2 Xxx 2) 


x4 4) (es 2 2)(x 2 2) 
(iii) (t+ +1) 


R 
+ 


R 
+ 


EXAMPLES Factorise (x*+x°y’+y’). 
SOLUTION We have 
(x* +4 xy TP y^) = (x* TE Ay +y’) e xy 
= (x? t:yy- (xy)? 
e y xy) (x? xy). 
(xt +32 y? y) Z (x? y! xy) (x? y xy). 


< 


EXAMPLE6 Factorise a(a—1)—b(b-1). 


SOLUTION We have 
a(a-1)-b(b-1)-2à?-a-b^ +b 
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EXAMPLE 7 


SOLUTION 
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= (à? - b^) - (a-b) 
= (a - b)(a* b) - (a — b) 


= (a - b)l(a 


*b-1j 


- (a-b)(a*b- 1). 


Hence, a(a - 1) -b(b — 1) = (a b) (a - b — 1). 


Factorise (i) (x^ - 3x? +4) 


We have 


(ii) (xf * 5x? +9) 


(i) (xf - 3x2 4) = (x4 


+ 4x" +4) — x? 


_ Gd m 2-3? 

= (x7 +2-x)(x°+2+x) 

-(à-x*2)( x2). 
(x4 +3x7 +4) = (2 - x 2) - x 2). 

(ii) (x* +5x? +9) = (x* - 6x? - 9) - x? 

= (2+3)? -x 

=(x"+3- x)(x’ +3 +x) 

=(x°-x+3)(x?°+x+3). 


(x4 + 5x7 +9) = (à -x +3) (x° +x +3). 


Factorise (x? — y j 
We have 
GP -y)- ey yy’ 
-G'-y)Get ty’) 
= (93)? - (0) (* ty! + 2x3 y? - 2x3 y) 
=- o 5 G2 9 - (2)! 
= (x-y (x+y a y)o ey -V2xy) (ty? + 2xy). 
(8-35 = (x-y) x * yo vo y -y2xy) 
(+y * /2xy) 


EXAMPLE 8 


SOLUTION 


1; 1 
EXAMPLE9  Factorise (2x+3) -( -3) . 


edi 
Je 3673-60 


= (2x4 


SOLUTION 
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Je) 


Factorise: 
1. 9x? - 16? 


3. 81 - 16x? 
5. 2x* - 82 
7. 3x? — 48x 
9. x — 64x? 

11. 150 - 6x 

13. 20x? — 45 

15. à - b -a-b 

17. à - b * 2bc - c? 

19. a° + 2ab + b, - 9c? 

21. (a b)? -a- b 

23. x°+2xyt+y?— a+ 2ab-b? 
25. a-b- a +b" 

27. 9- à? * 2ab - V? 

29. 1+ 2ab — (à +b’) 

81. x-y *6y-9 


33. 9a" + 3a — 8b — 6AD? 


35. pepe 
x 


4. 5-20x* 
3a°b - 243ab? 

8. 27a? — 48b? 
10. 8ab? - 188? 
12. 2- 50x? 
14. (3a + 5b)? - Ac? 
16. 4a^ - 9b) - 2a - 3b 
18. 44? - Ab! - 44 «1 
20. 108a? - 3(b - c)? 
22. x? +y’ - zi-2xy 
24. 25x? - 10x 4 1 - 36 
26. a^ — b? — 4ac + Ac? 
28. 3?-5x/- x5 
30. 9a° + 6a + 1—36D? 
32. Ax? - oy” — 2x -3y 


> 


34. xL. 
x 


S 

R 

+ 
as 


38. 16x -1 
40. x*— 625 


ANSWERS (EXERCISE 3B) 


37. x°- 1 
39. 81x* - y 
1. (3x - 4y) (3x + 4y) 


5 1 
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3. (9 — 4x) (9 + 4x) 4. 5(1 — 2x) (1 + 2x) 

5. 2(x -2)(x + 2) (x° +4) 6. 3ab(a — 9b) (a + 9b) 

7. 3x(x - 4) (x +4) 8. 3(3a — 4b) (3a + 4b) 

9. x(1— 8x) (1 + 8x) 10. 2a(2b — 3a) (2b + 3a) 
11. 6(5-x)(5b + x) 12. 2(1 - 5x) (1 * 5x) 
13. 5(2x - 3) 2x +3) 14. (3a + 5b - 2c) (3a + 5b + 2c) 
15. (a b)(a- b - 1) 16. (2a + 3b) 2a - 3b - 1) 
17. (a- b * c) (at b-c) 18. 2a * 2b - 1)Qa - 2b * 1) 
19. (a - b x 3c)(a - b — 3c) 20. 3(6a - b — c) (68 - b * c) 
21. (a+ b)(a* b * 1) (at b —- 1) 22. (x - y * z) (x - y - z) 
23. (x *tyta- b)(x*y-a- b) 24. (5x — 1+ 6y) (5x - 1-7 6y) 
25. (a- b) (1-a- b) 26. (a — 2c * b) (a - 2c - b) 
27. (8*a- b)(8-a* b) 28. (x -5)(x- 1) (x * 1) 
29. (1*a-b)(1-a-* b) 30. (3a * 1— 6b) (3a - 1 * 6b) 
31. (x+y -3)(x- y *3) 32. (2x + 3y) 2x - 3y - 1) 
33. (3a — 8b) (3a+ 8b +1) 34. (x-$+1)(x-$-1) 

1 1 2,2 2,2 

35. (x-X-yf- ey) 36. (: d 2}(x E H 2) 


37. (x - 1) (x 1) i 4 1) 68 +1-V2 x)(x 1 /2x) 
38. (2x - 1) x + 1) (Ax + 1) 39. (3x — y) (8x +y) (9x + y’) 
40. (x — 5) (x * 5) (x 25) 


HINTS TO SOME SELECTED QUESTIONS 


17. a-b?’ *2bc- c =a’ - (P -20c +c) =a’ - (b- oy. 
18. 4a? — Ab? + 4a +1 = (40° 4a +1) - 4b? = (2a + 1)? - (2b)*. 
21. (a+b)?-a—b = (a+ b)? - (a b) = (a+b) [(at b)? -1] = (a+b) [(a +b)? — 17]. 


2 


22. x +y - 2? -2xy = (x? +y -2xy) - zi = (x-y) - z. 


26. à? - b! - Aac + Ac? = (a? - 4ac + 4) - b? = (a - 20) - V. 
28. x° - 5x! - x &5 2 x' (x -5) -(x-5) = (x - 5) (X - 1). 
29. 1+ 2ab — (à +b’) = 1- (a° +b? -2ab) = 1? - (a - b). 
81. à - y^ 6y-9 =x- (y - 6y +9) = x? - (y - 3). 

32. Ax! - 9? - 2x - 3y = (4x? - 9^) - Qx + 3y). 

33. 9a? + 3a — 8b — 64D? = (9a? — 64b?) + (3a — 8b). 


1 1 1v 
34. x74 25-3 pr 2) 1=(x-}) -1° 
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FACTORISATION OF QUADRATIC TRINOMIALS 


Polynomials of The Form x’ + bx * c. 
We find integers p and q such that p +q = b and pq = c. Then, 
x t bxtc-x (ptq)x*pq 
ca + px+ qut pq 
= x(x + p) + q(x * p) 
= (xt p)(x+q). 


SOLVED EXAMPLES 


EXAMPLE1 — Factorise x^ 9x +18. 
SOLUTION The given expression is x^ + 9x + 18. 
We try to split 9 into two parts whose sum is 9 and product 18. 
Clearly, 6 +3 = 9 and 6 X 3 = 18. 
x 9x £18 = x * 6x *3x +18 
= x(x * 6) - 3(x 6) 
= (x *6)(x +3). 


Hence, x? + 9x + 18 = (x + 6) (x +3). 


EXAMPLE2 Factorise x^ + 5x — 24. 
SOLUTION The given expression is x^ + 5x — 24. 
We try to split 5 into two parts whose sum is 5 and product —24. 
Clearly, 8 + (73) = 5 and 8 X (-3) = -24. 
x^ 5x — 24 =x" + 8x - 3x — 24 
= x(x + 8) -3(x + 8) 
= (x +8)(x-3). 
Hence, x^ + 5x - 24 = (x + 8)(x-3). 


ExAMPLE3  Factorise x? - Ax — 21. 


: : : 2 
SOLUTION The given expression is x^ — 4x ~ 21. 
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We split —4 into two parts whose sum is -4 and product -21. 
Clearly, (-7) +3 =—4 and (-7) X3 = -21. 
g-4-00ex -7x43x-21 
-x(x-7)t3(x-7) 
= (x-7)(x-*3). 
Hence, x^ - Ax - 21 = (x - 7) (x * 3). 


EXAMPLE4 Factorise 
(i) x3 *5/3x* 12 (ii) x^ * 3/3x — 30 
SOLUTION (i) The given expression is x^ * 5/3 x * 12. 


We split 5/3 into two parts whose sum is 5/3 and 
product 12. 


Clearly, (4,/3 +3) 2 5/3 and (4/3 x y3) = 12. 
x 543x*12- x! MA/3x * /3x 12 
= x(x +473) + /3(x +43) 
= (x +44/3)(x + /3). 
Hence, x^ * 5/3x +12 = (x+4/3)(x+/3). 


(ii) The given expression is x^ + 3/3 x — 30. 
8 P 


We split 3/3 into two parts whose sum is 3/3 and 
product —30. 


Clearly, (54/3 - 243) = 3/3 and 543 x (-24/3) =-30. 
x^ * 343x302 x! * 5/3x -2/3x - 30 
= x(x + 543) - 2/3 (x-€ 54/3) 
= (x-* 543) (x - 2/3). 
Hence, x^ -343x - 30 = (x + 54/3) (x - 243). 


EXAMPLE 5 Factorise (p+ gy —20(p * q) - 125. 
SOLUTION The given expression is (p + q? —20(p * q) - 125. 
Putting (p +q) = x, it becomes x^ - 20x - 125. 
We split —20 into two parts whose sum is 20 and product -125. 
Clearly, (725 + 5) = -20 and (725) x 5 = -125. 
x^ - 20x - 125 = x! - 25x * 5x - 125 
= x(x — 25) + 5(x — 25) 
= (x -25)(x+5). 
^ (p*q)-20(p*q)-125-(p*q-25)p*q*5)[^ x-p*ql. 
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EXAMPLE6  Factorise a^- 4a°+3. 
SOLUTION The given expression is a*+ 4a’ +3. 
Putting a’ =x, it becomes x^ + 4x +3. 
We split 4 into two parts whose sum is 4 and product 3. 
Clearly, (3+ 1) = 4 and (3 X 1) =3. 
x 4x 3-2 x! 3x tx 3 
= x(x*3)*(x*3)7 (x+3)(x+1) 


= (a^ + 4a* +3) = (a° +3) (a^ +1) [^ x22] 


Factorisation of Polynomials of The Form ax! bx * c 
We find integers p and q such that p +q = b and pq = ac. Then, 
pq 


ax tbxtc- ax * (pt q)x 
-a^ x5 apx * aqx * pq 
= ax(ax + p) * q(ax +p) 
= (ax +p) (ax +q). 


Hence, (ax? + bx + c) = (ax + p) (ax + q). 


EXAMPLE7 Factorise 6x^ + 17x +5. 
SOLUTION The given expression is 6x? * 17x +5. 
Here, 6 X 5 = 30. 
We split 17 into two parts whose sum is 17 and product 30. 
Clearly, (15 + 2) = 17 and (15 X 2) = 30. 
6x! * 17x 5 = 6x 4 15x * 2x 5 
= 3x(2x +5) + x +5) 
= (2x * 5) (8x * 1). 
Hence, 6x? + 17x +5 = (2x - 5) (9x +1). 


EXAMPLE8  Factorise J2x? +9x+ 442. 
SOLUTION The given expression is y2 x^ + 9x + 442. 
Here, /2 X 4/2 =8. 
We split 9 into two parts whose sum is 9 and product 8. 
Clearly, (8+ 1) = 9 and (8 X 1) =8. 
/2x! 9x * 4/2 = (2x7 - 8x * x A2 
= /2xG t 4/2) * (xc 4/2) 
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EXAMPLE 9 


SOLUTION 


EXAMPLE 10 


SOLUTION 


EXAMPLE 11 


SOLUTION 


EXAMPLE 12 


SOLUTION 
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=(x+4/2)(¥2x+1). 
Hence, (/2x? + 9x + 442) = (x - 42) (V2 x * 1). 


Factorise 2x * 11x — 21. 
The given expression is 2x7 + 11x — 21. 
Here, 2 X (721) = —42. 
We split 11 into two parts whose sum is 11 and product —42. 
Clearly, 14 + (-3) = 11 and 14 X (-3) = -42. 
2x^ + 11x - 21 = 23^ 4 14x - 3x — 21 
= 2x(x +7) -3(x+7) 
= (x *7)2x-3). 
Hence, (2x? + 11x - 21) = (x +7) Qx - 3). 


Factorise 6x? * 7x - 8. 
The given expression is 6x” + 7x — 3. 
Here, 6 X (73) = -18. 
We split 7 into two parts whose sum is 7 and product -18. 
Clearly, 9 + (-2) = 7 and 9 x (-2) = -18. 
6x! «7x -3 = 6x! «9x - 2x - 8 
= 3x(2x + 3) - (2x + 3) 
= (2x * 3) (3x - 1). 
Hence, (6x? + 7x — 3) = (2x + 3) (8x - 1). 


Factorise 9x? — 22x +8. 
The given expression is 9x? — 22x + 8. 
Here, 9 X 8 = 72. 
We split 222 into two parts whose sum is -22 and product 72. 
Clearly, (718) + (-4) = - 22 and (718) X (-4) = 72. 
9x! - 22x +8 = 9x - 18x - Ax +8 
= 9x(x — 2) -4(x -2) 
= (x -2)(9x - 4). 
Hence, (9x? — 22x + 8) = (x - 2) (9x — 4). 


Factorise 354° + 13y — 12. 
The given expression is 35y^ + 13y — 12. 
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Here, 35 X (712) = -420. 
We split 13 into two parts whose sum is 13 and product —420. 
Clearly, 28 + (715) = 13 and 28 x (715) = -420. 
85y^ + 13y - 12 = 35y^ + 28y - 15y - 12 
=7y(5y + 4) -35y + 4) 
= (5y + 4)(7y - 3). 
Hence, (357 + 13y - 12) = (5y + A) (7y - 9). 


EXAMPLE 13 Factorise 4 /3x^ 4 5x - 24/3. 
SOLUTION The given expression is 4/3 x +5x- 2/3 ; 
Here, 443 x (-2 V3) =-24. 
So, we split 5 into two parts whose sum is 5 and product —24. 
Clearly, 8 + (73) = 5 and 8 X (-3) = -24. 
4/3x^ * 5x -24/3 =4/3x° + 8x - 3x - 24/8 
= Ax(/3x 2) - /3 (/3x-* 2) 
= (/3x-* 2) (4x - 3). 
Hence, (44/3 x? + 5x - 24/3) = (/3 x + 2) (4x - /3). 


EXAMPLE 14 Factorise 2x^ — 7x — 39. 
SOLUTION The given expression is 2x” — 7x - 39. 
Here, 2 X (739) = -78. 
So, we split —7 into two parts whose sum is -7 and product 78. 
Clearly, (713) + 6 = -7 and (-13) X 6 = -78. 
2x5 — 7x - 39 = 2x? - 18x + 6x — 39 
= x(2x - 13) + 32x - 13) 
= (2x - 13) (x +3). 
Hence, (2x? - 7x - 39) = (2x — 13) (x +3). 


EXAMPLE 15 Factorise 42-r— r^. 
SOLUTION The given expression may be written as —7^ — r+ 42. 
Here, (-1) X 42 = -42. 
So, we split —1 into two parts whose sum is —1 and product —42. 
Clearly, (-7) + 6 = -1and (-7)X 6 = -42. 
42-r-r--r-r42 
=-1—7r+6r+42 
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=-r(r+7)+6(r+7) 
=(r+7)(-r+6) =(7+7r) (6-7). 
Hence, (42 - r - ) = (7 * r)(6- r). 


1 


; 2 5 
— i + —.4 
EXAMPLE 16 Factorise 2x É x 12 


SOLUTION We have 


gp d _ (24x°- 10x 1) 
6" 12 12 
= gy (24x? - 10x +1) 


= 5 (24x? -éx - 44 +1) 


= 4; lox(4x- 1) - (4x-1)] 
= (x - 1) 6r-1) 


=(p 13) (6x )-($: ize i 


Hence, (2x7 Srt) (ia i5) 1). 


EXAMPLE 17 Factorise 5(3x ^y). * 6(3x * y) — 8. 
SOLUTION Putting (3x + y) = z in the given expression, we get 
5(3x +y)” * 6(3x ^) - 8 
- 57 6z 8, where 3x +y =z 
- 57^ 10z-4z-8 [^ 10+ (-4) = 6 and 10 x (-4) = -40] 
= 5z(z+2)—-4(z +2) 
= (z+2)(5z-4) 
= (8x +y + 2) [5(3x + y) - 4] 
= (8x +y + 2) (15x + 5y - 4). 
Hence, 5(3x +y)? + 6(3x + y) - 8 = (8x +y + 2) (15x + 5y - 4). 


EXAMPLE 18 Factorise x'— 3x * 2. 
SOLUTION Putting x^ = y, we get 
x*- 3x! +2 
= y’ -3y +2, where x^ = y 
-y-2y-y*2 
-y(y-2)-(y-2) 


EXAMPLE 19 


SOLUTION 


EXAMPLE 20 


SOLUTION 


EXAMPLE 21 


SOLUTION 
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-(y-2)(y-1) 

= (x-2)( - 1) [- y 2 x] 
= (xt /2)-42)6 +1) (x-1). 

Hence, (x! - 3x? + 2) = (x + /2) (x - /2) (x - 1) (x-1). 


Factorise 742x^ - 10x - A2. 
The given expression is 742 x^ - 10x - 4 y2. 
Here, 7/2 X (-4,/2) =—56. 
So, we split -10 into two parts whose sum is -10 and 
product —56. 
Clearly, (714 + 4) = -10 and (714) X 4 = —56. 
742x^ - 10x - A42 2 742x^ - Mx + 4x - A 2 
-7/2x(x - /2)  4(x - /2) 
= (x-/2) 7 2x4). 
Hence, (742 x? - 10x - 4/2) = (x - /2)(7 2 x * 4). 
Factorise 54 5x? + 30x + 8/5. 
The given expression is 54/5 x^ 30x - 8/5. 
Here, (5/5 x 8/5) = 200. 
So, we split 30 into two parts whose sum is 30 and product 200. 
Clearly, (20 + 10) = 30 and (20 X 10) = 200. 
545x^ * 30x + 8/5 — 54 5x^ + 20x + 10x € 8/5 
= 5x(V 5x * 4) 2/5 (V5 x * 4) 
= (/5x-* 4) 6x * 2/5). 
Hence, (54/5 x + 30x + 84/5) = (/5x * 4) (5x +25). 


Factorise Ax^ + 20x +25. 
The given expression is 4x? + 20x + 25. 
Here, (4 X 25) = 100. 
So, we split 20 into two parts whose sum is 20 and product 100. 
Clearly, (10 + 10) = 20 and (10 X 10) = 100. 
4x^ * 20x + 25 = Ax^ * 10x - 10x +25 
= 2x(2x + 5) +5(2x +5) 
= (2x * 5) 2x +5). 
Hence, (4x? + 20x + 25) = (2x +5) (2x +5). 
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Factorise: 
1. x7+11x+ 30 
8. x^ + 20x — 69 
5. x! * 7x - 98 
7. x3 - 21x 4 90 
9. x? - Ax - 3 

11. x°+3/3x+6 

13. x°+5/5x+30 

15. x! - 32x - 105 

17.6-x- x? 

19. 40* 3x- x° 

21. 3x - 2/3x - 24 

23. x^ * /2x—-24 

25. x! - x - 156 

27. 9x^ 18x +8 

29. 18x^ - 3x — 10 

31. 15x? * 2x - 8 

83. 24x? - A1x +12 

85. 2x? + 3x — 90 

37. 2/3x^ *x- 54/3 

39. 6/3x^ -47x «5/3 

41. /3x^ - 10x - 8/3 

43. 2x x 343 x ^3 

45. 6x? - 5x - 21 

47. 5x! - 16x- 21 

49. 9x? - 3x - 20 


55. Že 16x+10 


3; 19 
57. 5* 5.74 


59. 2(x* y)! -9(x*y)-5 


EXERCISE 3C 


. x +18x +32 

. X! 4 19x - 150 

. x *2/3x-24 
. x!-22x + 120 

. x3 * 76x * 60 
g x°+6V/6x+48 

. x° - 24x - 180 

. x!i-11x-80 

. x3 -/3x-6 

. x! - 26x + 133 
x!-3/5x-20 

. x!-2/2x-30 
. x! - 32x - 105 

. 6x^ - 17x - 12 
.2x^*11x-21 

. 21x! * 5x- 6 

. 3x3 - 14x + 8 

. J| 5x5 *2x - 3/5 
. 7x *2/14x *2 
. 5/5x^ + 20x * 3/5 
/2x^ -3x * 2 
. 15x -x-28 

. 2x! - 7x - 15 

. 6x? - 11x -35 

. 10x? -9x -7 

1 1x-m-9 
.21x3D-2x de 


21 
2 3 1... 
è 3* 3 x-28 
; -rti 


. 9(2a - D)? — 4(2a - b) - 13 


6 


he 


6 


o 


65. 
66. 


[2 


11. 
13. 
15. 
17. 
19. 


2 


ph 


23. 
25. 


o 


27. 
29. 
31. 
33. 
35. 
37. 
39. 
41. 
43. 
45. 


4 


49. 


51. 


.7(x-29y-25(k-2y)*12 — e. 10(3x++) - (sx 1) 


eS Ngee 


D 
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3 


7E 


3 3 


2 
1 6(2x - 3) + 7(2x -£ -20 64. (a + 2b)? +101(a + 2b) +100 


X 
Ax* * 7x? -2 
Evaluate ((999)? — 1}. 


ANSWERS (EXERCISE 3C) 


(x+6)(x +5) 2. (x +16)(x +2) 
(x + 23) (x - 3) 4. (x * 25)(x — 6) 
(x+14)(x-7) 6. (x + 4/3) (x - 24/3) 

. (x-15)(x-6) 8. (x - 12)(x — 10) 

. (x-3)(x- 1) 10. (x £56) (x * 2/6) 
(x* 2/3) (x 73) 12. (x € 4/6) (x * 2/6) 
(x 345) (x - 2/5) 14. (x — 30) (x +6) 

(x - 35) (x +3) 16. (x — 16) (x +5) 
(2—x)(3+x) 18. (x 2/3) (x * /3) 
(8-x)(5+x) 20. (x—19) (x-7) 

. (x-443) (x +23) 22. (x - 4 5) (x+ 5) 
(x*442)(x 342) 24. (x -5/2)(x 3/2) 
(x — 13) (x + 12) 26. (x 35) (x +3) 

(3x + 4) (8x + 2) 28. (2x + 3) (8x +4) 
(6x + 5) (3x - 2) 30. (x + 7) (2x -3) 

(bx + 4) (3x - 2) 32. (3x + 2)(7x —3) 
(3x — 4) (8x - 3) 34. (x - 4) (3x - 2) 
(2x + 15) (x — 6) 86. (x /5)(/ 5x —3) 
(x* /3)Q/3x-5) 38. (/7x - /2) (/7 x * 42) 
Qx- 543) (843 x - 1) 40. (V5x * 3) (bx +75) 
(x * 2/3)(/3x- 4) 42. (x /2) (2x * 1) 
(x + 43) (2x + /3) 44. (5x — 7) (3x + 4) 
(3x - 7) (2x + 3) 46. (x - 5) 2x +3) 
(bx — 21) (x * 1) 48. (2x - 7) (3x * 5) 
(3x — 5) (3x +4) 50. (5x - 7) 2x +1) 


ie 


G 4 2. (1+3)@-9) 


: -dg)ux- 
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x, 1 1 
53. (Bx + y " 35) 54. (x 3 aek -1) 
55. (5 + 5)(3x +2) 56. 5 ~4)(2x +7) 
x x I 
57. (- 1x -4) 58. (5 a) ux 1) 
59. (x+y—5)(2x + 2y * 1) 60. (18a — 9b — 13) (2a - b +1) 
61. (x -2y — 3) 7x - 14y - 4) 62. (15x + 2 x 3)(6x a 2 + 1) 
63. (4x-£+5)(6x-2-a) 64. (a+ 2b+100)(a+2b+1) 
65. (x° +2) (2x - 1) 2x +1) 66. 998000 
HINTS TO SOME SELECTED QUESTIONS 
6. x3 *2/3x -24 =x t AJ3x -24/3x — 24. 


10. x? * 7/6x * 60 2 x* -5/ 6x * 2/6x- 60. 
11. à 4 3/3x £62 x* &2/3x * / 3x * 6. 
12. x3 * 6/6x * 48 2 x! AV 6x * 2 6x * 48. 

13. x°+ 5/5x € 30 =x 3 5 x € 245 x 4 30. 

18. xi-/3x-6-2 x! -2/3x* /3x- 6. 

21. X3 -2/3x -24 =x - AJ3x € 24/3 x - 24. 

22. x3 - 8 5x -20 2 x3 - AJ 5x * | 5x - 20. 

23. x+ /2x -24 =x  AJ2x - 842 x — 24. 

24. x3 -242x -30 2 x3 - 5/2x € 34/2 x - 80. 

36. / 5x? * 2x - 345 = J 5x? * 5x - 3x - 8/5. 

37. 2/3 x° * x - 54/3 2 2/33? + 6x - 5x - 54/8. 

88. 7x3 * 2414 x 2 2 73! * Aa x * 1a x € 2 = [7 x 7 x * 2) 42 (Q7 x * 2). 
39. 643x” - 47x € 54/3 = 63x" - Abx -2x +573 2 343 x Qx - 54/3) - x — 5V3). 
40. 545x^ + 20x +375 2 545x^ * 15x t 5x £3 /5 = 5x (V5x t 3) t /| 5 (V5x 3). 
42. 42x +3x+ 2 2 2x! &2x t x € 2. 

43. 237 4 343x x3 2 22? 4243 x * /'Ax 8. 

44. 15x! - x - 28 = 15x? - 21x + 20x - 28. 


7 16x!i-32x17  16x!-28x-4x47 _ (4x—7)(4x-1) 
16 16 16 16 

4x —7 x X 

coana D.- 


66. ((999)? — 17} = (999 - 1) (999 +1). 


N 


[S] 


51. x! - 2x * 
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SQUARE OF A TRINOMIAL 


FORMULA (x+y+z)° =x? +y? +z’ + 2xy * 2yz + 2zx. 


SOLVED EXAMPLES 


EXAMPLE1 — Exapand (2a 3b 4 4c). 
SOLUTION Putting 2a = x, 3b = y and 4c = z, we get 
(2a + 3b + 4c)? 
=(x+y+z) 
= x +y? +z + Qxy + 2yz + 2zx 
= (2a)? + (3b)* + (4c)? + {2 X Qa) X (3b)} + {2 X (3b)  (4c)} 
+{2 X (4c) X (2a)} 
= 4a? + 9b? + 16c? + 12ab + 24bc + 16ca. 


EXAMPLE 2 Expand each of the following: 

(i) (4a—b+2c)? X (ü)(3a-5b-cY (iti) (~x + 2y - 3z)? 
SOLUTION (i) Putting 4a = x, b = y and 2c = z, we get 

(4a — b - 2c)? 
=(x+y+z) 
eu y z 4 2xy + 2yz + 2zx 
= (4a)? + (=b)? + Qo) + (2X 4a X (-b)] + {2 x (=b) X 2c} 
t (2 X 2c X 4a} 


= 162^ * b^ + 4c? — 8ab — Abc + 16ca. 
(ii) Putting 3a = x, -5b = y and -c = z, we get 
(3a - 5b - c)? 
=(xt+y+ z)* 


=x? y kgs 2xy * 2yz * 2zx 
= (3a)? + (C5b) + (=c)? + {2 X 3a X (=5b)} + {2 X (5b) x (-c)} 
+{2 X (7c) X 3a} 


= 9a" + 25b? + c? — 30ab + 10bc — 6ca. 
(iii) Putting —x =a, 2y = b and -3z = c, we get 
(7x *2y- 8z) 
- (a* b cy 
=a’ xb c *2ab* 2bc * 2ca 
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EXAMPLE 3 


SOLUTION 


EXAMPLE 4 


SOLUTION 


EXAMPLE 5 


SOLUTION 


EXAMPLE 6 


SOLUTION 
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= (x)? + Qy)? C33* + {2 X (=x) X 2y} + {2 X (2y) x (-32)} 
+{2 X (=3z) x (-x)} 
=x" + Ay" +927 — 4xy — 12yz + 6zx. 


Factorise 9x? + 4y?  16z? + 12xy — l6yz — 24xz. 


We observe here that —16yz and —24xz are negative terms in 
the given expression and z occurs in both the terms. So, we 
write 16z? as (-4z)?. 
Thus, we have 
Ox? + dy? + 162? + 12xy - 16yz - 24xz 
= (3) + (2y)? + (C42) + {(2 X (3x) X (2y)} +12 X (2y) x (742)] 
+{2 x (—4z) x (3x)} 
= {3x +2y + (-4z)7} = (8x  2y - Az). 


Factorise 25x? 4 16^ + Az? 40xy + 16yz — 20xz. 


We observe here that —40xy and -20xz are negative terms in 
the given expression and x occurs in both the terms. 


So, we write, 25x? as (-5x)?. 
25x^ + 16^ Az? — A0xy + 16yz — 20xz 
= (—5x)? + (4y)? + (22) + {2 X (C5) x (4y)] + {2 X (4y) X Q2)] 
+{2 X (-5x) X (2z)} 
= {(-5x) + 4y + 22)? = (-5x + 4y+ 22y.. 


Factorise 2x^ + y^ + 82 - 24/2 xy * A/2 yz — 8zx. 
We observe here that 242 xy and —8zx are negative terms in 
the given expression and x occurs in both the terms. 
So, we write 2x? as (-/2 x)’. 
2x4 y + 82" 2/2xy H 4/2yz 8zx 
= (-/2x)? «y + (2/22)? + {2 X (-¥2x) X y) 
+{2 X y X (2/22)} + {2 X (2/22) x (-/22)) 
= (-/2x+y+2/2z)’. 


Evaluate (i) 101 x 102 (ii) (999)? (iii) (997)? 
We have 
(i) 101 102 = 101 x (100 + 2) 
= (101 X 100) + (101 x 2) = 10100 + 202 = 10302. 
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(ii) (999)? = (1000 - 1)? 
= (1000)? + 1? - (2 x 1000 x 1) 
[^ (a-b)? 2 à? +b? - 2ab] 
= 1000000 + 1 — 2000 
= (1000001 — 2000) = 998001. 
(iii) (997)? = (1000 - 3)? 
= (1000)? + 3? — (2 x 1000 x 3) 
= 1000000 + 9 — 6000 = 994009. 


EXERCISE 3D 
1. Expand 
(i) (a+ 2b + 5c)? (ii) Qa - b c)? (iii) (a — 2b — 3c)? 
2. Expand 


(i) (2a-5b-7c)?  ()(-3a-4b-5c)? (ii) (Ia-1o«2) 

Factorise 

3. Ax? + 9^ + 162? + 12xy — 24yz - 16zx 

9x? + 16y + Az? - 24xy + 16yz - 12xz 

25x? + 4y? + 92? — 20xy — 12yz + 30xz 

16x” + 4y? + 927 — 16xy - 12yz + 24xz 

. Evaluate 

(i) (99)? (ii) (995)? (iii) (107)? 


No wo 


ANSWERS (EXERCISE 3D) 
1. (i) a’ +.4b* + 25c^ * Aab + 20bc + 10ac (ii) 4a° + D^ +c? — 4ab — 2bc + 4ac 
(iii) à? + AD? + 9c? — 4ab + 12bc — 6ac 
2. (i) 4a’ + 25b° + 49c? — 20ab + 70bc — 28ac 
(ii) 9a? + 16D? + 25c? — 24ab — A0bc + 30ac 
ant Pp ab 
(iii) +467 4 b+2a 
3. (2x + 3y — Az) (2x + 3y — Az) 4. (-3x + 4y + 2z) (-3x + 4y + 2z) 
5. (5x - 2y + 3z) (5x - 2y + 3z) 6. (Ax - 2y + 3z) (Ax - 2y + 3z) 
7. (i)9801 (ii) 990025 (iii) 11449 
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CUBE OF A BINOMIAL 
FORMULAE (i) (x +y)? = x? +y?  3xy (x +y). 


(ii) (x-y)? =x" -y?-3xy (x-y). 


SOLVED EXAMPLES 


EXAMPLE 1 Expand (i) (44+5b)° (ii) (Ba — 2b)° 
SOLUTION (i) Putting 4a = x and 5b = y, we get 
(4a * 5b)? = (x - y? 
=x a xy (x y) 
= (4a)? + (bb)? + (3 X 4a X 5b) (4a + 5b) 
= 644° + 125b? + 60ab (4a + 5b) 
= 644° + 125b? + 240a? b + 300ab7. 
(ii) Putting 3a = x and 2b = y, we get 
(3a —2b)* = (x-y)? 
=x- y- 3xy(x-y) 
= (3a)? — (2b)? — (3 X 3a x 2b) (3a — 2b) 
= 274° — 8b° — 18ab (3a — 2b) 
= 27a° - 8b? — 54a? b + 36ab? . 


B 3 
EXAMPLE2 Expand ls zi (ii) (4-3) 


y 
SOLUTION (i) Putting ` =aand 1 - b, we get 


p x" 

(1.5 = (a +b)? 
- q? b? * 3ab(a * b) 
-()4(4). 1Y (+ d 
-(1) +(3 eris ME 

1 y a 

xe 27 x\x 3 


1 y o y y Lo. Y vy 
p 27 oy, 3 x8 3x 27 


(ii) Putting 4 = a and >- = b, we get 


By e 


EXAMPLE 3 


SOLUTION 


EXAMPLE 4 


SOLUTION 


EXAMPLE 5 


SOLUTION 
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- q? - p? -3ab(a - D) 


3 {1¥ 1 1 ) 
=(4) (az) IXAX 3x x(4 3x 
1 16,4 16. 4 1 
= 64 } = 64 } : 
270 * a * 3x o7 


Simplify (2x — 5y) —(2x + 5y). 
Putting 2x = a and 5y = b, we get 


(2x - 5y)? - (2x + 5y)? 
= (a - b)! - (a+b)? 
= {a° - D? — 3ab(a — b)} — (à? + b? + 3ab(a + b)} 
= (a° — b? - 3a^ b + 3ab? - à? - b? — 3a b — 3b’) 
- -2D? - 6d? b = -2 X (by? - 6 X (2x)” x (by) 
= (-2X125y)) - (6 x 4x? x 5y) = 250? - 120x" y. 


Factorise 


(i) 
(ii) 


8a° +b? +1207b + 6ab* 
64a° — 27b? — 144a? b + 108ab? 


We have 


(i) 


(ii) 


8a? + D? + 12a7b + 6ab? 

= (2a)? + b? + 6ab (2a + b) 

= (2a)? +b? + (3 X 2a X b) (2a + b) 

= (2a + b)? = (2a + b) (2a + b) (2a + b). 
64a° — 27b? — 144a° b + 108ab? 

= (4a)? - (8b)? — 36ab (4a — 3b) 

= (4a)? — (3b)? - (3 x 4a x 3b) (4a — 3b) 

= (4a — 3b)? = (4a — 3b) (4a — 3b) (4a — 3D). 


Factorise 


(i) 


27-1254 -135a-^2254? (ii) 1- 64a? — 12a + 48° 


We have 


(i) 


27 - 125a° — 135a + 225a? 
= 3?- (5a)? — 45a(3 — 5a) 
= 3?- (5a)? - (3 X 3 X 5a) (8 — 5a) 
= (3— 5a)? = (3 - 5a) (3 — 5a) (8 — 5a). 


121 


122 


EXAMPLE 6 


SOLUTION 


EXAMPLE 7 


SOLUTION 


EXAMPLE 8 


SOLUTION 
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(ii) 


1 - 64a? — 12a + 48a? 


= 1°-(4a)° 


12a(1 - 4a) 


= 1°- (4a)? - (3 X1X 4a) (1 - 4a) 


= (1—-4a)? = (1 - 4a) (1 - 4a) (1 — 4a). 


Factorise 


l Bow d. 1 
(0 8p Sp *5sP* 155 


We have 


(i) 12 2 l 


Sp pi 
a ae 


=8pP +725 


= (2p)? 


= (2p)? 


sree*s) 


(9x 2px 5)x(2+5) 


= (295) - ere Sev 3) 


(ii) 


=27p°- = 


9 1 
279° 50° + 4? 716 


1 


1 92,1 
216 2P *4P 


= Gp*-(5) -2P =3) 


om 


= (32-5) =(=) -5)6r 9) 


Simplify (x+y)? 


(x 
We have 
3 


y)? 


(x+y) 


ay 


6y (x? y) 


(i) 27 - 2, 1, - 1 


2P *4P 016 


-2(xty)-(-y 
=g- p- 


= (a-b)? = [(x+y)- 
Evaluate (i) (102)° 


We have 


3(x+y)(x-y) 
e 


(x-y)}° = (2y) = 
(ii) (999)? 


-28y. 


X [(x 4 


y) - G-y) 


2y = x *y) - x-y)] 


3ab(a - b), where x+y =a and x-y =b 
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(i) (102)? = (100 + 2)? 
= (100)? +2°+3 x 100 x 2 x (100+ 2) 
= 1000000 + 8 + (600 x 102) 
= 1000008 + 61200 = 1061208. 
(ii) (999)? = (1000 - 1)? 
= (1000)? - 1? - (3 x 1000 x 1) (1000 - 1) 
= 1000000000 — 1 — (3000 x 999) 
= 999999999 — 2997000 = 997002999. 


EXERCISE 3E 
1. Expand 
(i) (3x - 2) Gi) (30 + ij (iii) (1 + 2a) 
2. Expand 
(i) (5a — 3b? (ii) (3x : Sy (iii) ($a » 2) 
Factorise 


3. 8a? + 27b° + 36a°b + 54ab* 
4. 64a° — 27b° — 144a? b + 108ab” 
2 

5.14 aa? = an 
6. 125x? - 27y? — 225x^ y + 135xy* 
7. a? x? - 3a bx? + Sab x ^ b? 
(64 38 962,48, g 

125° 25 5 

9. a? — 12a(a — 4) - 64 
10. Evaluate 


(i) (103)? (ii) (99)? 


ANSWERS (EXERCISE 3E) 


" 1 ,274 , 9a 
1. (i) 27x? + 8 + 54x? + 36x ii) 27a°4 
9 " 64b 4b 16b 
"NEUEM 
(iii) 1* 574 *34 t2a 
2. (i) 125a°-27b°-225a°b+135ab* (ii) 27x Bs 135x + 225 
x 


su 64 3 96 2, 48 
(iii) 3554 8 257^ *g 4 
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3. (2a + 3b) (2a + 3b) (2a + 3b) 4. (4a — 3b) (4a — 3b) (4a — 3b) 
5. (1 + sap + ED + 22) 6. (5x - 3y) (5x - 3y) (5x - 3y) 
7. (ax — b) (ax — b) (ax — b) 8. ($a 2 $a 2 Sa 2) 
9. (a— 4) (n — 4) (a — A) 10. (i) 1092727 (ii) 970299 


FACTORISATION OF SUM OR DIFFERENCE OF CUBES 


THEOREM Prove that 
(i) +y) Gy) xy y) 
(ii) (x° — y) =(x-y) (x? + xy + y) 
PROOF We have 
(i) Gy)! = (+?) + 3xy (x+y) 
> (+y) = Gy) -3xyGct y) 
= (x+y) X[(x+y)?— 3] 
=(x+y) (x? —xy + y’). 
(x? ty’) = (x+y) o xy * y). 


(ii) (x-y) = °- y’) - 3xy(x - y) 
> (x-y) =(x-y)?+3xy(x-y) 
= (x-y) X [(x- y)" +3xy] 
=(x ya? xy y). 
y)7 x-y) (C *xy* y). 


3 


(x 


SUMMARY 


(i) ty’) = (x t)? xy * y). 


Gi) (2-3?) 2 (x- y) * xy * y). 


SOLVED EXAMPLES 
EXAMPLE 1 Find the following products 


2 
(i) (Een (ii) (x? - 1) (x* +x? 1) 


Factorisation of Polynomials 125 


SOLUTION We have 
(i) (5 + x —xy+ m 
= (a+ b) (a° — ab +b’), where 3 =aand 2y =b 
= (a? +b?) 
afx? 3_(x° 3 
=(3) *e» (rm ) 
G) (x7 -1)(x*+x7 +1) 
= (a — b) (a° + ab +b’), where x! = aand 1 = b 
=(= 
EQ esee 
EXAMPLE2  Factorise 
(i) 1+ 64x? (ii) 27x? + 125? (iti) (x +1)? + (x - 1? 
SOLUTION We have 
(i) 1-64 
= (1)°+ ux 
=(1+4x)(1-4x+16x [- (@+b°) = (a+b) (a°- ab +b’)]. 
Gi) 2735-125 
= (3x)? + (5y)? 
= (8x + 5y) (9x* - 15xy + 25y’) 
[ (a° +b’) = (a+b) (à - ab + b^)]. 
(iii) Putting (x + 1) = a and (x - 1) = b, we get 
(cci 1) 
= (a? +b’) 
= (a+b) (a° -ab +b’) 
- (x3) c DX Ron Ge D o1) (c1) 
-2xX(( + 2x +1) - (63-1) + (62 - 2x - 1)] 
-2xxX(xX2x*1-x +14x°-2x $1) = 2x(X^ +3). 


EXAMPLE 3 Factorise 
(i) à? -2/2b° (ii) 1- 64a° (iii) 8a? — 27b° 
SOLUTION We have 
(i) (a -272b") 
= (a)? - (20) 
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= (a- (2b) x {a° + (ax 2b) + (/2b)*] 
K x? y = (x y) (x? ; xy j y) 
= (a - /2 b) (a^ + /2ab * 2b^). 
(à? - 24205) = (a - /2b) (à + /2ab + 2b’). 
(i) (1-644) 
= (1)°- (4a)? 
= (1— 4a) X (1? + (1 X 4a) + (4a)} 
[6 X-y'--y) G *xy ty] 


= (1— 4a) (1 * 4a * 162^). 

(1— 64a) = (1— 4a) (1 + 4a + 160°). 

Gii) (8a? -27b°) 
= Qa)? - (3b)? 
= (2a — 3b) X (Qa)? + (2a X 3b) + (3b)°} 
[^ x-y? 2 ya txyty)] 

= (2a — 3b) (4a? + 6ab + 9b°). 

(8a — 27D?) = (2a — 3b) (4a? + 6ab + 9b°). 


EXAMPLE4 Factorise 
(i) 2a’ — 128a (ii) a’ * ab (iii) 32a? 108b? 
SOLUTION We have 
(i) (Qua —128a) 
= 2a X (af — 64) = 2a X [(à))? — 8°] 
= 2a X (a8) x (a° 8) [- x-y = (x-y)*y)] 
= 2a X (à - 22) x (a? + 25) 
= 2a X [(a — 2) x (à? + 2a + 4)] x [(a +2) X (a? —2a + 4)] 
= 2a (a — 2) (a * 2) (a? 2a 4) (a? — 2a ^ 4). 
(2a’ — 128a) = 2a (a — 2) (a 2) (a^ + 2a + 4) (a° — 2a +4). 
(i) (a ab^) 
-ax(a** 05) ax {0° + (0°) 
- aX (à +b’) X (a^ a^ b^ +b’) 
pe x? j y = (x j y) (x? xy } y)l 
(d + ab) = a(a? +b’) (a* - à? V? +b’). 
(iii) (32a° + 108b°) 
= 4X (8a° + 27’) 


EXAMPLE 5 


SOLUTION 


EXAMPLE 6 


SOLUTION 


EXAMPLE 7 


SOLUTION 
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= 4 x (Qa)! + (3b)°} 
= 4X (2a + 3b) X (4a? — 6ab + 9b”) 
[^ ety = (x+y) a- xy +y’) 
(32a? + 108b°) = 4 (2a + 3b) (4a? — 6ab + 9b°). 


Factorise 
(i) +b?’ +a+b (ii) a-b? -a+b 
We have 
(i) a+b? +a+b 
= (a? +b?) + (a+b) 
= (a+b) (a° — ab +b’) + (a+b) 
[^ (@ 55) = (a+b) (à? - ab +b’)] 
= (a+b) x (à - ab b^) 1] 
- (a-- b)(aà ab - b^ +1). 
(a+b? +a+b)= (a* b) (à? - ab * b +1). 
(ii) d-bP-a-b 
= (à* - b) - (a-b) 
= (a — b) (à + ab +b’) - (a — b) 


[^ a°- b? = (a-b) (a° + ab +b’) 


= (a — b) (à * ab * b^ — 1). 
(à? — b? ab) = (a - b) (à - ab * b —1). 


Factorise (af — bô). 
We have 
(a^ - b^) 
= (a)? - (b°)? 
= (à? - b°) (a? D^) 
= (a — b) (a° + ab + b’) (a + b) (a? — ab +b’) 
= (a — b) (a + b) (a^ * ab + b°) (a° - ab +b’). 
(a6 — b) = (a — b) (a + b) (à +ab +b’) (a° -ab +b’). 


Factorise (x6 — 7x? — 8). 
Putting x? = y, we get 
(x6 — 7x? - 8) 
7 -7y-8) 
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-( -8y*y-8)7 y(y- 8)* (y -8) 

-(y-8)(y*1) 

= - B) De y 3] 
= (x°—2°)(x° +1°) 

= (x—2) (x? +2x+4)(x+1)(x?-x+1) 

= (x—2)(x+1)(x°+2x+4)(x°-x+1). 

(xf — 7x? — 8) = (x-2)(x+1)(x?+2x44)(x?-x +1). 


EXAMPLE8  Factorise x? + 3x? * 3x - 7. 
SOLUTION We have 
x°+3x°+3x-7 
= (0° 4+3x74+3x+1)-7-1 [adding and subtracting 1] 
-(x*1)-8-2(x*1)-2 
-(x*1-2)X (x1)? *2(x*1) * 27] 
= (x-1)( * Ax 7). 
(x + 3x? + 3x - 7) = (x - D * Ax +7). 


ExaMPLE9 If x+y = 12 and xy = 27, find the value of (xX? + y^). 
SOLUTION We have 
Q^ ey) = Gy) -xyty) 
= (x+y) [(x y) -3xy] 
= 12 X[(12)°-3 x27] 
= 12 X (144-81) = 12 x 63 = 756. 
(x + y°) = 756. 


EXAMPLE 10 Factorise (2a + 3b)? — (2a - 3b). 
SOLUTION We have 
(2a + 3b)? - (2a - 3b? 
= (x? - y), where 2a + 3b = x and 2a - 3b = y 
= (x-y) (ê *xy* y) 
=(x-y)[(x +y)" - xy] 
= 6b x [(4a)° - (4d? - 9b°)] 
[^x—-y = 6b, x+y = 4a, xy = 40 — 9t] 
= 6b x (124? + 9b^) = 18b (4a? + 30’). 
(2a + 3b)? - (2a - 3b)? = 18b (4a? 3^). 
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EXERCISE 3F 
Factorise 
1. x°+27 2. 27a° + 64b° 
3,1 dx l 
3. 125° +3 4. 216x° +735 
5. 16x“ + 54x 6. 7a? +56b° 
7. Xxx) 8. a° + 0.008 
9. 1-27a? 10. 64d? — 343 
11. x? -512 12. à? - 0.064 
3 
s 1 xX” R8 
13. 8x ay 14. 216 8y 
15. x - 8xy? 16. 32x* — 500x 
17. 3a” b - 81a* b^ 18. x*y* - xy 
19. &^y^ - x 20. 1029 - 3x? 
21. xf - 729 22. X -y 
23. (a+b)? -— (a-b)? 24. 8a? — b? — Aax + 2bx 
25. a+ 3d? b - 3ab? +b? - 8 26. di-l-2442 
ü 
27. 2a° + 16b? — 5a — 10b 28. a°+b° 
29. a°- p? 80. x6- 7x? - 8 
31. x - 332 4 3x 47 32. (x - 1? * (x- 1? 
33. 24 * 1)? * (a- 1)? 84. 8(x y) -27(x- y)? 
85. (x 2? * (x-2)? 36. (x 2? - (x - 2? 


0.85 X 0.85 X 0.85 + 0.15 X 0.15 xX 0.15 _ 


37. Prove that 9555 085-0.85X 0.15*0.15X 0.15 ~ | 
59 X59 X59-9X9X9 _ 
38. Prove that 50x B0.50X 919 X 9 = 50. 
ANSWERS (EXERCISE SF) 
1. (x *3) (X - 3x +9) 2. (3a + AD) (94? — 12ab + 160?) 
wl 2 ba wl 1 2 6x ..1 

3. (505—792) 4. (eS o" - S) 

5. 2x(2x - 3) (Ax - 6x +9) 6. 7(a + 2b) (a^ — 2ab + Ab?) 

7. X (x 1) (à - x * 1) 8. (a + 0.2) (à? — 0.2a + 0.004) 

9. (1 —32) (1 + 3a * 92^) 10. (4a — 7) (164^ + 28a + 49) 
11. (x - 8) (X + 8x + 64) 12. (a — 0.4) (a° + 0.4a + 0.16) 
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13. (2x s)" a 7 14. (- 2 3 ay 
15. x(1-2y) (1 + 2y + 4) 16. Ax(2x — 5) (Ax? + 10x + 25) 
17. 3a^b(a — 3b) (a^ + 3ab + 90’) 18. xy(xy - 1) Gy? +xy+1) 
19. x? (2y - x) (A +2xy + x) 20. 3(7 - x) (49 - 7x +x") 


21. (x -3) (x +3) (X - 3x - 9) (i? — 3x € 9) 
22. (x - y) (x? 4 xy y) (x° 4 xy H y?) 
23. 2b(3a° +b’) 24. (2a — D) (4a? + 2ab + b^ - 2x) 
2 1M» 1 
25. (a-- b — 2) [(a-- b) 2 (a +b) *- 4] 26. (e-z) E 
a 


a 


27. (a + 2b) (24^ — 4ab + 8b’ — 5) 28. (a° +b’) (a* - a^ V? b^) 

29. (a — b) (a - b) (à? +b’) (a° ab + b^) (a^ — ab + D^) (a* — à? b? +b’) 

30. (x -2)(x + 1) 6 + 2x * 4) (iX - x * 1) 

31. (x * 1) (X3 - Ax * 7) 32. 2x(x^ +3) 

33. 9a(a^ +a +1) 34. (-x + 5y) (19x? - 10xy + 74°) 
35. 2x(x* +12) 36. 4(3x° +4) 


el 


HINTS TO SOME SELECTED QUESTIONS 


. 16x^ + 54x = 2x (8x? +27). 

. 7a? + 56D? = 7 (à? + 8b"). 

xx -i (0° +1), 

T5. = 8xy? -x(1- 8y)). 

16. 32x* — 500x = Ax (8x? — 125). 

17. 3a b - 81a*b* = 3a^ b (à? - 275°). 

18. x*y* - xy = xy? y? - 1). 

19. &y - =x? (8y° -x). 

20. 1029 - 33? = 3(843 - x°) = 3 (7° - x^). 

23. (a b) - (ab)! = °-°), where a+b -xanda-b-y 


N O0 a 


= (x-y)G +xy +y’) 
= (x= y)[(x +y)” - xy] = 2b X [(2a)*- (a° - b°). 
24. 8a° — b? — Aax + 2bx = (8a° - b°) - 2x a — D). 


25. Given expression = (a+ b)? - 2°. 


2 


[eJ 


. Given expression = (e = s = 2(a = 1 : 
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80. x°-7x°-8 = y’ -7y -8, where x? = y 

=y" -8y+y-8. 
81. x? - 335 +3x +7 = (x°- 3x7 +3x—1)+8= (x - 1) +2. 
a° +b’) 
(a°-ab+b’) 


37. Given expression = = (a+b), where a = 0.85 and b = 0.15. 


FACTORISATION OF (x° + y? + z? — 3xyz) 


THEOREM1 Prove that 


(+y? z?-3xyz) = (x+y ez) Gy zh - xy - yz zx). 
PROOF We have 
GO +y? z? - 3xyz) = (x? +y’) +z? - 3xyz 
=[(x+y)° 


= uè- 3xyu +z- Bayz, where (x+y) =u 


8xy (x +y)] + 2° - 3xyz 


z’) 3xy(u +z) 


7 (ut z) Qi - uz * z)) - 3xy(u tz) 


= (u+ z) (i *z^-uz — 3xy) 


=(x+ytz)[(xty)? *z-(x-y)-3xy] 


-(x*yt*z)(X +y" *z -xy-yz- zx). 


(x? +y? *z?-3xyz) = (x+y * z (X +y" +27 - xy -yz - zx). 
THEOREM2 If (x+y +z) =0, prove that (x? + y° * z°) = 3xyz. 
PROOF We have 
xty+z=0 > xty--z 
> (x+y)? = cay 
> x+y? +3xy(x+y) = -2° 


x y t3xy(-z)- z [^ (x*y) =z] 


> + y? —3xyz = =z 


Sx y z? = 3xyz. 


Hence, (x+y+z)=0 > (P+ y? +z) = 3xyz. 


SUMMARY 


Lie bp c uu eee = ime a) 


IL «&+y+z)=0 > (+y? +z’) = 3xyz. 
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EXAMPLE 1 


SOLUTION 


EXAMPLE 2 


SOLUTION 


EXAMPLE 3 


SOLUTION 


EXAMPLE 4 


SOLUTION 
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SOLVED EXAMPLES 


Find the product 
(2x —y + 3z) (Ax! 4 y H 9z^ + 2xy + 3yz — 6x2). 


Putting 2x = a, -y = band 3z = c, we get 
(2x - y + 3z) (4x? 4 y F9z^ 4 2xy + 3yz — 6xz) 
= [2x + Cy *G31XIQ9^* C^ + 62^ - 2x) Cy) 
- (Cy) Bz) - (2x) (32)] 
- (a* b* c) x (à * b^ * c - ab - bc — ca) 
- d? p? c? — 3abc 
= (2x)? + Cy)! + Q2)! - 3x (2x) x Cy) X (3z) 
= 8x°- y *272 + 18xyz. 


Find the product 
(x -2y - z) (x? + Ay? +27 + 2xy — 2yz + zx) 


Putting x = a, -2y = b and -z = c, we get 


(x -2y - z) (c + 4y? +2? + 2xy - 2yz + zx) 
= [x+ C29) + C2] X [x+ (-2y)? + Hz)? -x X (29) 
~(-2y) x (=z) = (-z) x x] 
- (a b c) x (a? +b’ +c’ -ab-—be-ca) 
- qp c -3abc 
=x? (-2y)? + (Hz)? 3 X x X (-2y) X (-2) 


=x- 8y? =g = 6xyz. 


Factorise 8x? + y? + 27x° — 18xyz. 
We have 
8x° + y +272" = 18xyz 
= (2x)? - y? + (82)? - X (2x) X y X (22) 
-q +b? +c? -3abc, where 2x-a,y- band3z-c 
=(a+b+c)(a? - b^ +c? - ab - bc — ca) 


= (2x +y * 3z) (Ax? + y^ + 927 — 2xy — 3yz — 6xz). 


Factorise a? - 8b? — 6Ac? — 24abc. 
We have 
a? — 8D? — 64c? — 24abc 


EXAMPLE 5 


SOLUTION 


EXAMPLE 6 


SOLUTION 


EXAMPLE 7 


SOLUTION 


EXAMPLE 8 


SOLUTION 
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= (a)? + (-2b)? + (-4c)? - 3 X a X (-2b) X (-4c) 


=x? +y°+z°—3xyz, where a = x, -2b = y and -4c =z 


=(xty+z)(x°+y? +27 -xy-yz-zx) 
= (a — 2b — Ac) (a? + Ab? + 16c? + 2ab — 8bc + 4ac). 


Factorise 242a? + 8b? —27c? + 18/2 abc. 
We have 
2424? + 8b? -27° + 18/2 abc 
= (/2a)* + (2b)? + (-39) -3x (/2a) X (2b) x (C39) 
=x"+ y tz- 3xyz, where 42a = x, (2b) = y and (-3c) =z 


-(x-ytz)( +y +z- xy- yz- zx) 
= (/2a* 2b - 3c) a? + AD) 9c? - 24/2ab * 6bc +3/2ca). 


Factorise à? - b? 1 + 3ab. 


We have 
a-b? *1-3ab 
-g *(-by -(1?-3xax(-b)x1 
=x? y z 3xyz, where a = x, (~b) = y and1 =z 


=(x+y+z)(x +y +z” -xy-yz-zx) 
=(a-b+1)(a°+b’+1+ab+b-a) 
- (a—b-1)(à * b^ * ab-a*b4 1). 


Ifa+b+c=5and ab + bc + ca = 10 then prove that 
a? +b? * c? - 3abc =-25. 
We have 
(a? +b? 4 c? — 3abc) = (a +b +c) (a? +b? +c’ ab — bc — ca) 
- (a b  c)[(a b c)? — 3(ab * bc ^ ca)] 
-5x[06) - (3 x10)] 
-5x(25-30)25x(-5) = -25. 


Hence, (a? + D? +c? — 3abc) = —25. 


Factorise (x 2y) + (2y 8z)? + (8z - x). 
Putting (x - 2y) = a, (2y - 3z) = b and (8z - x) = c, we get 
(x= 2y)? + (2y - 32) (92 - x) 
-q b, +°, wherea+b+c= (x 2y) + (2y - 3z) + (3z-x) =0 
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= 3abc [^ atbt+c=0 > aè +b? c -3abc] 
= 3(x - 2y) (2y - 3z) (az - x). 
(x— 2y) + (2y- 3z)? + (8z - x? = 3(x 2y) (2y - 3z) (3z - x). 


EXAMPLE9  Factorise (p q)? +(q r)-(r py. 
SOLUTION Putting (p ~q) = x, (q- r) = y and (r — p) = z, we get 
(p-qy *(q-n^*(-p* 
=x a € Z,where(x*y*z) - (p-q)*(q-r)*(r-p) - 0 


= 3xyz [^ (x*y*z) 20 > (y^ * z) = 3xyz] 
-3(p-q4(q-ntr-p. 


EXAMPLE 10 Find the value of 
(i) (5) + Gy = (S (ii) (0.2? — (0.3)? + (0.1) 
SOLUTION We have 
e (3) +) -(@) 
(GG 
-q +b? o6,where a b4 c-1 1 i (2)-o 
= 3abc [^ at+b+c=0 > a+b’ c -3abc] 


(i) (0.2)? - (0.3? + (0.1? 
= (0.2)? + (-0.3)? (0.1)? 
=° +b? + c°, where a+b+c=0.2+(-0.3)+0.1=0 
= 3abc [^ a+b+c=0 > a+b? +c? = 3abc] 
=3 X 0.2 X (-0.3) X 0.1 = -0.018. 


EXAMPLE 11 Find the value of x? + y^ — 12xy * 64, when x +y = —4. 
SOLUTION We have 
x y — 12xy + 64 
= y -4-3xXxXyXA 


=x +y +z- 3xyz, where4 =z 


=(xty+z)(x°+y? +27 — xy-yz- zx) 


EXAMPLE 12 


SOLUTION 


EXAMPLE 13 


SOLUTION 


EXAMPLE 14 


SOLUTION 
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- (x*y*4) ^ * y^ *16- xy - Ay - 4x) [^ z-4] 
= (-4 4) (iX +y” + 16 - xy - 4y - 4x) [ (x+y) 7-4] 
-0x( y^ + 16 - xy - Ay - Ax) = 0. 

Hence, x? +y? — 12xy +64 - 0. 


Find the value of x? — 8y? — 36xy — 216, when x = 2y ^ 6. 
We have 

x°— 8y? — 36xy - 216 
= x? + (-8y)) + (-216) -36xy 
= x? + (—2y)* + (-6)°-3 X x x (-2y) x (-6) 
= a +b? +e- Babe, where a = x, b - -2y and c= -6 
- (a b c) (à +b? +c? - ab - bc — ca) 
= (x -2y - 6) (x? + A^ + 36 + 2xy - 12y + 6x) 
= 0X (x^ + 4y + 36 + 2xy — 12y + 6x) - 0 

[^ x-2y-6 =0 (given)]. 


Hence, x? - 8y° — 36xy - 216 = 0. 


If p - 2—a, prove that à? + 6ap * p? - 8 =0. 


We have 
p-2-a 
^ atp-2=0 


> x+y+z=0,wherea=x,p=y and (-2) =z 


v+y +z =3xyz [F xt+y+z=0 xX? +y? +z? = 3xyz] 


> qp p (2) 2 3x ax px (-2) 


> a +6ap+p>-8=0. 


Hence, à? + 6ap + p -8-0. 


Prove that 


a+b? P - abc = 1a bo) X [a b) * (b - c) + (c-a). 
We have 
a? +b? c -3abc 
- (a b-- c) (à b^ * c? — ab - bc — ca) 
=F (a+b +c) x [a + 2b? + 2c? - 22b - 2bc - 2a] 
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= Ta bc) x [(a? —2ab +b?) + (0? — 2be +c?)  ( 2ca 4?) 


= 5 (a+b+0)X[(a-B)?+ (6-0) + (e-a). 


a+b te Babe = 1 (a+b +c) x[(a by^ + (b- cy * (c- ay]. 


ou (by € - ey + (8-9? 
EXAMPLE 15 Simplify (a-b)? + (b — c? - (c - ay? 


SOLUTION Putting a’ -b° =x, b^ - à = y and à - à! =z, we get 
xty4 z-2 (a - b) -co)*(cà-4)20 
2 ty +z =3xyz [F xtytz=0 > x+y? Mz = 3xyz] 
ES (a? p^? ; (b? cy ; (c? a)? - 3(à? - P) (p) - c) (c? - a). 
.. (i) 


Again, putting a -b = p, b- c = q and c-a = r, we get 
(p+q+r)=(a-b)+(b-c)+(c-a)=0 

> ptg tr =3pgr [5 ptqtr=0 > p'tq +r -3pqr] 
(a — b)? + (b-c)? + (c^ a)? =3(a-b)(b-c)(c-a). ... (ii) 

From (i) and (ii), we get 
(a? p? ; (p? cy? ; (c? gy 3(«^ — b^) (D - Ê) (c-a?) 

a-b) tb-t- SaD- Aa) 
=(a+b)(b+c)(c+a). 


EXERCISE 3G 
Find the product. 


1. (x+y -z) (x? *y +z- xy +yz+zx) 


2. (x-y -Z) (x? y +z + XY — yZ + xz) 
3. (x -2y +3) (x? + A^ + 2xy +6y-3x+9) 
4. (3x — 5y +4) (0x? + 25y? + 15xy — 20y + 12x + 16) 


Factorise: 
5. 125a°+b° + 64c? — 60abc 6. à? * 8D? + 64c? — 24abc 
7. 1 D^ - 8c? - 6bc 8. 216 + 27D? + 8c° — 108bc 
9. 27a? — b? + 8c? + 18abc 10. 8a° + 125b? — 64c? + 120abc 


11. 8 - 27b? - 343c? - 126bc 12. 125 - 8x° - 27? - 90xy 


13. 
15. 
17. 
19. 
20. 
21. 
22. 


23. 
24. 


25. 


10. 
11. 
12. 
13. 
14. 
15. 


16. 
17. 
19. 
21. 
25. 


eS (0 oli gimp m om 
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24285 - 16/2 D^ +c —- 12abc 


14. 27x! - y eg 9xyz 


242a *3/3D - ? -3/6abc 16. 3/38? - D - 5/5 - 3//15abc 
(a-b)? * (b-c)? * (c- a) 
(3a — 2b)? + (2b — 5c)? + (bc - 3a)? 
(ba — 7b)? + (7b — 9c)? + (9c - 5a? 


18. (a — 3b)? + (8b - c)? + (c-a)? 


à (b-c)? +b? (c-a)? +è (a-b)? 


Evaluate 
(i) (712) - 72 5? 


(ii) (28)? + (C15)? + (-13)° 


Prove that (a bc)? -aà? -b° -cè = 3(a+b)(b+c)(cta). 
If a, b, c are all nonzero and a+ b * c = 0, prove that 


2 
a 


bc ca ab 


b? 


E 
3. 
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If a b - c 2 9and a+b’ * c? — 85, find the value of (a° + b? + cè — 3abc). 


ANSWERS (EXERCISE 3G) 


x +y? -z°+ 3xyz 


x- 8y? +27 + 18xy 


(ba * b + 4c) (25a? + b^ + 16c? 


2. x? -y ge 3xyz 
4. 27x? - 125y? + 64 + 180xy 


5ab — Abc — 20ca) 


(a + 2b + 4c) (a? + Ab^ + 16c? 


2ab — 8bc — Aca) 


(19b 2c)(1 * D^ * 4c? 


b —2bc — 2c) 


(6-- 3b + 2c) (36 + 9b + 4c? — 18b — 6bc — 12c) 


. (8a — b + 2c) (9a? + b? + Ac? + 3ab  2bc — 6ca) 


(2a + 5b — Ac) (4a? + 250° + 16c? — 10ab + 20bc + 8ca) 
(2.—3b - 7c) (4 € 9b?  49c? + 6b — 21bc + 14c) 


(5 -2x -3y) Q5 * 4x? 


10x - 6xy + 15y) 


(/2a-* 242b c) 2a? 


8p? 


c^ — 4ab — 2/2 bc - /2ac) 


(3x - y -z) (9x? 4 y tz? 4 3xy — yz + 3zx) 


(2a 43b c) a? - 3D +c- /6ab - /3bc — /2ac) 


(/3a-b-/5c)(3a° +b? + 5c? + /3ab — V 5 bc * V15ac) 


3(a - b) (b — c) (c - a) 


3(3a — 2b) (2b — 5c) (5c — 3a) 


3abc(b — c) (c — a) (a — b) 
108 


18. 3(a - 3b) (3b - c) (c - a) 
20. 3(ba — 7b) (7b — 9c) (9c — 5a) 
22. (1) -1260 (ii) 16380 
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HINTS TO SOME SELECTED QUESTIONS 


3: Given product = [x + (-2y) +3] x [? + ( 2y)? +3? x X (—2y) - (-2y) X 3- 3x] 
x + (-2y)°+3°-3X xx (-2y) x8 
=x°— 8y? +27 + 18xy. 
21: a(b—c)+b(c—a)+c(a—b)=0 
a^ (b-c)? +b? (c-a)? +c? (a-b)? = 3abc(b — c) (c-a) (a — b). 
22. (ii) Let a = 28, b = -15 and c = -13. Then, 
atb+c=0 > gb c = 3abe = 3 X 28 X (-15) X (13) = 16380. 
23. (a bt c) =[(at+b)+c]° 
7 (a+b)? * à*3(a* b)c X [(a +b) * c] [^ Gy) x ey * 3xy(x+y)] 
=a cp cc *3ab(a € b) * 3(a € b) X[(a* b)c * c^] 
=a eb ec +3(a+b)[ab+ac+ bc c] 
=a p) -c6-3(a*b)[a(b c) * c(b* c)] 
-q p) xc (at b)(b- c)(c- a). 
(abc -d - D -c =3(a+b)(b+c)(c +a). 
24. a+b+c=0 2 a+b?’ c -3abc 
e bP ê 
bc ca ab 
25. (a+b+c)=9 > (a*b*c) -81 
> (a^ * D * c) +2(ab+be+ ca) - 81 
=> 35+2(ab+be+ca) 2 81 => (ab bc ca) = 23. 
(a° +b? c) -3abc) = (a+b +c) (a^ b^ c^ - ab - bc — ca) 


- (a b c)[(a - b c)? - 3(ab * bc + ca)]. 


3 [on dividing both sides by abc]. 


MULTIPLE-CHOICE QUESTIONS (MCQ) 


Choose the correct answer in each of the following questions. 


1. If (x +1) is a factor of the polynomial (2x^ + kx) then the value of k is 


(a) -2 (b) -3 (c) 2 (d) 3 
2. The value of (249)? - (248)? is 
(a) 1” (b) 477 (c) 487 (d) 497 
3. If Im - -1, where x, y #0 then the value of (x? - y’) is 
1 
(a) 1 (b) -1 (c) 0 (d) > 


4. Ifa+b+c=0 then (à +b? + c))is 
(a) 0 (b) abc (c) 2abc (d) 3abc 


ol 


[22 


N 


oo 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 
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. If (3x + 5) (3x - 3) = 9x? -p then the value of p is 
(a) 0 (b) -4 (Qi (à) 5 
. The coefficient of x in the expansion of (x * 3)? is 
(a) 1 (b) 9 (c) 18 (d) 27 
. Which of the following is a factor of (x + y) -(Ó- y) ? 
(a) xà y +2xy (b) x y — xy (c) xy? (d) 3xy 
. One of the factors of (25x? - 1) + (1 + 5x) is 
(a) 5+x (b) 5-x (c) 5x-1 (d) 10x 
. If (x * 5) is a factor of p(x) = x° — 20x + 5k then k=? 
(a) -5 (b) 5 (c) 3 (d) -3 
If (x +2) and (x - 1) are factors of (x? + 10x + mx + n) then 
(a) m=5,n=-3 (b) m 2 7,n-7-18 
(c) m 2 17,n 7 -8 (d) m 2 28,n = -19 
(104 X 96) = ? 
(a) 9894 (b) 9984 (c) 9684 (d) 9884 
(305 x 308) = ? 
(a) 94940 (b) 93840 (c) 93940 (d) 94840 
(207 x 193) =? 
(a) 39851 (b) 39951 (c) 39961 (d) 38951 
4a’ +b? - Aab - 8a t 4b -4 -? 
(a) Qa * b 42) (b) Qa- b -2) 
(c) (a 2b 2) (d) None of these 
(xà - 4x -21) =? 
(a) (x -7)(x -3) (b) (x +7)(x—3) 
(c) (x —7)(x 3) (d) None of these 
(4x? + 4x - 3) =? 
(a) 2x - 1) 2x - 3) (b) 2x * 1) 2x -3) 
(c) (2x *3)2x- 1) (d) None of these 
6x! * 17x £5 =? 
(a) (2x * 1) (3x * 5) (b) 2x -5) (38x * 1) 
(c) (6x * 5) (x * 1) (d) None of these 
- (x+ 1) is a factor of the polynomial 
(a) x°- 2x? * x42 (b) ó*2x!4x-2 


(c) x°+2x°-x-2 (d) x°+2x?-x+2 
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19. 3x°+2x°+3x+2=? 
(a) (3x -2) (6 - 1) 
(c) (8-2) (x^ 1) 


_ a op e\ 
20. Ifa+b+c=0 then|-—+—+—]=? 


(b) (3x —2) (x? +1) 
(d) (3x + 2) (x? +1) 


8. (d) 
16. (c) 


be ca ab 
(a) 1 (b) 0 (c) -1 (d) 3 
21. Ifxt+y+z=9 and xy + yz * zx = 23, the value of (x? * y^ * z? - 3xyz) =? 
(a) 108 (b) 207 (c) 669 (d) 729 
22. 15D =- then (P - 6°) =? 
(a) -3 (b) -2 (c) -1 (d) 0 
ANSWERS (MCQ) 
1. (c) 2. (d) 3.(c) 4&(d) 5 (c) 6 (d) 7. (d) 
9. (b) 10. (b) 11. (b) 12. (c) 13. (b) 14. (a) 15. (c) 
17. (D 18. (c) 19. (d) 20. (d) 21. (a) 22. (d) 


HINTS TO SOME SELECTED QUESTIONS 


BR 


. Let p(x) = 2x? + kx. Then, p(-1) =0. 
2X (-1)°+kX(-1)=0 > k=2. 


2. (249)? — (248)? = (249 — 248) x (249 + 248) = 1 X 497 = 497. 
x Y 
3. yxa! > x+y +xy=0 


> (x-y) (x+y +xy) =0 > x-y =0. 


E 


gI 


2 2 4 4 


.a+b+c=0 > a+b? +c- 3abc=0 9 a? +b? +c? = 3abc. 
(3 5) (3x)? (4) (ox? LJ Hence, a=} 


6. (x +3)? 2 9 4 35 3x x X8X (x+3) 2 x° +9x° +27x +27. 


So, the coefficient of x is 27. 
7. (x+y)? - G8 y) = xy (x+y). 
3xy is a factor of (x + y) 3- (x?+ y) : 


. (25x? - 1) + (1-5)? = (5x * 1) (5x - 1) + (5x - 1)? 


oo 


= (5x + 1)[(5x — 1) + (5x + 1)] = (5x + 1) X 10x. 


10x is a factor of ((25x^ — 1) + (1 + 5x)]. 
. Let p(x) = x? — 20x + 5k. 
Since (x + 5) is a factor of p(x), we have p(-5) = 0. 
(-5)°-20 x (-5)+5k=0 > 5k=25 > k-5. 


el 
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10. Let p(x) = x°+ 10x? + mx +n. Then, p(-2) =O and p(1) =0. 
(-2)° +10 x (-2)? +m X (-2)+n=0 > n-2m - 32. (i) 
(1)°+10X(1)?+mx1+n=0 > n+m=-11. Gi) 
m =7 and n = -18. 
11. (104 x 96) = (100 + 4) x (100 — 4) = (100)? - 4? = 10000 - 16 = 9984. 
12. (305 x 308) = 305 x (300 + 8) 
= (805 x 300) + (305 x 8) = (91500 + 2440) = 93940. 
13. (207 x 193) = 207 x (200 - 7) 
= (207 x 200) — (207 x 7) = (41400 — 1449) = 39951. 


14. Given expression = (2a)? +b? - 22 - 2 x [Qa) X b+ (b X 2) + (2a X 2) = Qa +b +2)’. 
15. (x? - 4x - 21) = (à - 7x * 3x - 21) 
x(x-7)*3(x-7) = (x-7)(x*3). 
16. (4x? + 4x -3) = (4x7 + 6x - 2x - 3) = 2x (2x +3) - (2x +3) = (2x +3) (2x - 1). 
18. p(x) =x? *2x? -x-2 > p(-1) =(-14+2+1-2)=0. 


(x 1) is a factor of (x? * 227 - x - 2). 


20.atb+c=0 > a+b? *c-3abc2 0 > db à = Babe. 
a,b 5) ep te Se. 
be ca ab abc abc 


Now, 3. 


21. (x? +y? +z°-3xyz) = (x +y +z) p yz - xy - yz - zx] 


- (xy z) yz) -3(xy* yz zx)] 
9X (81-3 X 23) = 9 X (81— 69) = (9 X 12) = 108. 


2, 442-4 > @+b+ab=0 


=| 


> (a-b)(a +b +ab) =0 > a -b°=0. 


& 


Linear Equations in 


a4 
p Two Variables 


INTRODUCTION 


In earlier classes we have learnt that a linear equation in one variable x is of 
the form ax + b = 0, where a and b are real numbers and a + 0. 
The value of x which satisfies a given linear equation, is called its 
solution or root. 
-b 


ax+b=0 ax=—b : b 


Thus, a given linear equation in one variable can be solved. 

In this chapter, we shall introduce the notion of a linear equation in 
two variables. 
LINEAR EQUATIONS IN TWO VARIABLES 
An equation of the form ax * by * c — 0, where a, b, c are real numbers such that 
a + 0 and b +0, is called a linear equation in two variables x and y. 
Examples Each of the equations 

(i) 2x - 3y -12 =0, (ii) 4x - y +5 =O and (iii) /2x -/3y-9 =0 


is a linear equation in two variables x and y. 
ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 Write each of the following equations in the form ax + by + c = 0 and 
indicate the values of a, b, c in each case. 


(i) 3=2xt+y (ii) 3x — 8 = 5y (iii) x = 4y 
(iv) i-2-5 (v) 4y-3- 2x (vi) nx * y =6 


SOLUTION We have 
(i) 3=2x+y > 2x *y -3-0. 
This is of the form ax+by+c=0, where a=2,b=1 and 
c=-3. 
(ii) 3x-8 =5y > 3x =5y+8 
> 3x-5y-8-0. 
This is of the form ax + by +c = 0, where a = 8, b = -5 and 


c=-8. 
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EXAMPLE 2 


SOLUTION 
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(iii) x =4y > x-4y-0 
> x-4y*0-0. 
This is of the form ax + by +c = 0, where a = 1, b = -4 and 
c=0. 


xx Ye Mc 
(iv) 3 779 > 2x 3y = 30. 


This is of the form ax + by + c = 0, where a = 2, b = -3 and 
c — —30. 

(v) 4y-3=/2x  J2x-4y *3- 0. 
This is of the form ax * by * c - 0, where a= /2, b--4 
and c —-3. 

(vi) ux *y * 6 > nx*y-6-0. 
This is of the form ax t by * c 2 0, where a x, b - 1 and 
c=-6. 


Write each of the following as an equation of the form ax + by +c = 0 
and write the values of a, b, c in each case. 
(i) x=-3 (ii) y=5 (iii) 3x = 2 (iv) 5y - 4 
We have 
(i) x 2-3 > x+3=0 
> 1:x*0:y*3-0. 
This is of the form ax+by+c=0, where a=1,b=0 and 
c=3. 
(ii) y=5 > y-5=0 
> 0:x*1:y-5-0. 
This is of the form ax+by+c=0, where a=0,b=1 and 
c=-5. 
(iii) 3x22 > 3x-2=0 
> 3x+0-y-2=0. 
This is of the form ax+by+c=0, where a=3,b=0 and 
c=-2. 
(iv) 5y=4 > 5y-4-0 
> 0-x+5y—4=0. 
This is of the form ax+by+c=0, where a=0,b=5 and 
c=-4, 


SOLUTION OF A LINEAR EQUATION 


Let ax + by +c = 0 be a given linear equation in x and y. 
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Then, a pair of values, one for x and one for y, which satisfy the given 
equation, is called its solution. 


If x = a and y = f satisfy the equation ax + by + c = 0 then we say that the 
ordered pair (a, p) is its solution. 


EXAMPLE3 Show that x=3 and y=2 is a solution of the linear equation 
2x + 3y = 12. 


SOLUTION The given linear equation is 2x + 3y - 12 = 0. ves (X) 
Substituting x = 3 and y = 2 in (i), we get 
LHS = (2 X 3+3 X 2-12) = (6* 6-12) = 0 = RHS. 
x=3and y =2is a solution of the equation 2x + 3y = 12. 


NOTE We may say that (3, 2) is a solution of the equation 2x + 3y = 12. 


EXAMPLE4 Check which of the following are solutions of the equation x — 2y = 4 
and which are not. 
(0Q,0) (ii) (0,-2) (ii) (4/2, 2) (iv) (4,0) 
SOLUTION The given equation may be written as x - 2y—4 = 0. ... (A) 
(i) Putting x = 2 and y = 0 in (A), we get 
LHS = (2-2 X 0-4) = (2-0-4) =-2 #0 = RHS. 


(2, 0) is not a solution of x - 2y = 4. 


(ii) Putting x = 0 and y - -2 in (A), we get 
LHS = (0-2X(-2)-4] = (0*4-4] = 0 =RHS. 
(0, —2) is a solution of x - 2y = 4. 
(iii) Putting x = 4/2 and y = /2 in (A), we get 
LHS = (4/2 -2x 42-4) = (A42 - 242 - 4) 
= (242 - 4) #0 = RHS. 
(4/2, /2) is not a solution of x - 2y = 4. 
(iv) Putting x = 4 and y = 0 in (A), we get 
LHS = (4-2 X 0- 4) = (4-0 - 4) = 0 = RHS. 
(4, 0) is a solution of x - 2y = 4. 


AN IMPORTANT FACT A linear equation in two variables has infinitely many 
solutions. 


EXAMPLE5 Find six different solutions of the equation x + 2y = 6. 


SOLUTION We have 


EXAMPLE 6 


SOLUTION 


EXAMPLE 7 


SOLUTION 
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x+2y=6  2y - (6-x) 
1 3 
> y=7(67x). se (d) 


1 
3*4- 2. 


Putting x = 2 in (i), we get y = 1(6 -2)- ( 
Putting x = 4 in (i), we get y = 2H 4)= G x2)=1. 
Putting x = 6 in (i), we get y = 2 16- 6)= (ix 0) =0. 
Putting x = -2 in (i), we get y = $6 —(-2)} = b x 8) =4. 


Putting x = —4 in (i), we get y = 116 -(-4y- (5 x10 


i ree 
I 
e 


Putting x = —6 in (i), we get y = le- = 69)-(1 x12)- é. 


So, the required solutions are given below. 


Ifx-2,y = lisa solution of the equation 2x + 3y = k, find the value 

of k. 

The given equation is 2x + 3y -k = 0. vee (d) 

Since x = 2, y = 1 is a solution of (i), we have 
2X2+3X1-k=0 > 4+3-k=0 > k-7. 

Hence, k = 7. 

If x - 2k-1and y=k is a solution of the equation 3x - 5y -7 — 0, 

find the value of k. 

The given equation is 3x — 5y - 7 = 0. sse (1) 

Since x = 2k - and y =k is solution of (i), we have 
8x(Qk-1)-5k-720 

> 6k-3-5k-7-0 k-10=0 k= 10. 

Hence, k = 10. 


EXERCISE 4A 


1. Express each of the following equations in the form ax + by+c=0 and 
indicate the values of a, b, c in each case. 
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Garras Goes 6a (iii) 3y-2x = 6 
y 5 y 


(iv) 4x = 5y ()£-2-1 (vi) /| 2x *43y 25 


. Express each of the following equations in the form ax + by +c = 0 and 


indicate the values of a, b, c in each case. 


(i) x =6 (ii) 3x-y=x-1 (iii) 2x +9 =0 
i : y 1 
(iv) 4y=7 (v) x*y-4 (vi) 5-57 ety 
. Check which of the following are the solutions of the equation 
5x - 4y = 20. 
, is E 5 
(i) (4,0) (ii) (0, 5) (iti) (-2,5) 
p =5 
(iv) (0,-5) v) (2.3) 
. Find five different solutions of ag of the following equations: 
(a) 2x-3y =6 (b) 2x, a (c) 3y =4x 
. If x =3 and y = 4is a solution of the equation 5x — 3y = k, find the value 
of k. 
. If x=3k+2 and y=2k-1 is a solution of the equation 4x - 3y * 1 - 0, 
find the value of k. 


. The cost of 5 pencils is equal to the cost of 2 ballpoints. Write a linear 


equation in two variables to represent this statement. (Take the cost of 
a pencil to be Ẹ x and that of a ballpoint to be Ẹ y). 


ANSWERS (EXERCISE 4A) 
(i) 6x + 10y— 15 = 0,(a 7 6,b =10,c - —15) 
(ii) 10x — +30 = 0, (a = 10, b = —1, c = 30) 
(iii) -2x + 3y -6 = 0, (a = -2, b = 3, c = —6) 
(iv) 4x-5y =0, (a =4,b=-5,c=0) 
(v) 6x -5y -30 =0, (a = 6, b = -5,c = -30) 
(vi) J42x*43y-520,(a2 V2, b= 43, c =-5) 
(i) x*0:y-6-0,(a- 1,b-0,c- -6) 
(ii) 2x-y+1=0,(a=2,b=-1,c=1) 
(iii) 2x +0-y+9=0,(@=2,b=0,c=9) 
(iv) O-x+4y—-7=0,(@=0,b=4,c=—7) 
(v) xt+y-4=0,@=1,b=1,c=—4) 
(vi) 3x-8y-1 =0, (a =3, b =-8, c =-1) 
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3. On by (4, 0), (0, —5), (2, 3 Jare the solutions. 


x BETEJES 
EEEE 


JENER 


(9) SS ee 
o KNRERESEBEA 


5. k=3 6. k=-2 7. 5x -2y - 0 


GRAPH OF A LINEAR EQUATION IN TWO VARIABLES 


METHOD OF DRAWING A GRAPH OF ax * by * c - 0,a 0, b -- 0 
Step 1. Express y in terms of x. 


Step2. Choose some convenient values of x and find the corresponding 
values of y satisfying the given equation. 


Step3. Write down these values of x and y in the form of a table. 
Step 4. Plot the ordered pairs (x, y) from the table on a graph paper. 


Step5. Join these points by a straight line and extend it in both the 
directions. 


This line is the required graph of the equation ax + by +c = 0. 


SOLVED EXAMPLES 
EXAMPLE 1 Draw the graph of the equation 2x — y +3 = 0. Using the graph, find 
the value of y when (a) x = 2, (b) x = —8. 
SOLUTION We have 
2x-y+3=0 > y=2x+3. sxe i) 
Putting x = 0 in (i), we get y = (2X 0+3) = 
Putting x = 1 in (i), we get y = (2X 1+3) =5. 
Putting x = -1in (i), we get y = [2X (-1) +3] =1. 
Putting x = -2in (i), we get y = [2X (-2) +3] =- 
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EXAMPLE 2 


SOLUTION 
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Thus, we have the following table: 


On a graph paper, draw lines X’OX and YOY’ representing 
the x-axis and the y-axis respectively. 

On this graph paper, plot the points A(0, 3), B(1, 5), C(-1, 1) 
and D(-2, -1). Join AB, AC and CD to get a straight line BACD. 
Produce it in both ways to get the required graph. 


(a) On the x-axis, we take a point P for which x = 2,i.e., OP = 2. 


From P, draw PE L X'OX, meeting the graph line BACD 
produced at E. Then, E(2, 7) shows that 


(x72 > y=7),ie., when x -2, then y = 7. 


(b) On the x-axis, we take a point Q for which x - —3, i.e., 
OQ -3units. 
From Q, draw QF L X'OX, meeting the graph line BACD 
produced at F. Then, F(-3, -3) shows that 
(x=-3 > y-7-3) ie. when x = -8, then y = -3. 
Draw the graph of the equation 2x + 3y = 11. From your graph, find 
the value of y when (a) x 77, (b) x  -8. 


We have 


" B  01-2x) . 
x+3y=11 > y-——3—— ... (i) 
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; (11-2X1) 9 
Putting x = 1, we get y = ——3 — -3- 
: (11-2X4) 3 
Putting x = 4, we get y= 3 — 5351. 
11-2x(-2 
Polis e owesehiess a 1215.5 
11-2x(-5 
pulire! : ( 2h a7, 


Thus, we have the following table: 


On a graph paper, draw lines X’OX and YOY’ as the x-axis 
and the y-axis respectively. 

On this graph paper, plot the points A(1, 3), B(4, 1), C(-2, 5) 
and D(-5, 7). Join AB, AC and CD to get the straight line 
BACD. Produce it in both ways to get the required graph. 


(a) On the x-axis, we take a point P for which x =7, i.e., 
OP =7. 
From P, draw PE L X'OX, meeting DCAB produced at 
E(7, -1). 
(x27 = y --1) Thus, when x 77, then y 7 -1. 
(b) On the x-axis, we take a point Q on LHS of the y-axis, such 
that OQ =x =-8. 
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EXAMPLE 3 


SOLUTION 
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From Q, draw QF L X'OX, meeting BACD produced 
above at F(-8, 9). 


(x 2-8 > y=9). Thus, when x --8, then y = 9. 


Draw the graph of the equation 2x * 3y — 6. From the graph, find the 
value of y, when 


(i) x=3 Gi) x=-3. 


We have 
ETE E TE y= 2. oi) 
6- (2X0 — 
Putting x = 0 in (i), we get y = E 28-085 


Putting y = 0 in (i), we get (6 - 2x) =3 X0=05 2x =6>x53. 


(6-2Xx6) (6-12) -6_ 
Cn ee: 


Putting x = 6 in (i), we get y = 2s 


Thus, we have the following table: 


On a graph paper, draw lines X’OX and YOY’ as the x-axis 
and the y-axis respectively. 

Plot the points A(0, 2), B(3, 0) and C(6, 2) on this graph paper. 
Join AB and BC to get the line ABC. Extend it in both the 
directions to get the required graph. 


OY 


EXAMPLE 4 


SOLUTION 
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(a) On the x-axis, take a point P such that OP = x = à . 


Draw PD L X'OX, meeting the graph line at D(5, 1) : 
23 _ _3 = 
Thus, (x 75 > y= 1) - Thus, when x = 2! then y= 1. 


(b) On the x-axis, take a point Q such that OQ = x = -3. 
Draw QE L X'OX, meeting the graph line at E(-3, 4). 
Thus, (x 2 -3 > y= 4), ie., when x =—3, then y = 4. 


A taxi charges X 20 for the first kilometre and @ X 12 per km for 
subsequent distance covered. Taking the total distance covered as 
x km and total fare X y, write a linear equation depicting the relation 
between x and y. Draw the graph between x and y. 


From your graph, find the taxi charges for covering 
(a) 12 km and (b) 20 km. 


The required linear equation is given by 
y-20*12(x-1) > y-8-* 12x. sse (B) 
Putting x = 1in (i), we get y = (8 +12 x 1) = 20. 


Putting x = 6 in (i), we get y = (8+ 12 X 6) = 80. 
Putting x = 10 in (i), we get y = (8 + 12 X 10) = 128. 
Putting x = 15 in (i), we get y = (8 + 12 X 15) = 188. 


Thus, we have the following table. 


On a graph paper, draw lines X'OX and YOY' as the x-axis 
and the y-axis respectively. Choose the scale. 


Along the x-axis: 1 small division - 1 km. 
Along the y-axis: 5 small divisions = 3 40. 


Now, the plot the points A(1, 20), B(6, 80), C(10, 128) and 
D(15, 188). Join AB, BC and CD to get the single graph line AD, 
as shown below. 
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T 


t Smal 
Fare 


(a) On the x-axis, take a point P such that OP = 12 km. 
Draw PM L X'OX, meeting the graph line at M(12, 152). 


Thus, (x =12 = y=152), i.e., when distance covered is 
12 km then the taxi-fare is € 152. 


(b) On the x-axis, take a point Q such that OQ = 20 km. 
Draw QN L X'OX, meeting the graph line at N(20, 248). 


Thus, (x 220 = y - 248), i.e., when distance covered is 
20 km then the taxi-fare is X 248. 


EXAMPLE 5 ‘here are two scales of measuring the temperature, namely degree 
Fahrenheit (°F) and degree Celsius (°C). The relation between the 


two scales is given by, F = $C +32. 


(i) Ifthe temperature is 0^C, what is the temperature in Fahrenheit? 


(ii) If the temperature is 50°C, what is the temperature in 
Fahrenheit? 


(iii) If the temperature is 86°F, what is the temperature in Celsius? 
(iv) If the temperature is 0^F, what is the temperature in Celsius? 
(v) Find the numerical value of the temperature which is the same 

in both the scales. 

(vi) Draw the graph of the linear equation F = $C + 32, taking C 
along the x-axis and F along the y-axis. 

(vii) Using this graph, fill in the blanks given below: 
-5*C = (...... YF and 14F -(...... yc. 
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SOLUTION The given relation is F = $C +32. ... (A) 
(i) Putting C = 0 in (A), we get 
[4 - E 
F=( x 0)+32= (0 +32) =32. 
C=0 > F=32. 
Hence, 0°C = 32°F. 
(ii) Putting C = 50 in (A), we get 
F= (2x 50) +32 = (90 +32) = 122. 
C=50 > F=122. 
Hence, 50°C = 122°F. 
(iii) Putting F = 86 in (A), we get 


2C +32 =86 > 2C = (86~32) = 54 


E 
= c=(54x 3) 30. 
F=86 > C=30. 
Hence, 86°F = 30°C. 
(iv) Putting F = 0 in (A), we get 
2 - PNE 
gC*32-0 > 5C5 32 
B 5| -160 _ 
is c=( 32x 3) = 9 7-178. 
F=0 => C=-17.8. 
Hence, 0°F = -17.8'C. 
(v) Let C = F. Then, (A) becomes 
9, 9 
F=¢F+32 (3 1)F = 32 
4 oc 
SF =-32 F=f 32x2)- 40. 
C=F=-40. 
Hence, -40*C = —40°F. 
(vi) We have, F = 2c +32. .. (A) 


Putting C = 0 in (A), we get 


F=(2x0)+32=(0+32)=32 
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Putting C = 10 in (A), we get 

F=(2 x10)+32 = (18 +32) = 50. 
Putting C = 20 in (A), we get 

F=(= x 20)+32 = (36 + 32) = 68. 


Thus, we have the following table. 


On a graph paper, we take C along the x-axis and the 
corresponding values of F along the y-axis. 

We plot the points A(0, 32), B(10, 50) and C(20, 68) on this 
graph paper. 

Now, we join the points A, B, and B, C to get a line ABC, 
which we extend in both the directions to get the required 
graph of the given equation, as shown below. 


Y! 


(vii) On the x-axis, we take a point P at which C = —5. 


From P, draw PD L X'OX, meeting the line ABC at a 
point D(-5, 23). 

-5°C = 23°F. 
On the y-axis, take a point Q at which F = 14. 


From Q, draw QE || x-axis, meeting the line ABCD at the 
point E(-10, 14). 
Hence, 14°F = -10?C. 
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EXAMPLE6 There are two scales of measuring the temperature of a liquid, namely 
Kelvin (K) and Fahrenheit (°F). The relation between the two scales 


is given by F = 2K — 273) +32. 


(i) Find the temperature of the liquid in Fahrenheit, when it is 
313 K in Kelvin. 


(ii) If the temperature of the liquid is 158°F then express it in 
Kelvin. 


(iii) Draw the graph of the linear equation, F = 2K — 273) +32. 


(iv) Using the graph, fill in the blanks given below: 
95°F = (......) K and 300 K = (......) F. 


SOLUTION The given relation is, F = 2(K — 273) + 32. ... (A) 
(i) Putting K = 313 in (A), we get 


F=2x (813-273) +32 


F=(2 x 40) +32 = (72 +32) = 104. 


K=313 > F=104. 
Hence, 313 K = 104°F. 
(ii) Putting F = 158 in (A), we get 


2(K —273) +32 = 158 


3 2K —273) = (158 — 32) = 126 


> (K-273)- (126 x 3) =70 


=> K=(70+273) = 343. 
. F-21582 K=343. 
Hence, 158°F = 343 K. 


(iii) We have, F = 2(K —273) +32. .. (A) 
Putting K = 273 in (A), we get 


F= 2073 - 273) +32 = (0 + 32) = 32. 


Putting K = 283 in (A), we get 


p= 2 Q83 -273) +32 = (18 +32) = 50. 
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Putting K = 293 in (A), we get 
p= 2093 -273) +32 = (36 + 32) = 68. 
Putting K = 298 in (A), we get 
9 


F = $ (298 - 273) + 32 = (45 +32) = 77. 


Thus, we have the following table: 


On a graph paper, we draw X’OX and YOY” as the x-axis 
and the y-axis respectively. We take the values of K along 
the x-axis and those of F along the y-axis. 


As we start the values of K from 270, we make a kink 
(“\— ) at the origin and start with 270. 

On the above graph, we plot the points A(273, 32), 
B(283, 50), C(293, 68) and D(298, 77). Join AB, BC and CD 
to get the graph line ABCD, which is extended in both the 
directions, as shown below. 


»- 


(iv) Along the y-axis, take a point P, showing 95?F. Draw 
PQII X'OX, meeting the graph line ABCD at Q. Draw 


EXAMPLE 7 


SOLUTION 
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QR | X' OX, meeting the x-axis at R. Clearly, R represents 
308 K. 


Hence, 95°F = 308 K. 

Further, let G be a point representing 300 K. 

Draw GH L X’OX, meeting ABCD at the point H(300, 80). 

Hence, 300 K = 80°F. 
If the work done by a force applied on a body is directly proportional 
to the distance travelled by the body, express this in the form of an 
equation in two variables, taking the constant force as 3 units. Also, 


read from the graph the work done when the distance travelled by the 
body is (i) 0 unit, (ii) 2 units. 


Let W be the work done by a force on a body and let x be the 
distance travelled by the body. Then, 


We x 
= W=Fx, where F is the constant force applied on the body 
=> W=3x [^ F=3 units (given)]. 
Thus, the required equation in two variables is W = 3x. ... (A) 
Putting x = 1in (A), we get W = (3X 1) =3. 
Putting x = 3 in (A), we get W = (3X 3) = 9. 
Putting x = 4 in (A), we get W = (3 X 4) = 12. 
Putting x = 5 in (A), we get W = (3 x 5) = 15. 


Thus, we have the following table. 


On a graph paper draw mutually perpendicular lines X'OX 
and YOY' as the x-axis and the y-axis respectively. 

Along the x-axis, take 10 small divisions = 1 unit and along the 
y-axis, take 5 small divisions = 1 unit. 

On this graph paper, plot the points A(1, 3), B(3, 9), C(4, 12) 
and D(5, 15). Join AB, BC and CD to obtain the graph line 
ABCD, shown below. 
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Produce the graph line ABCD in both the directions. 
(i) Clearly, the graph line passes through the point O(0, 0). 
x=0 > W=0. 
Thus, when the body travels 0 distance, the work done 
is 0. 
(ii) Take a point G on the x-axis such that x = 2. 
Draw GH x-axis, cutting ABCD at H(2, 6). 
x=2 > W=6. 
Thus, when the body travels 2 units, the work done is 
6 units. 


EXAMPLE8 The force exerted to pull a cart is directly proportional to the 
acceleration produced in the body. Express the statement as a 
linear equation of two variables and draw the graph of the same 
by taking the constant mass equal to 6 kg. Read from the graph 
the force required when the acceleration produced is (i) 5 m/s’, 
(ii) 6 m/s?. 


SOLUTION 
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When a force F is applied on a body, let an acceleration a be 
produced. Then, 


Foca = F= ma, where m is the mass of the body 

F=6a .. (i) [^ m=6kg (given)]. 
On a graph paper, let us draw two mutually perpendicular 
lines X’OX and YOY’ as the x-axis and the y-axis respectively. 


On this graph paper, we take the values of a along the x-axis 
and the corresponding values of F along the y-axis. 


Some of the values of a and F are given below. 


On the graph paper, we plot the points O(0, 0), A(3, 18), B(4, 24) 
and C(8, 48). Join OA, AB and BC to get the graph line OABC. 


(i) On the graph paper, take a point P along OX such that 
OP =a=5. Draw PD | X’OX, meeting the line OABC at 
D. Clearly, D(5, 30) cuts OABC at D. 


So, when a = 5, we have F = 30. 


(ii) On the graph paper, take a point Q along OX such that 
OQ =a = 6. Draw QE L X'OX, meeting OABC at E. 


Clearly, E(6, 36) cuts OABC at E. Hence,a=6 > F=36. 
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SOME SIMPLE GRAPHS 


(i) The graph of the equation x = 0 is the y-axis. 


(ii) The graph of the equation y = 0 is the x-axis. 


(iii) The graph of the equation x = 3 is a line parallel to the y-axis at a 
distance of 3 units to its right. 

(iv) The graph of the equation x = —3 is a line parallel to the y-axis at a 
distance of 3 units to its left. 

(v) The graph of the equation y = 2 is a line parallel to the x-axis at a 
distance of 2 units above the x-axis. 

(vi) The graph of the equation y - -2 is a line parallel to the x-axis at a 
distance of 2 units below the x-axis. 


(iii) The equation of a line AB is x = 3. (iv) The equation of a line CD is x = -3. 


un 


N 
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(vi) The equation of a line GH is y = 2. 


EXERCISE 4B 


. Draw the graph of each of the following equations. 


(i) x=4 (ii) x+4=0 (iii) y=3 (iv) y=-3 
(v) x=-2 (vi) x=5 (vii y+5=0 (vii) y=4 


. Draw the graph of the equation y = 3x. 


From your graph, find the value of y when (i) x - 2 (ii) x 7 -2. 


. Draw the graph of the equation x * 2y - 3 - 0. 


From your graph, find the value of y when (i) x =5 (ii) x 7» —5. 


. Draw the graph of the equation, 2x - 3y = 5. 


From your graph, find (i) the value of y when x = 4 and (ii) the value of 
x when y = 3. 
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5. Draw the graph of the equation, 2x + y = 6. 
Find the coordinates of the point where the graph cuts the x-axis. 


[en] 


. Draw the graph of the equation, 3x + 2y = 6. 
Find the coordinates of the point where the graph cuts the y-axis. 


N 


. Draw the graphs of the equations 3x - 2y = 4 and x+y - 3 = 0. 
On the same graph paper, find the coordinates of the point where the 
two graph lines intersect. 

. Draw the graph of the line 4x + 3y = 24. 


(i) Write the coordinates of the points where this line intersects the 
x-axis and the y-axis. 


oo 


(ii) Use this graph to find the area of the triangle formed by the graph 
line and the coordinate axes. 
. Draw the graphs of the lines 2x * y - 6 and 2x - y * 2 - 0. Shade the 
region bounded by these lines and the x-axis. Find the area of the 
shaded region. 


Kel 


10. Draw the graphs of the lines x y » 1 and 2x * y - 8. Shade the area 
formed by these two lines and the y-axis. Also, find this area. 

11. Draw the graph for each of the equations x+y = 6 and x - y = 2 on the 
same graph paper and find the coordinates of the point where the two 
straight lines intersect. 

12. Two students A and B contributed X 100 towards the Prime Minister's 
Relief Fund to help the earthquake victims. Write a linear equation to 
satisfy the above data and draw its graph. 


ANSWERS (EXERCISE 4B) 


2. (iy 7-6 (ii) y 7» —6 3. (i) y=1 (ii) y=4 
4. (i) y=1 (ii) x=7 5. (3, 0) 6. (0, 3) 7. (2,1) 
8. (i) A(6, 0) and B(O, 8) (ii) 24 sq units 9. 8squnits 

10. 13.5 squnits 11. (4, 1) 12. x+y = 100 


MULTIPLE-CHOICE QUESTIONS (MCQ) 
Choose the correct answer in each of the following questions: 
1. The equation of the x-axis is 
(a) x=0 (b) y=0 (c) x=y (d) x+y=0 
2. The equation of the y-axis is 
(a) x=0 (b) y=0 () x=y (d) x+y =0 


10. 


11. 
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. The point of the form (a, a), a # 0 lies on 


(a) the x-axis (b) the y-axis 
(c) the line y =x (d) the line x+y =0 
. The point of the form (a, —a), a # 0 lies on 
(a) the x-axis (b) the y-axis 
(c) the line y =x (d) the line x+y =0 
. The linear equation 3x - 5y = 15 has 
(a) a unique solution (b) two solutions 
(c) infinitely many solutions (d) no solution 
. The equation 2x + 5y = 7 has a unique solution, if x and y are 
(a) natural numbers (b) rational numbers 
(c) positive real numbers (d) real numbers 


. The graph of y = 5 isa line 


(a) making an intercept 5 on the x-axis 
(b) making an intercept 5 on the y-axis 
(c) parallel to the x-axis at a distance of 5 units from the origin 
(d) parallel to the y-axis at a distance of 5 units from the origin 


. The graph of x = 4 is a line 


(a) making an intercept 4 on the x-axis 
(b) making an intercept 4 on the y-axis 
(c) parallel to the x-axis at a distance of 4 units from the origin 


(d) parallel to the y-axis at a distance of 4 units from the origin 


. The graph of x +3 = Ois a line 


(a) making an intercept —3 on the x-axis 

(b) making an intercept -3 on the y-axis 

(c) parallel to the y-axis at a distance of 3 units to the left of y-axis 

(d) parallel to the x-axis at a distance of 3 units below the x-axis 
The graph of y +2 = 0 is a line 

(a) making an intercept of 2 on the x-axis 

(b) making an intercept of -2 on the y-axis 

(c) parallel to the x-axis at a distance of 2 units below the x-axis 

(d) parallel to the y-axis at a distance of 2 units to the left of y-axis 
The graph of the linear equation 2x + 3y = 6 meets the y-axis at the point 

(a) (2,0) (b) (3, 0) (c) (0, 2) (d) (0, 3) 
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12. The graph of the linear equation 2x + 5y - 10 meets the x-axis at the 


point 

(a) (0, 2) (b) (2, 0) (c) (5, 0) (d) (0,5) 
13. The graph of the line x = 3 passes through the point 

(a) (0, 3) (b) (2, 3) (c) (3, 2) (d) none of these 
14. The graph of the line y = 3 passes through the point 

(a) (3, 0) (b) (3, 2) (c) (2,3) (d) none of these 
15. The graph of the line y = —3 does not pass through the point 

(a) Q, -3) (b) (8, -3) (c) (0, -3) (d) (-3,2) 
16. The graph of the line x- y = 0 passes through the point 

Gi OFS) oo ea» 
17. Each of the points (—2, 2), (0, 0), (2, —2) satisfies the linear equation 

(a) x-y * 0 (b) x*y 7*0 

(c) ^x *2y =0 (d) x -2y - 0 
18. How many linear equations can be satisfied by x = 2 and y = 3? 

(a) only one (b) only two 

(c) only three (d) infinitely many 
19. A linear equation in two variables x and y is of the form ax + by * c - 0, 

where 
(a) a#0,b+#0 (b) a#0,b=0 
(c) a=0,b#0 (d) a=0,c=0 


20. If (2, 0) is a solution of the linear equation 2x + 3y =k then the value 
of k is 


(a) 6 (b) 5 (c) 2 (d) 4 
21. Any point on the x-axis is of the form 

(a) (x, y) (b) (0, y) (c) (x, 0) (d) (x, x) 
22. Any point on the y-axis is of the form 

(a) (x, y) (b) (0, y) (c) (x, 0) (d) (y, v) 
23. x = 5,y = 2is a solution of the linear equation 

(a) x *2y 77 (b) 5x *2y =7 

(c) x *ty-7 (d) 5x+y=7 


24. If the point (3, 4) lies on the graph of 3y = ax +7 then the value of a is 


(a) 2 (b) 2 © $ (a) 4 


T. 
9. 
17. 


o 0 "d Oo oO m$ Q 


10. 


11. 
12. 


13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 


Linear Equations in Two Variables 165 


ANSWERS (MCQ) 


(D 2 (a) 3.(0 4(d 5() 6(a) 7() 8(d) 
(c) 10.() 1L(o) 12(co 13.(c) 14. (c) 15. (d) 16 (d) 
(b) 18.(d) 19.(a) 20.(d) 21.(c) 22.(b) 23.(c) 24. (b) 


HINTS TO SOME SELECTED QUESTIONS 


. The point (a, a), a #0 lies on the line y = x. 

. The point (a, ~a), a # 0 lies on the line x + y = 0. 

. The linear equation 3x — 5y = 15 has infinitely many solutions. 

. 2x + 5y = 7 has a unique solution only when x, y are natural numbers. 

. The graph of y = 5isa line parallel to the x-axis at a distance of 5 units from the origin. 
. The graph of x - 4isa line parallel to the y-axis at a distance of 4 units from the origin. 


. The graph of x +3 = 0isa line parallel to the y-axis at a distance of 3 units to the left of 


y-axis. 
The graph of y+2=0 is a line parallel to the x-axis at a distance of 2 units below the 


x-axis. 

The graph of 2x + 3y = 6 cuts the y-axis at the point, where x = 0, i.e., at the point (0, 2). 
The graph of 2x+5y = 10 cuts the x-axis at the point where y= 0, i.e., at the point 
(5, 0). 

The graph of the line x = 3 passes through the point (3, 2). 

The graph of the line y = 3 passes through the point (5, 3). 

The line y = -3 does not pass through the point (-3, 2). 

The graph of the line x-y = 0, passes through the point (1, 1). 

Each of the points (—2, 2), (0, 0) and (2, —2) satisfies the linear equation x + y = 0. 
Infinitely many equations can be satisfied by x = 2 and y = 3. 

A linear equation in two variables is of the form ax + by + c = 0, where a 0, b #0. 
Putting x = 2 and y = 0 in 2x + 3y =k, we get k = (2X 2+3 X 0) = (4*0) = 4. 

Any point on the x-axis is of the form (x, 0). 

Any point on the y-axis is of the form (0, y). 

Clearly, x + y =7 is satisfied by x = 5, y = 2. 


Since 3y — ax * 7 is satisfied by (3, 4), we have 


3X4=aX3+7 3a+7=12 3a=5 a 
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REVIEW OF FACTS AND FORMULAE 


1. LINEAR EQUATION An equation of the form ax + by +c = 0, where a, b, c are real 
numbers such that a -- 0 and b #0, is called a linear equation in two variables 
x and y. 


2. (i) SOLUTION OF A LINEAR EQUATION We say that x = a and y = p is a solution of 
axtby*c-O0if ao t bp c- 0. 
(i) The equation ax + by * c = 0 has infinitely many solutions. 


(ii) The graph of the equation ax + by + c = 0 is a straight line. 


3. (i) The equation of x-axis is y = 0. 
(ii) The equation of y-axis is x = 0. 
4. (i) The equation x = 5 may be written as1: x c0: y —5 —- 0. 


(i) The equation y = —3 may be written as 0: x * 1: * 3 - 0. 


& 


Coordinate Geometry 


, 


INTRODUCTION 


The French mathematician René Descartes in 1637 introduced the Cartesian 
system of coordinates for describing the position of a point in a plane. 
This idea has given rise to an important branch of mathematics, known as 
Coordinate Geometry. 


CARTESIAN COORDINATES 


ORDERED PAIR A pair of numbers a and b listed in a specific order with a at the first 
place and b at the second place is called an ordered pair (a, b). 


Note that (a, b) + (b, a). 
Thus, (2, 3) is one ordered pair and (3, 2) is another ordered pair. 


WHAT IS COORDINATE GEOMETRY? 


We represent each point in a plane by means of an ordered pair of real 
numbers, called the coordinates of that point. 


The branch of mathematics in which geometric problems are solved 
through algebra by using the coordinate system is known as coordinate 
geometry. 


COORDINATE SYSTEM 


COORDINATE AXES The position of a point in a plane is determined with reference 
to two fixed mutually perpendicular lines, called the coordinate axes. 


Let us draw two lines X’OX and YOY’, which are perpendicular to 
each other and intersect at the point O. 


These lines are called the coordinate axes or the axes of reference. 
The horizontal line X’ OX is called the x-axis. 

The vertical line YOY’ is called the y-axis. 

The point O is called the origin. 


We can fix a convenient unit of length and taking the origin as zero, 
mark equal distances on the x-axis as well as on the y-axis. 
CONVENTION OF SIGNS The distances measured along OX and OY are taken 
as positive and those along OX’ and OY’ are taken as negative, as shown in 
the figure given below. 
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COORDINATES OF A POINT IN A PLANE 
Let P be a point in a plane. 
Let the distance of P from the y-axis = a units. 
And, the distance of P from the x-axis = b units. 
Then, we say that the coordinates of P are (a, b). 
a is called the x-coordinate, or abscissa of P. 
b is called the y-coordinate, or ordinate of P. 

n 
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QUADRANTS Let X'OX and YOY' be the coordinate axes. 


These axes divide the plane of the paper into four regions, called 
quadrants. The regions XOY, YOX’, X'OY' and Y'OX are respectively 
known as the first, second, third and fourth quadrants. 
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Using the convention of signs, we have the signs of the coordinates in 
various quadrants as given below. 


EIN 


NOTE Any point lying on the x-axis or y-axis does not lie in any quadrant. 
EXAMPLE 1 Draw the lines X'OX and YOY’ as axes on the plane of a graph 
paper and plot the points given below. 
(i) A(5,3) (ii) B(-3, 2) 
(iii) C(-5, -4) (iv) D(2, -6) 
SOLUTION Let X'OX and YOY’ be the coordinate axes. 
Fix a convenient unit of length and starting from O, mark 


equal distances on OX, OX’, OY and OY’. Use the convention 
of signs. 


(i) Starting from O, take +5 units on the x-axis and then +3 
units on the y-axis to obtain the point A(5, 3). 
(ii) Starting from O, take —3 units on the x-axis and then +2 
units on the y-axis to obtain the point B(-3, 2). 
(iii) Starting from O, take —5 units on the x-axis and then —4 
units on the y-axis to obtain the point C(—5, —4). 
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(iv) Starting from O, take 2 units on the x-axis and then -6 
units on the y-axis to obtain the point D(2, —6). 


These points are shown below. 


X -5-4-3-2-10| 1 23 4 5 6 X 
1+ 


(-5, -4) 


é 
D(2, -6) 


EXAMPLE 2 = In which quadrants do the given points lie? 
(i) (4, -2) (ii) (-3, 7) (iii) (-1, -2) (iv) (3, 6) 
SOLUTION (i) Points of the type (+, —) lie in the 4th quadrant. 
Hence, the point (4, -2) lies in quadrant IV. 


(ii) Points of the type (-, +) lie in the 2nd quadrant. 
Hence, the point (-3, 7) lies in quadrant II. 

(iii) Points of the type (-, —) lie in the 3rd quadrant. 
Hence, the point (71, —2) lies in quadrant III. 


(iv) Points of the type (+, +) lie in the 1st quadrant. 
Hence, the point (3, 6) lies in quadrant I. 


EXAMPLE3 Write down the coordinates of each of the points P, Q, R, S and T, as 
shown in the figure given on next page. 
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SOLUTION Draw perpendiculars PL, QM, RN, SU and TV on the x-axis. 
(i) The distance of P from the y-axis = OL = 2 units. 
The distance of P from the x-axis = LP = 4 units. 
Hence, the coordinates of P are (2, 4). 

(ii) The distance of Q from the y-axis = OM = 4 units. 
The distance of Q from the x-axis = MQ = 2 units. 
Hence, the coordinates of Q are (4, 2). 

(iii) The distance of R from the y-axis = ON = -2 units. 
The distance of R from the x-axis = NR = 3 units. 
Hence, the coordinates of R are (—2, 3). 

(iv) The distance of S from the y-axis = OU = 5 units. 
The distance of S from the x-axis = US = -3 units. 
Hence, the coordinates of S are (5, —3). 

(v) The distance of T from the y-axis = OV = —4 units. 
The distance of T from the x-axis = VT = -1 unit. 


Hence, the coordinates of T are (-4, -1). 


POINTS ON COORDINATE AXES 


(i) COORDINATES OF A POINT ON THE x-AXIS Every point on the x-axis is at a 
distance of 0 unit from the x-axis. So, its ordinate is 0. 
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Thus, the coordinates of every point on the x-axis are of the form (x, 0). 


(ii) COORDINATES OF A POINT ON THE y-AXIS. Every point on the y-axis is at a 
distance of 0 unit from the y-axis. So, its abscissa is 0. 


Thus, the coordinates of every point on the y-axis are of the form (0, y). 
REMARK The coordinates of the origin are (0, 0). 


EXAMPLE4 On which axes do the given points lie? 
(i) (7, 0) (ii) (0, -3) (iii) (0, 6) (iv) (-5, 0) 
SOLUTION (i) In (7, 0), we have the ordinate - 0. 
(7, 0) lies on the x-axis. 
(ii) In (0, 73), we have the abscissa = 0. 
(0, —3) lies on the y-axis. 
(iii) In (0, 6), we have the abscissa - 0. 
(0, 6) lies on the y-axis. 
(iv) In (-5, 0), we have the ordinate = 0. 
(—5, 0) lies on the x-axis. 
EXAMPLE 5 ‘The three vertices of a AABC are A(1, 4), B(-2, 2) and C(3, 2). Plot 
these points on a graph paper and calculate the area of A ABC. 
SOLUTION Let X'OX and YOY’ be the x-axis and the y-axis respectively, 
drawn on a graph paper. 
Let A(1, 4), B(-2, 2) and C(3, 2) be the vertices of AABC. 
Draw AL L X'OX, meeting BC at M. 


Y 


EXAMPLE 6 


SOLUTION 


EXAMPLE 7 
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BC = (BD + DC) = (2 +3) units = 5 units 
AM = (AL- LM) = (4 - 2) units = 2 units 


ar(A ABC) = G X BC x AM) sq units 
= G x5 X 2) sq units = 5 sq units. 


The three vertices of a square ABCD are A(3, 2), B(-2, 2) and 
D(-8, 3). Plot these points on a graph paper and hence, find the 
coordinates of C. Also, find the area of square ABCD. 

Let X’OX and YOY’ be the x-axis and y-axis respectively, 
drawn on a graph paper. 

Let A(3, 2), B(-2, 2) and D(3, —3) be the three vertices of square 
ABCD. 

Abscissa of C = abscissa of B = -2. 

Ordinate of C = ordinate of D = —3. 


Thus, the coordinates of C are (—2, -3). 
Side of sq ABCD = CD = (2*3) units = 5 units. 
ar(sq ABCD) = (5 X 5) sq units = 25 sq units. 
The three vertices of a rectangle ABCD are A(2, 2), B(-8, 2) and 


C(-8, 5). Plot these points on a graph paper and find the coordinates 
of D. Also, find the area of rectangle ABCD. 
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SOLUTION Let A(2, 2), B(-3,2) and C(-3,5) be the three vertices of a 


rectangle ABCD. 
Let the y-axis cut the rectangle ABCD at the points L and M 
respectively. 
Y 
) 
x! X 
Y 


Abscissa of D = Abscissa of A = 2. 
Ordinate of D = Ordinate of C =5. 
coordinates of D are (2, 5). 
AB = (BL + LA) = (3 + 2) units = 5 units. 
BC = (5-2) units = 3 units. 
ar(rectangle ABCD) = (AB x BC) 
= (5 X 3) sq units 
= 15 sq units. 


EXERCISE 5 
1. On the plane of a graph paper draw X’OX and YOY’ as coordinate axes 
and plot each of the following points. 
(i) A(5, 3) (ii) B(6, 2) (iii) C(-5, 3) (iv) D(4, -6) 
(v) E(-3,-2) (vi) F(-4, 4) (vii) G(3, -4) (viii) H(5, 0) 
(ix) (0, 6) (x) J(-3, 0) (xi) K(0,-2) (xii) O(0, 0) 
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2. Write down the coordinates of each of the following points A, B, C, D 


o 


ol 


[en] 


N 


and E. 


o sol x 


c 
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. For each of the following points, write the quadrant in which it lies. 


(i) (76,3) (ii) (-5, -3) (iii) (11, 6) (iv) (1, -4) 
(v) CZ, -4) (vi) (4, -1) (vii) (-3, 8) (viii) (8, -8) 

. Write the axis on which the given point lies. 
(i) Q, 0) (ii) (0, -5) (iii) (-4, 0) (d) (0, -1) 

. Which of the following points lie on the x-axis? 
(i) A(0, 8) (ii) B(4, 0) (iii) C(0, -3) (iv) D(-6, 0) 
(v) EQ, 1) (vi) F(-2, -1) (vii) G(-1,0) (viii) H(0, 2) 


. Plot the points A(2, 5), B(2, 2) and C(4, 2) on a graph paper. Join AB, BC 


and AC. Calculate the area of AABC. 


. Three vertices of a rectangle ABCD are A(3, 1), B(-3, 1) and C(-3, 3). Plot 


these points on a graph paper and find the coordinates of the fourth 
vertex D. Also, find the area of rectangle ABCD. 


HINT Coordinates of D are (3, 3). 


ANSWERS (EXERCISE 5) 


2. A(-6, 5), B(5, 4), C(-3, 2), D, -2) and E(-1, -4). 


(i) II (i) IH (iii) I (iv) IV 
(v) III (vi) IV (vii) II (viii) IV 
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4. (i) x-axis (ii) y-axis (iii) x-axis (iv) y-axis 
5. (ii) B(4, 0) (iv) D(-6,0) (vii) G(-1, 0) 
6. 9squnits 7. D(3, 3), 6 sq units 


MULTIPLE-CHOICE QUESTIONS (MCQ) 
Choose the correct answer in each of the following questions: 
1. In which quadrant does the point (—7, —4) lie? 


(a) IV (b) II (c) III (d) None of these 
2. If x > Oand y « 0 then the point (x, y) lies in quadrant 

(a) I (b) III (c) II (d) IV 
3. If a <0 and b > 0 then the point (a, D) lies in quadrant 

(a) IV (b) II (c) III (d) none of these 
4. A point both of whose coordinates are negative lies in quadrant 

(a) I (b) II (c) III (iv) IV 


ol 


. The point (other than origin) for which abscissa is equal to the ordinate 
will lie in the quadrant 


(a) I only (b) Tor II (c) Lor III (d) IL or IV 
. The points (—5, 3) and (3, —5) lie in the 


(a) same quadrant 


[en] 


(b) II and III quadrants respectively 
(c) II and IV quadrants respectively 
(d) IV and II quadrants respectively 


7. Points (1, -1), (2, 2), (-3, -4), (4, -5) 

(a) alllie in the II quadrant (b) alllie in the III quadrant 

(c) alllie in the IV quadrant (d) donotliein the same quadrant 
8. Point (0, —8) lies 

(a) in the II quadrant (b) in the IV quadrant 

(c) on the x-axis (d) on the y-axis 
9. Point (-7, 0) lies 


(a) on the negative direction of the x-axis 
(b) on the negative direction of the y-axis 
(c) in the III quadrant 
(d) in the IV quadrant 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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The point which lies on the y-axis at a distance of 5 units in the negative 
direction of the y-axis is 


(a) (-5, 0) (b) (0,-5) (c) (5, 0) (d) (0,5) 
The ordinate of every point on the x-axis is 
(a) 1 (b) -1 
(c) 0 (d) any real number 
If the y-coordinate of a point is zero then this point always lies 
(a) on the y-axis (b) on the x-axis 
(c) in the I quadrant (d) in the IV quadrant 


If O(0, 0), A(3, 0), B(3, 4), C(0, 4) are four given points then the figure 
OABC isa 

(a) square (b) rectangle (c) trapezium (d) rhombus 
If A(-,3) and  B(-3,5 are two given points then 
(abscissa of A) — (abscissa of B) = ? 


(a) 2 (b) 1 (c) -1 (d) 2 
The perpendicular distance of the point A(3, 4) from the y-axis is 

(a) 3 (b) 4 (c) 5 (d) 7 
Abscissa of a point is positive in 

(a) Land II quadrants (b) Land IV quadrants 

(c) I quadrant only (d) II quadrant only 
The point at which the two coordinate axes meet is called the 

(a) abscissa (b) ordinate (c) origin (d) quadrant 
The point whose ordinate is 3 and which lies on the y-axis is 

(a) (8,0) (b) (0, 3) (c) (3, 3) (d) (1, 3) 
Which of the following points lies on the line y = 2x + 3? 

(a) (2, 8) (b) (3, 9) (c) (4, 12) (d) (5, 15) 
Which of the following points does not lie on the line y = 3x + 4? 
Which of the following points does not lie in any quadrant? 

(a) (8, -6) (b) (-3, 4) (c) (5, 7) (d) (0,3) 


The area of AAOB having vertices A(0, 6), O(0, 0) and B(6, 0) is 
(a) 12squnits (b) 36sq units (c) 18 sq units (d) 24 sq units 


ANSWERS (MCQ) 


.(Q  2(d 36) 40 5() &6() 7(d 8. (d) 
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9. (a) 10.(b) 11. (c) 12. (b) 13. (b) 14. (b) 
17. (c 18. (b) 19. (b) 20. (d) 21. (d) 22. (c) 


14. 
15. 


16. 
17. 
18. 
19. 
20. 
21. 


22. 


HINTS TO SOME SELECTED QUESTIONS 


. The point (-7, —4) lies in III quadrant. 
. I£x » O and y « 0 then the point (x, y) lies in IV quadrant. 
. Ifa < 0 and b > 0 then the point (a, D) lies in II quadrant. 


. (-5, 3) and (3, —) lie in II and IV quadrants respectively. 
. (1, 2), (2, 22), (-3, -4), (4, -5) do not lie in the same quadrant. 
. (0, —8) lies on the y-axis. 

. (-7, 0) lies on the negative direction of the x-axis. 


. The required point is (0, —5). 


. Any point of the form (x, 0) lies on the x-axis. 
. Clearly, OA = CB = 3 units and OC = AB = 4 units. 


OABC is a rectangle. 


(abscissa of A) — (abscissa of B) = (-2) - (-3) = (- 2*3) 


Perpendicular distance of A(3, 4) from the y-axis is 3. 


Abscissa of a point is positive in I and IV quadrants. 
The two coordinate axes meet at the origin. 

A point lying on the y-axis with ordinate 3 is (0, 3). 
Clearly, (3, 9) satisfies y = 2x +3. 

Clearly, (4, 12) does not satisfy y = 3x + 4. 

The point (0, 3) does not lie in any quadrant. 


ar(AAOB) = G x6 X 6) sq units = 18 sq units. 


& 


15. (a) 16. (b) 


. A point both of whose coordinates are negative lies in III quadrant. 


. If a > 0 then (a, a) lies in I quadrant and if a < 0 then (a, a) lies in III quadrant. 


. Every point on the x-axis is of the form (x, 0) and therefore its ordinate is 0. 


C(0, 4) B(3, 4) 
O(0, 0) A(3, 0) 
AY 
A(3, 4) 
—= o + ` > 
x’ X 
vy’ 
A(0, 6) 
O(0, 0) B(6, 0) 


6 Introduction to 
p Euclid’s Geometry 


HISTORY 


The word ‘geometry’ comes from the Greek words ‘geo’ meaning the ‘earth’ 
and ‘metrein’ meaning ‘to measure’. Geometry appears to have originated 
from the need for measuring lands. This branch of mathematics was 
studied in various forms in ancient civilizations. 


The geometry of the Vedic Period (800 BC to 500 BC) originated with 
the construction of altars (or Vedis) for performing Vedic rites. Square and 
circular altars were used for household rituals while altars having shapes as 
combinations of rectangles, triangles and trapeziums were used for public 
rituals (worship). The Sriyantra consists of nine interwoven isosceles triangles. 


The Greeks developed geometry in a very systematic manner. Three 
Greek mathematicians, namely, Thales (600 BC), Pythagoras (Thales’ Pupil, 
572 BC) and Euclid (300 BC) contributed a lot on geometry. 


Thales proved that a circle is bisected by its diameter. Pythagoras 
developed the theory of geometry to a great extent. Euclid introduced 
the method of proving mathematical results by using deductive logical 
reasoning and the previously proved results. The geometry of plane figures 
is known as Euclidean geometry. His famous book ‘Elements’, divided into 
thirteen chapters, contains wonderful results on geometry. 

In Indus Valley Civilization, the size of bricks was taken as 
(4 X 2X 1) inches. 

Three Indian mathematicians Aryabhata (born AD 476), Brahmagupta 
(born AD 598) and Bhaskara II (born AD 1114) are the main contributors in 
geometry. 

Aryabhata worked out the area of an isosceles triangle, the volume of 
a pyramid and approximate value of n. 

Brahmagupta discovered the formula for finding the area of a cyclic 
quadrilateral. 


Bhaskara II gave a dissection proof of Pythagoras’ theorem. 


AXIOMS AND POSTULATES 


Self-evident true statements used throughout mathematics and not 
specifically linked to geometry are called axioms while those specific 
to geometry are known as postulates. However, nowadays, we do not 
distinguish between axioms and postulates. 
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EUCLID’s AXIOMS 
1. Things which are equal to the same thing are equal to one another. 
. If equals are added to equals, the wholes are equal. 
. If equals are subtracted from equals, the remainders are equal. 
. Things which coincide with one another are equal to one another. 


. The whole is greater than the part. 


DH oO PF c N 


. Things which are double of the same thing are equal to one 
another. 


7. Things which are halves of the same thing are equal to one 
another. 


ILLUSTRATIONS 


1. If the area of a triangle equals the area of a rectangle and the 
area of the rectangle equals that of a square, then the area of the 
triangle also equals the area of the square. 


2. Magnitudes of the same kind can be compared and added 
(or subtracted). But, magnitudes of different kinds cannot be 
compared. 


3. Everything equals itself. 
4. If A > B, then there exists a quantity C such that A = B +C. 


EUCLID’S FIVE POSTULATES 
Postulate 1 A straight line may be drawn from any one point to any other point. 


Euclid assumed that there is a unique line joining two distinct points. 


Postulate 2 A terminated line can be produced indefinitely. 


In present-day term, we say that a line segment can be extended on 
either side to form a line. 
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Postulate 3 A circle can be drawn with any centre and any radius. 
Postulate 4 All right angles are equal to one another. 


Postulate 5 (Playfair’s axiom) Ifa straight line falling on two straight lines makes 
the interior angles on the same side of it taken together less than two right angles, 
then the two straight lines, if produced indefinitely, meet on that side on which the 
sum of the angles is less than two right angles. 


In the given figure, the line AB 
falls on two straight lines CD and EF 
cutting them at the points G and H 
such that ZCGH + ZEHG < 180° on 
the left side of AB. E 


So, the straight lines CD and 
EF when produced on the left-hand 
side will meet at a point. 


Cc 


Later on, the fifth postulate was modified as under: 


‘For every line L and for every point P not lying on L, there exists a unique 
line M passing through P and parallel to L.’ 


P 


= M 


~ =L 


An Important Result Two distinct intersecting lines cannot be parallel to the 
same line. 


STATEMENTS A sentence which can be judged to be true or false is called a statement. 


Examples (i) The sum of the angles of a triangle is 180°, is a true 
statement. 


(ii) The sum of the angles of a quadrilateral is 180°, is a false 
statement. 


(iii) x + 10 > 15 is a sentence but not a statement. 
THEOREMS A statement that requires a proof is called a theorem. 
Establishing the truth of a theorem is known as proving the theorem. 
Examples (i) The sum of all the angles around a point is 360°. 
(ii) The sum of the angles of a triangle is 180°. 


COROLLARY A statement whose truth can easily be deduced from a theorem, is 
called its corollary. 


SOME TERMS RELATED TO GEOMETRY 


POINT A point is an exact location. 
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A fine dot represents a point. -P 
We denote a point by a capital letter —A, B, P, Q, etc. 
In the given figure, P is a point. 


LINE SEGMENT The straight path between two points A A B 
and B is called the line segment AB. 


The points A and B are called the end points of the line segment AB. 
A line segment has a definite length. 


The distance between two points A and B is equal to the length of the 
line segment AB. 


Clearly, AB and BA denote the same line segment. 
—— => 
RAY A line segment AB when extended indefinitely in one direction is the ray AB. 


— 

Ray AB has one end point A. ‘ an 

A ray has no definite length. 

A ray cannot be drawn, it can simply be represented on the plane of a 
paper. 

To draw a ray would mean to represent it. 
LINE A line segment AB when extended indefinitely in both the directions is called 
the line AB. " " 

A line has no end points. A B 


A line has no definite length. 

A line cannot be drawn, it can simply be represented on the plane of 
a paper. 

To draw a line would mean to represent — 
it. Sometimes, we label lines by small letters J, 
m,n, etc. 


= 
m 


HALF-LINE Let A, B and C be any three «— L 
points on a given line / such that A lies B A " 
between B and C and we delete the point A. 


Then, each of the two remaining parts, namely B A 


St Hi 
and A " are called half-lines. 


INCIDENCE AXIOMS ON LINES 
(i) A line contains infinitely many points. 
(ii) Through a given point, infinitely 
many lines can be drawn. 


(iii) One and only one line can be drawn 
to pass through two given points A ~< E 
and B. 
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COLLINEAR POINTS Three or more than three points are said Pe Q 
to be collinear, if there is a line which — — 75 B Go R 
contains them all. 


In the given figure A, B, C are collinear points, while P, Q, R are 
noncollinear. 


INTERSECTING LINES Two lines having a C B 
common point are called intersecting lines. Hs v i 
The point common to two given A D 


lines is called their point of intersection. 
In the given figure, the lines AB and CD intersect at a point O. 


CONCURRENT LINES Three or more lines intersecting at the m L 
same point are said to be concurrent. 


In the given figure, lines l, m, n pass through the 

same point P and therefore, they are concurrent. 

PLANE A plane is a surface such that every point of the line joining any two points 

on it, lies on it. 

Examples The surface of a smooth wall; the surface of the top of the table; 
the surface of a smooth blackboard; the surface of a sheet of 
paper, etc., are close examples of a plane. These surfaces are 
limited in extent but the geometrical plane extends endlessly 
in all directions. 


PARALLEL LINES Two lines | and m in a plane are ~< =L 
said to be parallel, if they have no point in common 
and we write, l || m. 


»m 


The distance between two parallel lines always remains the same. 


NUMBER OF LINES PASSING THROUGH TWO GIVEN POINTS 


An Important Axiom Given two distinct points, there is a unique line that passes 
through them. 


Let A and B be two given points. 

How many lines passing through A, will pass through B? 

Clearly, only one, namely the line AB. 

How many lines passing through B, will pass through A? 

Clearly only one, namely the line AB. 

Thus, there is one and only one line, passing through two given points. 


Hence, the given axiom is true. 


184 Secondary School Mathematics for Class 9 


SOME RESULTS ON LINES 


THEOREM 1 Prove that two distinct lines cannot have more than one point in 
common. 

GIVEN Two distinct lines / and m. 

TOPROVE land m cannot have more than one point in common. 

PROOF If/||m, then clearly there is no point common to both / and m. 
So, let us consider the case when l is not parallel to m. 
If possible, let P and Q be two l 
points common to both / and m. 
Then, / contains both the points P 
and Q. < 
And, m contains both the points P and Q. 
But, we know that there is only one line passing through two 
distinct points P and Q. 


l=m. 
This contradicts the hypothesis that / and m are distinct. 
Thus, our supposition is wrong. 
Hence, two distinct lines cannot have more than one point in 


common. 
PARALLEL LINES AXIOM If P is a point outside a P 
. . . + =m 
given line l, then one and only one line can be 
drawn to pass through P and parallel to I. E -L 


Thus, we can say that two intersecting lines cannot be both parallel to 
a given line. 
THEOREM2 Prove that the lines which are parallel to a given line are parallel. 
GIVEN Three lines J, m and n such that 1 | n and m || n. 
TOPROVE l||m. 
PROOF If possible, let | be not parallel to m. 


Then, / and m should intersect ata 4 e 
unique point P. a m 
Thus, through a point P outside n, there ~ -n 


are two lines / and m, both parallel to n. 


THEOREM 
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But, two distinct intersecting lines cannot be parallel to the 
same line. 


So, we arrive at a contradiction. 
Since the contradiction arises by assuming that / is not parallel to 
m, hence l || m. 


3 If lines AB, AC, AD and AE are parallel to a line l, show that the 
points A, B, C, D, E are collinear. 


GIVEN AB, AC, AD and AE are lines, all parallel to a line /. 
TOPROVE A, B, C, D, E are collinear. 


PROOF 


EXAMPLE 


SOLUTION 


Since AB, AC, AD and AE are all parallel to a line /, it follows that 
A is a point outside I, through which lines AB, AC, AD and AE are 
drawn, each parallel to /. 


But, by parallel lines axiom, one and only one line can be drawn 
through A and parallel to l. 


This is possible only when A, B, C, D, E all lie on the same line. 
Hence, A, B, C, D, E are collinear. 


SOLVED EXAMPLES 


1 IfA, B and C are three points on a line and B lies between A and C 
(as shown in the given figure), then prove that AB * BC = AC. 


m t t t = 


A B C 


It is clear from the given figure that AC coincides with AB + BC. 


By Euclid's Axiom 4, we know that the things that coincide 
with one another are equal to one another. 


AB * BC = AC. 


EXAMPLE2 If a point C lies between two points A and B such that AC = BC, 


SOLUTION 


then prove that AC — JAB. 


Let us consider three points A, C and B on a line such that 
AC = BC. Then, AC = CB [- BC = CB] 

By Euclid’s Axiom 2, we know 
that if equals be added to equals, 
then the wholes are equal. 


AC=CB => AC+AC=AC+CB 
=> 2AC = AB 
[by Euclid’s Axiom 4, AC + CB = AB] 
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EXAMPLE 3 


SOLUTION 


EXAMPLE 4 


SOLUTION 


EXAMPLE 5 


SOLUTION 
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=> AC= FAB [^ halves of equals are equal] 


Hence, AC = SAB. 


In the given figure, if AC=BD, A B e D 
then prove that AB = CD. 
By Euclid's Axiom 2, we know that if equals be subtracted 
from equals, then the remainders are equal. 
AC-BD = AC-BC- BD - BC 
= AB - CD. 
Hence, AB = CD. 


Solve the equation, x —5 = 15. 
By Euclid's Axiom 2, we know that if equals be added to 
equals, then the wholes are equal. 

x-5215 > x-5+5=15+5 

> x=20. 

Hence, x = 20. 
Prove that an equilateral triangle can be constructed on any given 
line segment. 
Let AB be the line segment of given length. With A as centre 
and AB as the radius, draw a circle. With B as centre and BA as 


the radius, draw another circle, cutting the first circle at C. Join 
AC and BC to form AABC. 


A B A B 
Now, AB = AC (radii of the same circle) 
And BA=BC (radii of the same circle) 
AB = BC [ BA = AB]. 


But, by Euclid’s Axiom 1, it follows that the things which are 
equal to the same thing are equal to one another. 

AB = BC = AC. 
Hence, AABC is an equilateral triangle. 
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EXAMPLE6 In the given figure, C is the midpoint of AB, D B Y 
is the midpoint of XY and AC = XD. Using an 
Euclid's axiom, prove that AB = XY. 


SOLUTION We have 
AB -2AC [- Cis the midpoint of AB] c D 
and XY -2XD [- Disthe midpoint of XY]. 
Now, AC= XD (given) 
= 2AC=2XD [by Euclid’s Axiom 6] 
= AB-XY [by Euclid’s Axiom 7] 
Hence, AB = XY. 
EXAMPLE7 In the given figure, a AABC is given in B 


which AB = BC and BX = BY. Show that 
AX - CY. 


GIVEN A AABC in which AB - BC. Also, X and 
Y are points on AB and BC respectively such that 
BX = BY. A e 


TOPROVE AX=CY. 


PROOF By Euclid’s Axiom 3, we know that when equals are subtracted 
from equals, the remainders are equal. 


AB = BC and BX = BY 
=  AB-BX-BC-BY [equals are subtracted from equals] 
> AX=CY. 
Hence, AX = CY. 


EXAMPLE8 In the given figure, we have B 
1= 23 and 42= Z4. Show that 
ZA-ZC. 


SOLUTION In the given figure, it is given 

that A c 
1=Z3and 22 = 24. 

By Euclid’s Axiom 2, we know 

that when equals are added to D 

equals, the wholes are equal. 
1+22=23+44 > ZA=ZC. 

Hence, ZA = ZC. 
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EXAMPLE9 In the given figure, we have A 


1=23,22=2Z4 and 23=2Z4. Prove 
that Z1 = Z2. 


SOLUTION Euclid’s Axiom 1 says, the things which 


are equal to the same thing are equal to 
one another. 


(Z1 = 23 and 23 = Z4) 5 
> 41=24 [by Euclid’s Axiom 1]. 
Now, Z1 = Z4 (proved) and Z2 = Z4 (given) 
> 41=22 [by Euclid’s Axiom 1]. 
Hence, Z1 = Z2. 


EXAMPLE 10 Write which of the following statements are true and which are false. 


(i) A simple closed figure made up of three or more line segments is 
called a polygon. 
(ii) Part of a line with two end points is called a line segment. 
(iii) In geometry, we take a point, a line and a plane as undefined 
terms. 
(iv) Euclid’s fourth axiom says that everything equals itself. 
(v) The Euclidean geometry is valid only for figures in the plane. 
(vi) A figure formed by two rays with a common initial point is 
called an angle. 


SOLUTION (i) True (ii) True (iii) True (iv) True 


1. 
2. 


3. 


(v) True, as it fails on the curved surfaces (vi) True 


EXERCISE 6 


What is the difference between a theorem and an axiom? 
Define the following terms: 


(i) Line segment (ii) Ray (iii) Intersecting lines 
(iv) Parallel lines (v) Half-line (vi) Concurrent lines 
(vii) Collinear points (viii) Plane 
In the adjoining figure, name: f ji 
(i) Six points 4^ M [E G B, 
(ii) Five line segments 
(iii) Four rays 
(iv) Four lines N JF Hb" 


(v) Four collinear points 
Q S 


4. In the adjoining figure, name: 
(i) Two pairs of intersecting lines and their 


(ii) Three concurrent lines and their points 


189 


Introduction to Euclid’s Geometry 


corresponding points of intersection 


of intersection 


(iii) Three rays 


5. From the given figure, name the following: 


6. 


(iv) Two line segments 


(ii) One rectilinear figure 
(iii) Four concurrent points " 


(i) Three lines 


(i) How many lines can be drawn to pass through a given point? 

(ii) How many lines can be drawn to pass through two given points? 
(iii) In how many points can the two lines at the most intersect? 
(iv) If A, B, C are three collinear points, name all the line segments 


determined by them. 


7. Which of the following statements are true? 


(i) A line segment has no definite length. 
(ii) A ray has no end point. 
(iii) A line has a definite length. 
(iv) A line AB is the same as line BA. 
> > 
(v) A ray AB is the same as ray BA. 
(vi) Two distinct points always determine a unique line. 
(vii) Three lines are concurrent if they have a common point. 
(viii)Two distinct lines cannot have more than one point in common. 
(ix) Two intersecting lines cannot be both parallel to the same line. 
(x) Open half-line is the same thing as ray. 


(xi) Two lines may intersect in two points. 
(xii) Two lines are parallel only when they have no point in common. 


190 Secondary School Mathematics for Class 9 


8. In the given figure, L and M are the mid- A L B 
points of AB and BC respectively. 


(i) If AB = BC, prove that AL = MC. 
(ii) If BL = BM, prove that AB = BC. 


HINT (i) AB- BC > 5AB-5BC > AL- MC. 


(ii) BL- BM 2BL = 2BM AB = BC. 


Oo 


ANSWERS (EXERCISE 6) 
> > > > 


3. (i) A,B,C, D,E,F (ii) EG, FH, EF, GH, MN (iii) EP, GR, GB, HD 
E aed > er d 
(iv) AB, CD, PQ, RS (v) M, E, GB 


fo €» € ao A € 


4. (i) (EF, GH, R}, (AB, CD, P} (ii) AB, EE,GH,R (iii) RB, RH, R 
(iv) RO, RP 


a ed €» 
5. (i) AB, PQ, RS (ii) CEFG (iii) A, E, F, B 
6. (i) infinitely many (ii) one only (iii) one point only 
(iv) AB, BC, AC 


7. (iv), (vi), (vii), (viii), (ix), (x), (xii) 


MULTIPLE-CHOICE QUESTIONS (MCQ) 
Choose the correct answer in each of the following questions: 
1. In ancient India, the shapes of altars used for household rituals were 
(a) squares and rectangles (b) squares and circles 
(c) triangles and rectangles (d) trapeziums and pyramids 
2. In ancient India, altars with combination of shapes like rectangles, 
triangles and trapeziums were used for 
(a) household rituals (b) public rituals 
(c) both (a) and (b) (d) none of (a), (b) and (c) 
3. The number of interwoven isosceles triangles in Sriyantra is 
(a) five (b) seven (c) nine (d) eleven 
4. In Indus Valley Civilization (about BC 3000), the bricks used for 
construction work were having dimensions in the ratio of 
(a) 5:3:2 (b) 4:2:1 (c) 4:3:2 (d) 6:4:2 
5. Into how many chapters was the famous treatise, "The Elements' 
divided by Euclid? 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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(a) 13 (b) 12 (c) 11 (d) 9 


. Euclid belongs to the country 


(a) India (b) Greece (c) Japan (d) Egypt 


. Thales belongs to the country 


(a) India (b) Egypt (c) Greece (d) Babylonia 


. Pythagoras was a student of 


(a) Euclid (b) Thales (c) Archimedes (d) Bhaskara 


. Which of the following needs a proof? 


(a) axiom (b) postulate (c) definition (d) theorem 
The statement that ‘the lines are parallel if they do not intersect’ is in the 
form of 


(a) a definition (b) an axiom (c) a postulate (d) a theorem 
Euclid stated that 'all right angles are equal to each other', in the form of 
(a) a definition (b) an axiom (c) a postulate (d) a proof 
A pyramid is a solid figure, whose base is 
(a) only a triangle (b) only a square 
(c) only a rectangle (d) any polygon 
The side faces of a pyramid are 
(a) triangles (b) squares (c) trapeziums (d) polygons 
The number of dimensions of a solid are 
(a) 1 (b) 2 (c) 3 (d) 5 
The number of dimensions of a surface is 
(a) 1 (b) 2 (c) 3 (d) 0 
How many dimensions does a point have 
(a) 0 (b) 1 (c) 2 (d) 3 


Boundaries of solids are 

(a) lines (b) curves (c) surfaces (d) none of these 
Boundaries of surfaces are 

(a) lines (b) curves (c) polygons (d) none of these 
The number of planes passing through 3 noncollinear points is 

(a) 4 (b) 3 (c) 2 (d) 1 
Axioms are assumed 

(a) definitions 

(b) theorems 

(c) universal truths specific to geometry 

(d) universal truths in all branches of mathematics 
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21. Which of the following is a true statement? 
(a) The floor and a wall of a room are parallel planes. 
(b) The ceiling and a wall of a room are parallel planes. 
(c) The floor and the ceiling of a room are parallel planes. 
(d) Two adjacent walls of a room are parallel planes. 
22. Which of the following is a true statement? 
(a) Only a unique line can be drawn to pass through a given point. 
(b) Infinitely many lines can be drawn to pass through two given 
points. 
(c) If two circles are equal, then their radii are equal. 
(d) A line has a definite length. 
23. Which of the following is a false statement? 
(a) An infinite number of lines can be drawn to pass through a. given 
point. 


(b) A unique line can be drawn to pass through two given points. 


> > 
(c) Ray AB = ray BA. 
(d) A ray has one end point. 
24. A point C is called the midpoint of a line segment AB if 
(a) C is an interior point of AB 
(b) AC = CB 
(c) C is an interior point of AB such that AC = CB 
(d) AC* CB = AB 
25. A point C is said to lie between the points A and B if 
(a) AC - CB (b) AC * CB - AB 
(c) points A, C and B are collinear (d) none of these 
26. Euclid's which axiom illustrates the statement that when x+y - 15, 
thenx+y+z=15+2? 
(a) first (b) second (c) third (d) fourth 
27. A is of the same age as B and C is of the same age as B. Euclid’s which 
axiom illustrates the relative ages of A and C? 


(a) First axiom (b) Second axiom 
(c) Third axiom (d) Fourth axiom 


ANSWERS (MCQ) 
.(b) 2b) 3(.) 4b) 5 (a) 6b) 7(co) 8 (b) 


= 
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(d) 10.(a) 11. (c) 12. (d) 13.(a) 14. (c) 15. (b) 16. (a) 


.(c) 18. (b) 19. (d) 20. (d) 21. (c) 22. (c) 23. (c) 24. (c) 
.(c) 26. (b) 27. (a) 


HINTS TO SOME SELECTED QUESTIONS 


. In ancient India, the shapes of altars used for household rituals were squares and 


circles. 


. Inancient India, altars with combination of rectangles, triangles and trapeziums were 


used for public rituals. 


. There were nine interwoven isosceles triangles in Sriyantra. 

. The size of bricks in Indus Valley Civilization was 4 : 2 : 1. 

. Euclid divided his book ‘The Elements’ into 13 chapters. 

. Euclid belongs to Greece. 

. Thales belongs to Greece. 

. Pythagoras was a student of Thales. 

. A theorem needs a proof. 

. Lines are parallel if they do not intersect is stated as a definition. 

. Euclid stated that all right angles are equal to each other in the form of a postulate. 
. A pyramid is a solid figure whose base is any polygon. 

. The side faces of a pyramid are triangles. 

. A solid has 3 dimensions, namely length, breadth and height. 

. A surface has 2 dimensions namely, length and breadth. 

. A point has 0 dimensions. 

. Boundaries of solids are called surfaces. 

. Boundaries of surfaces are curves. 

. A unique plane passes through 3 given noncollinear points. 

. Axioms are assumed universal truths in all branches of mathematics. 
. The floor and the ceiling of a room are the parallel planes. 

. If two circles are equal, then their radii are equal. 


. A point C is called the midpoint of line segment AB, if C is an interior point of AB. 


such that AC = CB. 


. A point C is said to lie between A and B if the points A, C and B are collinear. 
. Second axiom states that if equals be added to equals, then wholes are equal. 
. Here (A = Band C = B) A-C. 


First axiom states that the things which are equal to the same thing are equal to one 
another. 
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REVIEW OF FACTS 
1. EUCLID'S AXIOMS 
(i) Things which are equal to the same thing are equal to one another. 
(ii) If equals are added to equals, the wholes are equal. 
(iii) If equals are subtracted from equals, the remainders are equal. 
(iv) Things which coincide with one another are equal to one another. 
(v) The whole is greater than the part. 


(vi) Things which are double of the same thing are equal to one 
another. 


(vii) Things which are halves of the same thing are equal to one 
another. 


2. EUCLID'S FIVE POSTULATES 
POSTULATE 1. A straight line may be drawn from one point to any other point. 


Given two distinct points, there is a unique line that passes through 
them. 


POSTULATE 2. A terminated line can be produced indefinitely. 
POSTULATE 3. A circle can be drawn with any centre and any radius. 
POSTULATE 4. All right angles are equal to one another. 


POSTULATE 5. For every line L and for every point P not lying on L, there exists 
a unique line M passing through P and parallel to L. 


3. INCIDENCE AXIOMS ON LINES 
(i) A line contains infinitely many points. 
(ii) Through a given point, infinitely many lines can be drawn. 


(iii) One and only one line can be drawn to pass through two given 
points A and B. 


4. (i) A solid has 3 dimensions, namely 
length, breadth and height. 


(ii) Boundaries of solids are called surfaces. 


(iii) Boundaries of surfaces are curves. 


(iv) A surface has 2 dimensions. EE B 


(v) A pyramid is a solid whose base is a 
polygon and whose side faces are triangles. 


Ù 


Lines and Angles 


BASIC TERMS AND DEFINITIONS 
ANGLE When two rays originate from the same end point, then an angle is 
formed. 


The rays making an angle are called the arms of the angle and the end point is 
called the vertex of the angle. 


=> > 

In the given figure, two rays AB and AC B 
originate from the same end point A, forming an 
angle denoted by ZBAC or ZCAB or ZA. 


=> > 
Clearly, AB and AC are the arms of this angle 
and A is its vertex. A C 


We measure an angle in degrees, denoted by ^?'. 
If ZA = 60°, we write, m(ZA) = 60°. 


VARIOUS TYPES OF ANGLES 
(i) ACUTE ANGLE An angle whose measure is more than 0° but less 

than 90° is called an acute angle. 

(ii) RIGHTANGLE An angle whose measure is 90° is called a right angle. 

(iii) OBTUSE ANGLE An angle whose measure is more than 90° but less 
than 180° is called an obtuse angle. 

(iv) STRAIGHTANGLE An angle whose measure is 180° is called a 
straight angle. 

(v) REFLEXANGLE An angle whose measure is more than 180° but less 
than 360° is called a reflex angle. 

(vi) COMPLETEANGLE An angle whose measure is 360° is called a 
complete angle. 


Acute angle Right angle Obtuse angle 
x? y o 
»- = 
A C A B A Cc 
(i) Acute angle (ii) Right angle (iii) Obtuse angle 


(0° < x° < 90°) (y? = 90°) (90° < z? < 180°) 
195 
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Straight angle - Reflex angle Complete angle 
Kx (^ x ze 
—- a 
B [9] A B 
(iv) Straight angle (vi) Complete angle 
(s? = 180°) (u° = 360°) 


(v) Reflex angle 
(180° « t? < 360°) 


EQUAL ANGLES Two angles are said to be equal, if they are B 
of the same measure. B 


Thus, ZA 2 ZB € m(ZA)=m(2ZB). 


— 
ANGLE BISECTOR A ray AD is said to be the bisector of 
BAC, if ZBAD = ZCAD. 
INTERIOR OF AN ANGLE The interior of ZBAC is the set of 
all points in its plane which lie on the same side of AB as C 
and also on the same side of AC as B. 


Interior 


EXTERIOR OF AN ANGLE The exterior of ZBAC is the set of of ZBAC 
all points in its plane which do not lie on the angle or in its A [e 


interior. 

Example In the given figure, the points D, E, F, G 
lie in the interior of ZBAC, while A, B, C, 
H lie on ZBAC. And, the points J, K, L lie 


in the exterior of ZBAC. 
COMPLEMENTARY ANGLES Two angles are said to be À é 
complementary, if the sum of their measures is 90°. L 


Two complementary angles are called the complement of each other. 
Example Angles measuring 65° and 25° are complementary angles. 


SUPPLEMENTARY ANGLES Two angles are said to be supplementary if the sum of 
their measures is 180°. 


Two supplementary angles are called the supplement of each other. 


Example Angles measuring 62° and 118° are supplementary angles. 


SOLVED EXAMPLES 


EXAMPLE1 Find the measure of an angle which is 24° more than its complement. 
SOLUTION Let the measure of the required angle be x°. 


Then, measure of its complement = (90 - x). 


EXAMPLE 2 


SOLUTION 


EXAMPLE 3 


SOLUTION 


EXAMPLE 4 


SOLUTION 


EXAMPLE 5 


SOLUTION 
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x — (90— x) = 24 2x = 114 x =57. 
Hence, the measure of the required angle is 57°. 
Find the measure of an angle which is 32? less than its supplement. 
Let the measure of the required angle be x?. 
Then, measure of its supplement = (180 - x)°. 
(180-x)-x232 > 2x 2148 > x=74. 


Hence, the measure of the required angle is 74°. 


Two supplementary angles are in the ratio 3 : 2. Find the angles. 


Let the measures of the given angles be (3x) and (xy 
respectively. 


Since the given angles are supplementary, we have 
3x + 2x = 180 5x = 180 x — 36. 


the measures of the given angles are (3X36)' and 
(2 x 36)°, i.e, 108? and 72? respectively. 


The supplement of an angle is one third of the given angle. Find the 
measures of the given angle and its supplement. 


Let the measure of the given angle be x°. 


Then, the measure of its supplement = (180 - x)”. 


180-x -ix => 3(180-x) =x 
> 540-3x-x 
4x = 540 x = 135. 
Hence, the measure of the given angle is 135° and the measure 
of its supplement is (180 — 135)? = 45°. 


Find the measure of an angle, if seven times its complement is 10° 
less than three times its supplement. 


Let the measure of the required angle be x°. 
Then, its complement = (90 - x)? 
and its supplement = (180 - x)*. 
7(90 — x) = 3(180 - x) - 10 
> 630-7x =540-3x-10 
4x = 100 x= 25. 


Hence, the measure of the required angle is 25°. 
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Secondary School Mathematics for Class 9 
EXERCISE 7A 
. Define the following terms: 
(i) Angle (ii) Interior of an angle 
(iii) Obtuse angle (iv) Reflex angle 
(v) Complementary angles (vi) Supplementary angles 
Find the complement of each of the following angles: 
(i) 55? (ii) 16° 
(iii) 90° (iv) i of a right angle 
. Find the supplement of each of the following angles: 
(i) 42° (ii) 90* 
(iii) 124? (iv) $ of a right angle 


Find the measure of an angle which is 

(i) equal to its complement, (ii) equal to its supplement. 
Find the measure of an angle which is 36? more than its complement. 
Find the measure of an angle which is 30? less than its supplement. 
Find the angle which is four times its complement. 
Find the angle which is five times its supplement. 
Find the angle whose supplement is four times its complement. 
Find the angle whose complement is one third of its supplement. 
Two complementary angles are in the ratio 4 : 5. Find the angles. 


. Find the value of x for which the angles (2x - 5)* and (x - 10)? are the 


complementary angles. 


ANSWERS (EXERCISE 7A) 


(i) 35° (ü) 74° (iii) 0° (iv) 30° 

(i) 138° (ii) 90° (iii) 56° (iv) 126° 

(i) 45° (iü) 90° 5. 63° 6. 75° 7. 72° 
150° 9. 60° 10. 45° 11. 40°,50° 12. x= 35 


HINTS TO SOME SELECTED QUESTIONS 


. x = (90 - x) + 36. Find x. 
. x = (180 - x) - 30. Find x. 
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7. x - A(90 - x). Find x. 
8. x - 5(180 - x). Find x. 
9. (180— x) = 4(90 — x). Find x. 


10. (90 - ) 5 (180 x) > 270—3x = 180- x. Find x. 


11. 4x + 5x = 90. Find x. 
12. (2x—5)+(x- 10) = 90. Find x. 


SOME ANGLE RELATIONS 
ADJACENT ANGLES Two angles are called adjacent angles, if 
(i) they have the same vertex, 
(ii) they have a common arm and 


(iii) their non-common arms are on either side of the 


B 
common arm. 
In the given figure, 7AOC and BOC are adjacent 
angles having the same vertex O, a common arm OC C 
and their non-common arms OA and OB on either 
side of OC. O A 


LINEAR PAIROFANGLES Two adjacent angles are said to form a linear pair of angles, 
if their non-common arms are two opposite rays. 
In the adjoining figure, ZAOC and ZBOC y 
are two adjacent angles whose non-common 
arms OA and OB are two opposite rays, i.e., 
BOA is a line. DE [e A 


ZAOC and BOC form a linear pair of angles. 


SOME RESULTS ON ANGLE RELATIONS 

THEOREM 1 Ifa ray stands on a line then the sum of the adjacent angles so formed 
is 180*. 

GIVEN A ray CD stands on a line AB such that ZACD and ZBCD are 

formed. 


TOPROVE ZACD+ Z BCD = 180°. ct b 
CONSTRUCTION Draw CE L AB. l 
PROOF ACD = ZACE+ ZECD ... (i) 

and ZBCD = ZBCE - ZECD. ... (ii) Br C B 
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Adding (i) and (ii), we get 
ACD + ZBCD = (ZACE + ZECD) + (ZBCE + ZECD) 
= LACE + ZBCE 
= (90° + 90°) = 180° [^ ZACE = ZBCE = 90°]. 
Hence, ZACD + ZBCD = 180°. 


REMARK We may state the above theorem as 

‘the sum of the angles of a linear pair is 180°. 
COROLLARY 1 Prove that the sum of all the angles formed on the same side of a line 

at a given point on the line is 180°. 
GIVEN. AOB is a straight line and rays OC, OD and 
OE stand on it, forming ZAOC, ZCOD, ZDOE and [o 
ZEOB. 
TOPROVE ZAOC+ ZCOD+ ZDOE+ EOB = 180°. , 
PROOF Ray OC stands on line AB. 
ZAOC + ZCOB = 180° 

= ZAOC+(ZCOD+ ZDOE + ZEOB) = 180° 
[^ ZCOB = ZCOD + ZDOE + ZEOB] = 180° 
> AOC + ZCOD + ZDOE + ZEOB = 180°. 
Hence, the sum of all the angles formed on the same side of line AB 
at a point O on it is 180°. 


COROLLARY 2 Prove that the sum of all angles around a point is 360°. 
GIVEN A point O and the rays OA, OB, OC and OD 
make angles around O. 

ToPROVE ZAOB+ ZBOC * ZCOD + ZAOD = 360°. 


CONSTRUCTION Produce ray OB backwards to a 2.4... 
point E such that EOB is a line. E 


PROOF Clearly, EOB is a straight line and the ray 
OA stands on it. 
Z AOE + ZAOB = 180°. ... (i) 
We know that the sum of all angles at a point on a given line on the 
same side of it, is 180°. 


BOC + ZCOD + ZDOE = 180°. ... (ii) 
Adding the corresponding sides of (i) and (ii), we get 
AOE + ZAOB + ZBOC + ZCOD + ZDOE = 360° 
> AOB + ZBOC + ZCOD + (ZAOE + ZDOE) = 360° 
> AOB + ZBOC + ZCOD + ZAOD = 360°. 
Hence, the sum of all the angles around a given point is 360°. 


Lines and Angles 201 


THEOREM 2 (Converse of Theorem 1) If the sum of two adjacent angles is 180° 
then the non-common arms of the angles are in a straight line. 

GIVEN. Two adjacent angles ZAOC and ZBOC with 

common arm OC such that Z AOC + Z BOC = 180°. 

TOPROVE OA and OB are in the same straight line, 

i.e., AOB is a straight line. < 


CONSTRUCTION If possible, let AOB be not a straight 
line. Then, produce AO to D so that AOD is a straight line. 
PROOF By our assumption, AOD is a straight line and ray OC stands on it. 
ZAOC + ZCOD = 180° [linear pair]. 
But, ZAOC + ZBOC = 180° [given]. 
AOC + COD = ZAOC + ZBOC [each equal to 180°]. 
So, ZCOD = ZBOC. 
But, this is not true, since a part cannot be equal to whole. 


our supposition is wrong. 
Hence, AOB is a straight line. 


VERTICALLY OPPOSITE ANGLES Two angles are called a pair of vertically opposite 
angles, if their arms form two pairs of opposite rays. 


Let two lines AB and CD intersect at a point O. | «4 
Then, two pairs of vertically opposite angles are O 
formed: G E 

(i) ZAOC and ZBOD (ii) ZAOD and ZBOC. 


THEOREM3  [ftwo lines intersect then the vertically opposite angles are equal. 
GIVEN Two lines AB and CD intersect at a point O. 
TOPROVE (i) ZAOC -ZBOD, (ii) ZAOD = ZBOC. 
PROOF Since ray OA stands on line CD, we have 
ZAOC + ZAOD = 180° [linear pair]. A D 
Again, ray OD stands on line AB. 
ZAOD + ZBOD = 180° [linear pair]. 
AOC + ZAOD=ZAOD+ ZBOD [each equal to 180°] 
ZAOC = ZBOD. 
Similarly, AOD = BOC. 


SOLVED EXAMPLES 


EXAMPLE 1 In the adjoining figure, AOB is a straight 
line. Find ZAOC and ZBOD. 
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SOLUTION 


EXAMPLE 2 


SOLUTION 


EXAMPLE 3 


SOLUTION 
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Since AOB is a straight line, the sum of all the angles on the 
same side of AOB at a point O on it, is 180°. 


x+65+ (2x — 20) = 180 
8x 2185 > x=45. 
ZAOC = x° = 45° and ZBOD = (2 X 45 - 20y = 70°. 


In the adjoining figure, what value of x 
will make AOB a straight line? 


AOB will be a straight line, if | C** 55 Ax - A 
Z AOC + ZBOC = 180°. A^ Q B 
(3x +5) + (2x - 25) = 180 
5x -200 > x= 40. 
Hence, x = 40 will make AOB a straight line. 
Calculate ZAOC, ZBOD and Z AOE in 
the adjoining figure, it is being given that 
ZCOD = 90°, BOE = 72° and AOB isa 
straight line. 


Since AOB is a straight line, the 
sum of all the angles on the lower 
side of AOB at a point O on it, 
is 180°. 

ZAOE + ZBOE = 180° 
> 3x+72=180 


C 


_ 108 _ 
3 


Again, AOB is a straight line and O is a point on it. 


3x = (180-72) = 108 > x 36. 


So, the sum of all angles on the upper side of AOB at a point 
O on it, is 180°. 
AOC + ZCOD + ZDOB = 180° 
=> x+90+y=180 
[^ ZAOC = x°, ZCOD = 90° and ZDOB = y°] 
=> 36+90+y=180 [~ x=36] 
= 126+y=180 > y= (180-126) = 54. 
ZAOC = x° = 36°, ZBOD = y° = 54°, 
ZAOE = (3x)° = (3 X 36)° = 108°. 


EXAMPLE 4 


SOLUTION 


EXAMPLE 5 


SOLUTION 


EXAMPLE 6 


SOLUTION 
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In the given figure, ray OC stands on a 
straight line AOB. Ray OD and ray OE 
are the bisectors of ZAOC and ZBOC 
respectively. Find the measure of ZDOE. 


TUA O B 
Since AOB is a straight line and the ray OC stands on it. 
ZAOC + ZBOC = 180° 


E 14AOC 4 ł2Bo0C = 90° 


= ZCOD+ ZCOE = 90° 
= ZDOE=90° [^ ZCOD + ZCOE = ZDOE}. 


Hence, the bisectors of a linear pair are at right angles. 


In the given figure, lines XY and LM 
intersect at O. If LXOL =a, LLOP =b, 
ZPOY = 90°, ZXOM = canda:b=2:3, 
find the value of c. 
It is given that a:b = 2:3. 
So, let a = (2x)° and b = (3xy*. 
In the given figure, ray OP stands on line XY. 
Z XOP + ZPOY = 180° 
ZXOL+ ZLOP + 90° = 180° [^ ZPOY = 90°] 
a+b+90 = 180 
at+b=90 
2x + 3x = 90 5x = 90 x=18. 
a = (xy = (2 X 18)° = 36° and b = (3x)° = (3 X 18)° = 54°. 
Again, ray OX stands on line LM. 
ZLOX + ZXOM = 180° 
=> at+c=180° 
=> 36°+c=180° > c= (180° - 36°) = 144°. 
Hence, c = 144°. 


U 44 


In the given figure, if x+y =z+w then prove that 
AOB is a line. 


We know that the sum of all the angles around 
a point is 360°. 
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xtyt+z+w = 360° 
=> (x+y)+(z+w)= 360° 
=> (x+y)+(x+y)= 360° [^ z+w=x+y] 
= 2(x+y)=360° > x+y= 180°. 
Hence, AOB is a straight line. 


EXAMPLE7 In the given figure, if P 
ZPQR 7 ZPRQ then prove 
that ZPQS = ZPRT. 


SOLUTION Since ray QP stands on 


line ST, we have BE Q R T 
ZPQR + ZPQS = 180°. sex C) 
Again, ray RP stands on line ST. 
ZPRQ * ZPRT = 180°. ... (ii) 


From (i) and (ii), we get 
PQR + ZPQS = ZPRQ + ZPRT 
> PRQ + ZPQS = ZPRQ+ ZPRT [^ ZPQR = ZPRQ] 
=> ZPQS-ZPRT. 
Hence, ZPQS = ZPRT. 


EXAMPLE8 In the given figure, ZXYZ=56° and XY is 
produced to a point P. If ray YQ bisects ZZYP, 
find ZXYQ and reflex ZQYP. 


SOLUTION Since XY is produced to point P, it follows 
that XP is a straight line and ray YZ stands 
on it. 


ZXYZ + ZZYP = 180° 
> 56°+ZZYP = 180° 
> ZZYP = (180° - 56°) = 124° 


> LZYQ=52ZYP = (5 x 124°) = 62°, 


XYQ = ZXYZ + ZZYQ = (56° + 62°) = 118°. 


Also, ZQYP = 1 ZZYP = (5 x 124°) = 62°. 


reflex ZOYP = 360° — ZQYP = (360 - 62)° = 298°. 


EXAMPLE 9 


SOLUTION 


EXAMPLE 10 


SOLUTION 


EXAMPLE 11 
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In the given figure, AB, CD and EF are 
three lines concurrent at O. Find the value 


of y. 
Lines EOF and AOB intersect each 
other at the point O. 

ZBOE = ZAOF = 5y. a (i) 


[vertically opposite angles] 


Also, the sum of all the angles formed on the upper side of 
COD at the point O is 180°. 


DOB + Z BOE + ZEOC = 180° 


= 2y+5y+2y = 180° [using (i)] 
9y = 180° > y= 20°. 
Hence, y = 20°. 
In the given figure, AB is a mirror, M 
PQ is the incident ray and QR, the p | R 
reflected ray. If ZPQR — 112^, find | 
ZPQA. 1e 
A Q B 


When a ray falls on a mirror, it is reflected and 
angle of incidence = angle of reflection = x? (say). 
QM is drawn normal to AB and therefore, 
angle of incidence = ZPQM, 
angle of reflection - ZMQR 
and ZAQM = 90°. 
Now, ZPQM + ZMQR = ZPQR = 112° (given) 
22PQM = 112° 
ZPQM = 56°. 
So, ZPQA = ZAQM - ZPQM = 90° - 56° = 34°. 


Prove that the bisectors of a pair of vertically opposite angles are in 
the same straight line. 


GIVEN Two lines AB and CD intersect at a point O. d 
Also, OE and OF are the bisectors of ZAOC and t B 


Z BOD respectively. 


o F 
A D 


TOPROVE EOF is a straight line. 


PROOF Since the sum of all the angles around a point is 360°, we have: 


AOC + ZBOC + ZBOD + ZAOD = 360° 
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=> ZAOC+2ZBOC + ZBOD = 360° 
[^ ZAOD = ZBCC (vert. opp. 4)] 
2ZEOC * 2ZBOC + 2Z BOF = 360° 
[- OE is the bisector of ZAOC and OF is the bisector of ZBOD] 
> EOC + ZBOC + ZBOF = 180° 
=  ZEOF - 1805, i.e., ZEOF is a straight angle. 
Hence, EOF is a straight line. 


U 


EXAMPLE 12 In the given figure, ray OC is the bisector 
of ZAOB and OD is the ray opposite to 
OC. Show that ZAOD = ZBOD. - 


SOLUTION Since OC is the bisector of ZAOB, 
we have 


ZBOC = ZAOC. s (i) 
Since ray OB stands on line DOC at a point O, we have 

ZBOC + ZBOD = 180°. ... (ii) 
Again, ray OA stands on line DOC at a point O, so we have 

ZAOC + ZAOD = 180°. ... (iii) 
From (ii) and (iii), we get 

AOC + LAOD = ZBOC + ZBOD 

> ZAOD=ZBOD [^ ZAOC = ZBOC from (i)]. 
Hence, ZAOD = ZBOD. 


EXERCISE 7B 


1. In the adjoining figure, AOB is a straight 


line. Find the value of x. S 
m 62^ d = 
A [e] B 
2. In the adjoining figure, AOB is a straight 
line. Find the value of x. Hence, find ZAOC E D 
and ZBOD. 55° 
_Bx=7) (x*209 


A (0) B 


10. 


. In the adjoining figure, AOB is a straight line. 


. In the adjoining figure, x: y : z = 5:4:6. If XOY 


. In the adjoining figure, three coplanar lines AB, 


. In the adjoining figure, three coplanar lines AB, 
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Find the value of x. Hence, find ZAOC, ZCOD 
and ZBOD. 


is a straight line, find the values of x, y and z. 


. In the adjoining figure, what value of x 


will make AOB, a straight line? 


(3x + 20) — (4x — 36)° 
= + + »- 


A o B 
. Two lines AB and CD intersect at O. If C B 
Z AOC = 50°, find ZAOD, ZBOD and ZBOC. 508 
O 
A D 


CD and FF intersect at a point O, forming angles 
as shown. Find the values of x, y, z and t. 


CD and FF intersect at a point O. Find the value 
of x. Hence, find ZAOD, ZCOE and Z AOE. 


. Two adjacent angles on a straight line are in the ratio 5 : 4. Find the 


measure of each one of these angles. 

If two straight lines intersect each other in such a way that one of the 
angles formed measures 90°, show that each of the remaining angles 
measures 90°. 
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11. 


12. 


13. 


14. 


15. 


16. 


oN DP we 


11. 
12. 
13. 
14. 
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Two lines AB and CD intersect at a point O such 
that ZBOC * ZAOD - 280^, as shown in the figure. 
Find all the four angles. 


Two lines AB and CD intersect each other at a 
point O such that ZAOC: ZAOD - 5:7. Find all 
the angles. 


Inthe given figure, three lines AB, CD and EF 
intersect at a point O such that ZAOE = 35° 
and ZBOD=40°. Find the measure of 
ZAOC, ZBOF, ZCOF and ZDOE. 


In the given figure, the two lines AB and 
CD intersect at a point O such that 
Z BOC - 125*. Find the values of x, y and z. 


If two straight lines intersect each other then prove that the ray opposite 
to the bisector of one of the angles so formed bisects the vertically 
opposite angle. 

Prove that the bisectors of two adjacent supplementary angles include 
a right angle. 


ANSWERS (EXERCISE 7B) 
118 2. x =28, LAOC = 77°, ZBOD = 48° 


. x =32, ZAOC = 103°, ZCOD = 45°, ZBOD = 32° 

. x = 60, y = 48, z = 72 5. x=28 

. LAOD = 130°, BOC = 130°, BOD = 50° 

. x = 40, y = 40, z = 50, t = 90 

. x = 18, ZAOD = 36°, ZCOE = 90°, ZAOE = 54° 9.100°, 80° 


ZBOC = 140°, ZAOD = 140°, ZAOC = 40°, ZBOD = 40° 
ZAOC = 75° = ZBOD, ZAOD = 105° = ZBOC 

ZAOC = 40°, ZBOF = 35°, ZCOF = 105°, ZDOE = 105° 
x= 55, y = 125, z = 55 


11. 


12. 


13. 


14. 


15. 
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HINTS TO SOME SELECTED QUESTIONS 


. Let x = (5t)°, y = (4t)? and z = (6t)°. 


xty+z=180° > 5t+4t+6t=180 > 15t=180 > t-12. 
x= (5X12) = 60°, y= (AX 12)° = 48° and z = (6X 12)? = 72°. 


. ZDOF = ZEOC = (5x [vertically opposite 4]. 


Now, EOF is a line. Sum of all angles above it is 180°. 

3x +5x+2x = 180 10x = 180 x= 18. 
ZBOF = (3 X 18)° = 54°, ZDOF = ZEOC = (5X18) = 90°, LAOD = (2 X 18)° = 36°. 
ZAOE = ZBOF = 54°, ZCOE = ZDOF = 90°. 


. 5x + Ax = 180 9x = 180 x= 20. 


So, the angles measure 100° and 80°. 

ZBOC = ZAOD [vertically opposite 4]. 
ZBOC = ZAOD = 140°. 
ZAOC + ZAOD = 180° ^ ZAOC + 140° = 180° = ZAOC = 40°. 
ZBOD = Z AOC = 40°. 

Let AOC = (5x)° and ZAOD = (7x)°. 

ZAOC + ZAOD = 180° 5x + 7x = 180 12x = 180 x= 15. 
ZAOC = (5 X15)? = 75° and ZAOD = (7 X15) = 105°. 
ZBOD = ZAOC = 75° [vertically opposite 4]. 

ZBOC = ZAOD = 105° [vertically opposite 4]. 

ZAOC = ZBOD = 40° [vertically opposite 4]. 

ZBOF = ZAOE = 35° [vertically opposite 4]. 


y = ZBOC = 125° [vertically opposite 4]. 
y+z=180° = 125°+z=180° > z=55°=x [vertically opposite 4]. 


Let the ray OE bisects AOC and ray OF be opposite to OE. 
Then, EOF is a straight line. 

21=Z4Aand 22=23._ [vert. opp. 4] 
But, Z1=22 > Z4- 73. 


RESULTS ON PARALLEL LINES 


PARALLEL LINES 1f two lines lie in the same plane and | —————— — — —* 


do not intersect when produced on either side then such 


m 


lines are said to be parallel to each other. 


TRANSVERSAL A straight line which cuts two or more straight lines at distinct 
points is called a transversal. 
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THE ANGLES FORMED WHEN A TRANSVERSAL CUTS TWO LINES 


Let AB and CD be two lines, cut by a transversal t 
t. Then, the following angles are formed. d 
2EM 
(i) Pairs of corresponding angles: x 3 E ^x 
4 
(41= 45); (44= Z8y; (42 = Z6) 
6 
and (Z3 = Z7). «4 FS — 
C 7TA D 


(ii) Pairs of alternate interior angles: (Z3, 25) and (Z4 = Z6). 


3 4 


5 6 


(iii) Pairs of consecutive interior angles (allied angles or conjoined 
angles): (Z4 = Z5) and (Z3, 46). 


REMARKS We shall abbreviate as follows: 
(i) Corresponding angles as corres. £. 
(ii) Alternate interior angles as alt. int. A. 


(iii) Consecutive interior angles as co. int. A. 


CORRESPONDING ANGLES AXIOM 


If a transversal cuts two parallel lines then each pair of corresponding 
angles are equal. 


Conversely, if a transversal cuts two lines, making a pair of corresponding 
angles equal, then the lines are parallel. 


Thus, whenever AB || CD are cut by a transversal t, then <1 = Z5; Z4 = Z8; 
2=Z6and 23 = Z7. 
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On the other hand, if a transversal t cuts two lines AB and CD such that 
(Z1 = 45) or (Z4 = Z8) or (Z2 = Z6) or (Z3 = Z7) then AB | CD. 


THEOREM 1 Ifa transversal intersects two parallel lines then alternate angles of 
each pair of interior angles are equal. 


GIVEN AB||CD and a transversal t cuts AB at E and CD at F, forming two 
pairs of alternate interior angles, namely (Z3, Z5) and (Z4 = Z6). 


TO PROVE 3-Z75and Z4- Z6. 


PROOF We have: t 
43=21 (vert. opp. 4) PE vef ET 
and 41=45 (corres. 4). ^ d a B 
£3 = 25. c s 
Again, 24=22 (vert. opp. 4) T6 UA D 
and  Z2-7Z06 (corres. 4). a 
Z4 - 26. 


Hence, Z3 = Z5 and Z4 = Z6. 


THEOREM2 If a transversal intersects two parallel lines then each pair of 
consecutive interior angles are supplementary. 


GIVEN AB||CD and a transversal t cuts AB at E and CD at F, forming two 
pairs of consecutive interior angles, namely (Z3, Z6) and (Z4, Z5). 
TOPROVE 43+ 46=180° and 24+ 45 = 180°. 


PROOF Since ray EF stands on line AB, we 
have: 23+ Z4— 180° (linear pair). 


But, 24=26 (alt. int. 4) 
23+ 26 = 180°. 
Again, since ray FE stands on line CD, D 


we have: Z6 + 25 = 180°. 

But, 26= 24 (alt. int. 4) 
Z4+ Z5 = 180°. 

Hence, Z3 + Z6 = 180° and Z4 + Z5 = 180°. 


THEOREM3 (Converse of Theorem 1) Ifa transversal intersects two lines, making 
a pair of alternate interior angles equal, then the two lines are 
parallel. 

GIVEN A transversal f cuts two lines AB and CD at E and F respectively 

such that Z3 = Z5. 


TOPROVE AB||CD. 
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PROOF Wehave: 43=25 (given). 
But, 23= 71 (vert. opp. 4) 


AL =Z5. A 
But, these are corresponding angles. ^ 
AB|CD (by corres. 4 axiom). = if : ma 


THEOREM4 (Converse of Theorem 2) If a transversal intersects two lines in such 
a way that a pair of consecutive interior angles are supplementary 
then the two lines are parallel. 


GIVEN A transversal cuts two lines AB and CD at E and F respectively such 
that Z4 + 25 = 180°. 


TOPROVE AB||CD. 


PROOF Since ray EB stands on line t, we have: 


21+ 24=180° (linear pair) á = 
and 74+ 45=180° (given). " B 
n 1+ Z4= 44+ 45, 
This gives, Z1 = 45. BE D' 


But, these are corresponding angles. 
AB|CD (by corres. 4 axiom). 


SOLVED EXAMPLES 


EXAMPLE 1 Prove that the two lines which are both parallel to the same line are 
parallel to one another. 


GIVEN Three lines l, m, n such that [| n and m || n. 
TOPROVE l||m. 


CONSTRUCTION Draw a transversal t, cutting l, m,n at E, F, G respectively. 


PROOF Since /||m and transversal f cuts t 
them at E and G respectively, so E re 
< »-L 
Z1-7Z3 (corres. 4). ve 


Again m||n and transversal t cuts =m 


them at F and G respectively, so - " -n 
22=2Z3 (corres. 4). 
41=22 (each equal to Z3). 


But these are corresponding angles formed when the transversal t 
cuts / and m at E and F respectively. 


lm (by corres. 4 axiom). 
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EXAMPLE 2 Ifa line is perpendicular to one of the two given parallel lines then 
prove that it is also perpendicular to the other line. 
GIVEN. l, m, n are three lines such that m || n and 1 L m. AL 
TOPROVE [|lm. 
PROOF Since! L m, we have: Z1 = 90°. o- oc 
Now, m || n and the transversal / cuts them. <2 mq 
22=21 (corres. 4) 
22=90° [- 21=90°]. 
Hence, I Ln. 


Y 


EXAMPLE3 If two parallel lines are intersected by a transversal then prove that 
the bisectors of any pair of alternate interior angles are parallel. 


GIVEN AB||CD are cut by a transversal t at E and F respectively; EG and 
FH are the bisectors of a pair of alt. int. 4, ZAEF and ZEFD respectively. 
ToPROVE EG|| FH. 
PROOF Since AB || CD and t is a transversal, 
we have: =< 
ZAEF=ZEFD  falt. int. 4] 


pee 


> ZGEF=ZEFH. 


But, these are alternate interior angles formed when the transversal 
EF cuts EG and FH. 


EG || FH. 


EXAMPLE 4 If the bisectors of a pair of corresponding angles formed by a 
transversal with two given lines are parallel, prove that the given 
lines are parallel. 


GIVEN A transversal PQ cuts two lines AB and CD at E and F respectively. 
EG and FH are the bisectors of a pair of corresponding angles ZPEB and 
Z EFD respectively such that EG || FH. 
TOPROVE AB||CD. 
PROOF  EG||FH are cut by the transversal EF. ~< i 
<. ZPEG=ZEFH (corres. 4) 
=  ZGEB-ZHFD 
= 2ZGEB-2ZHFD 6 
= ZPEB-ZEFD 


v ZGEB = >2PEB and ZHED= Í ZEFD : 
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But, these are corresponding angles when AB and CD are cut by 
the transversal PQ. 


AB||CD (by corres. 4 axiom). 


EXAMPLE5 Jf two parallel lines are intersected by a transversal, prove that the 
bisectors of the two pairs of interior angles enclose a rectangle. 


GIVEN. AB||CD and a transversal t cuts them t 
at E and F respectively. EG, FG, EH and FH E 
are the bisectors of the interior angles ZAEF, 77 Bom 
ZCFE, ZBEF and ZEFD respectively. m 
G 
TOPROVE EGFH isa rectangle. -i à aa 


PROOF AB||CD and the transversal t cuts 
them at E and F respectively. 
ZAEF-ZEFD  [alt. int. 4] 
= izaArrF-lzEFD > ZGEF-ZEFH. 
But, these are alternate interior angles formed when the transversal 
EF cuts EG and FH. 
EG || FH. Similarly, EH || FG. 
EGFH is a parallelogram. 
Now, ray EF stands on line AB. 
ZAEF+ ZBEF=180° (linear pair) 


> IZAEF + Í /BEF =90° = ZGEF+ ZHEF = 90° 


> ZGEH=90° [- ZGEF* ZHEF = ZGEH]. 
Thus, EGFH is a parallelogram, one of whose angles is 90*. 
Hence, EGFH is a rectangle. 


EXAMPLE6 In the given figure, l||m and 
a transversal t cuts them. If 


21=70°, find the measure of = om 
each of the remaining marked 
angles. a Em 


SOLUTION Clearly, a ray t stands on 
line / making adjacent angles 
Z1and 22. 


21+ 22=180° = 70° + Z2 = 180? 
> £2 = (180° - 70°) = 110°. 
24=22=110° [vertically opposite 4] 
and Z3-71-70* [vertically opposite 4]. 
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Now, ||| m and t is the transversal. 
2Z5=23=70° [alternate interior 4], 
Z6-724-110* [alternate interior 4], 
27=243=70° [corresponding 4] 
and 48 = 24=110° [corresponding 4]. 
22=110°, 23 = 70°, Z4- 110°, 25 = 70°, Z6 = 110°, 
Z7 = 70° and Z8 = 110°. 
EXAMPLE7 In the given figure, l | mand a transversal 


t cuts them. If 41:22=5:4, find the 
measure of each of the marked angles. 


SOLUTION Let Z1 = (bx)? and Z2 = (Axy. Spe m 
Clearly, the ray t stands on line /. "P 
21+ 22=180° > 5x+4x = 180 
9x 2180 > x= 20. 
21 = (5 X 20)° = 100° and Z2 = (4 X 20)° = 80°. 
Now, 43 = 41 = 100° [vertically opposite 4] 
24-22-80? [vertically opposite 4]. 
Now, l || m and t is the transversal. 
Z5-227371]00* [alternate interior 4] 
Z6-724-80? [alternate interior 4] 
Z7-298-100* [corresponding 4] 
28 = 24=80° [corresponding 4] 
Z1 = 100°, 22 = 80°, Z3 = 100°, Z4 = 80° 
Z5 = 100°, Z6 = 80°, Z7 = 100°, Z8 = 80°. 


EXAMPLE8 In the given figure, AB||CD and A B 
ZAOC-x. If ZOAB=104° and 104° 
ZOCD = 116°, find the value of x. obe 
116° 
[e D 


SOLUTION Through O draw OE || AB | CD. 
Then, ZAOE + ZCOE = x°. 
Now, AB || OE and AO is the transversal. o 
ZOAB + ZAOE = 180° 
=> 104°+ ZAOE = 180° 
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= ZAOE = (180-104) = 76°. 
Again, CD || OE and OC is the transversal. 
ZCOE + ZOCD = 180° 
=> ZCOE+116° = 180° 
=  ZCOE = (180° - 116°) = 64°. 
AOC = ZAOE + ZCOE = (76° + 64°) = 140°. 


Hence, x = 140. 
EXAMPLE9 In the given figure, AB|JCD, ZABO=40°, A B 
ZCDO = 35°. Find the value of the reflex 40° 
ZBOD and hence the value of x. x? 
35* 
C D 


SOLUTION Through O, draw EO || AB || CD. 
Then, ZEOB + ZEOD = x*. 
Now, AB || EO and BO is the transversal. 
ZABO + ZBOE 7180? [consecutive int. 4] 
=>  40*- ZBOE - 180* 
=  ZBOE = (180° - 40°) = 140°. 
Again, CD || EO and OD is the transversal. 
- ZEOD+ ZODC = 180° 
=> ZEOD+35° = 180° 
= ZEOD = (180° - 35°) = 145°. 
reflex BOD = x? = (ZBOE+ ZEOD) 
= (140° + 145°) = 285°. 


A B 


Hence, x = 285. 


EXAMPLE 10 In the given figure, AB || CD || EF, 
PQ||RS, ZRQD-25* and 


ZCQP - 60*. Find ZQRS. <4 Rc 

SOLUTION CD is a line and the ray QP «E Q25 Pe 
stands on it. E " F 

ZCQP + ZPQD = 180° 7 p = 


=> 60°+ZPQD = 180° 
=> ZPQD = (180° - 60°) = 120°. 

PQR = ZPQD + ZRQD = (120° + 25°) = 145°. 
Now, PQ || RS and QR is the transversal. 


EXAMPLE 11 


SOLUTION 


EXAMPLE 12 


SOLUTION 
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ZQRS = ZPQR = 145° [alternate interior 4]. 
Hence, ZQRS = 145°. 
In the given figure, AB||CD, 


ZABE = 120°, ZECD = 100° and 
ZBEC = x°. Find the value of x. 


Through E, draw FEG || AB || CD. A " C D 


Now, FE||AB and BE is the 
transversal. 


ZBEF + Z ABE = 180° TF E G 
[co-interior 4] 

=> ZBEF+120° = 180° 
=> ZBEF= (180° - 120?) = 60°. 
Again, CD || EG and CE is the transversal. 

ZCEG * ZECD = 180° [co-interior 4] 
= ZCEG+100° = 180° 
=  ZCEG = (180° - 100°) = 80°. 
Now, FEG is a straight line. 

BEF + ZBEC + ZCEG = 180° 

=> 60°+x°+80° =180° > x+140=180 > x=40. 
Hence, x = 40. 


In the given figure, AB||CD, E 
ZBAE-50, ZAEC=x° and x g 
ZECD = 100°. Find the value of x. 100 
C D 
50° 
A B 


Through E, draw a line 
GEH || AB || CD. 


Now, GE|| AB and EA is the 
transversal. 
ZGEA = ZEAB = 50° [alt. int. 4]. 
Again, EH || CD and EC is the transversal. 
ZHEC+ ZECD = 180°  [co.int. 4] 
= ZHEC+100° =180° > ZHEC = 80°. 
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Now, GEH is a straight line. 

GEA + ZAEC+ ZHEC = 180° [straight angle] 
=> 50°+x°+80° = 180° > x° =50°. 
Hence, x = 50. 


EXAMPLE 13 In the given figure, AB|| CD, ZEAB = 105°, 
ZAEC =25° and ZECD=x°. Find the 
value of x. 


SOLUTION From E, draw EF || AB || CD. 

Now, EF | CD and CE is the transversal. 
ZDCE + ZCEF = 180° [co. int. A] 

=> x*'*ZCEF = 180° 

= ZCEF - (180° - x°). 

Again, EF || AB and AE is the transversal. 
ZBAE + ZAEF = 180° [co. int. 4] 

=> 105°+ ZAEC + ZCEF = 180° 

=> 105° +25° + (180° — x°) = 180° 

> x°=130°. 

Hence, x = 130. 


EXAMPLE 14 Two plane mirrors, m and n, are C 
placed parallel to each other as 
shown in the figure. A ray AB is 
incident on the first mirror. It is 
reflected twice and emerges in the 
direction CD. Prove that AB || CD. 


GIVEN. Two mirrors m and n such that m || n. The paths taken by the incident 
ray AB after reflections at m and n are BC and CD respectively. Also, BM 
and CN are normals to m and n respectively. 
TOPROVE AB||CD. 
PROOF Since m||n and CN L n, therefore, CN L m. 

Now, BM .L m and CN Lm > BM |CN. 

Now, BM || CN and BC is a transversal. 

Z2-7Z73 [alt. int. 4]. 
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But, 71 = 22 and 23= 24 [by laws of reflection] 
> £1+22=2(22) and 23+ 24=2(23) 
> 21422= 234+24 Į" 22=23 > 2(22)=2(23)] 
=> ZABC=ZBCD. 
But, these are alternate interior angles formed when lines AB and 
CD are cut by the transversal BC. 
AB || CD. 


EXAMPLE 15 If the arms of one angle are respectively parallel to the arms of another 
angle, show that the two angles are either equal or supplementary. 


GIVEN Two angles ZABC and Z DEF such that BA || ED and BC || EF. 
TOPROVE ZABC - ZDEF or ZABC + ZDEF = 180°. 


PROOF The arms of the angles may be parallel in the same sense or in the 
Opposite sense. So, three cases arise. 


A D 
/ " 
> 
B G C 


() (ii) (ii) 


Casel When both pairs of arms are parallel in same sense [Fig. (i)]: 
In this case, BA || ED and BC is the transversal. 
ZABC-Z1 (corres. 4). 
Again, BC || EF and DE is the transversal. 
Z1=ZDEF (corres. 4). 
Hence, ZABC = ZDEF. 
Casell When both pairs of arms are parallel in opposite sense [Fig. (ii)]: 
In this case, BA || ED and BC is the transversal. 
ZABC=41 (corres. 4). 
Again, FE || BC and ED is the transversal. 
ZDEF=1 (alt. int. 4). 
Hence, ZABC = ZDEF. 
Caselll When one pair of arms are parallel in same sense and other pair 
parallel in opposite sense: [Fig. (iii)] 
In this case, BA || ED and BC is the transversal. 
ZEGB=ZABC [Alt. Int. 4]. 
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Now, BC || EF and DE is the transversal. 

ZDEF + ZEGB = 180° [Co. Int. 4] 
=> ZDEF+ ZABC=180° [- ZEGB- ZABC]. 
Hence, Z ABC and ZDEF are supplementary. 


EXAMPLE 16 Prove that the opposite angles of a parallelogram are equal. 


GIVEN A |gm ABCD in which AB || DC and AD || BC. 
TO PROVE A 7 ZC and ZB = ZD. 


PROOF AB|| DC and AD is a transversal, 
ZBAD + ZADC = 180°. 
Again, AD || BC and DC is a transversal. 
ZADC + ZDCB = 180°. 
From (i) and (ii), we get D - 


.. ii) 
C 


BAD + ZADC = ZADC + ZDCB 
^ ZBAD=ZDCB > ZA=ZC. 
Similarly, ZB = ZD. 


Hence, ZA = ZC and ZB = ZD. A B 
EXAMPLE 17 In the given figure, AB| CD||EF, 4 A 
ZDBG=x, ZEDH =y, ZAEB=z, ^ z z 


ZEAB - 90? and ZBEF = 65°. Find 


the values of x, y and z. GP Y 
B E 


SOLUTION  EF||CD and ED is the transversal. 

ZFED+ ZEDH =180° [co-interior 4] 

> 65°+y=180° > y= (180° — 65°) = 115°. 

Now, CH || AG and DB is the transversal. 
x=y=115° [corresponding 4]. 

Now, ABG is a straight line. 

. ZABE+ ZEBG = 180° [linear pair] 

=> ZABE+x=180° 

=> ZABE+115° = 180° 

=> ZABE = (180° - 115°) = 65°. 


We know that the sum of the angles of a triangle is 180°. 


From AEAB, we get 
EAB + ZABE + ZBEA = 180° 
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=> 90° +65° +z = 180° 
> z= (180° — 155°) = 25°. 
x= 115°, y=115° and z = 25°. 
EXAMPLE 18 In the given figure, AB || DE. Prove that: D E 
ZABC + ZBCD = 180° + ZCDE. 


A B 
CONSTRUCTION Draw CF || BA. 
PROOF CF||BA and CB is the transversal. 
ZABC + ZBCF = 180° ... (i) [co-interior 4]. 
Again, FC || DE and DC is the transversal. 
ZFCD = ZCDE -.. (ii) [alternate interior 4]. 


Adding the corresponding sides of (i) and (ii), we get 
ZABC + (ZBCF + ZFCD) = 180° + ZCDE. 
=> ZABC+ZBCD = 180° + ZCDE. 


EXAMPLE 19 In the given figure, Z ABC = 80° 


and ZDEF = 45°. The arms DE Í j 
and EF of ZDEF cut BC at P 
and Q respectively. Prove that j 
PD || BA. 80° 
B P 39a c6 
452 


SOLUTION Let ZEPQ = x°. 
We know that the sum of the angles of a triangle is 180°. 
EPQ + ZPEQ + ZEQP = 180° 
> ZEPQ+45°+35° = 180° 
= ZEPQ= (180° - 80°) = 100°. 
Now, EPD is a straight line. 
ZEPQ+ ZDPQ = 180° = 100° + ZDPQ = 180° 
= ZDPQ = (180° — 100°) = 80°. 
Thus, ZABP = ZDPQ [each equal to 80°]. 
But, these are corresponding angles. 
Hence, PD || BA. 
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EXAMPLE 20 In the given figure, AB || CD and 
ZCDP = 35°. PD is produced 
downwards to meet AB at E and 
ZBEF=75°. If DQ|EF, find C 


ZAED, ZDEF and ZPDQ. " 


SOLUTION AB||CD and PDE is the transversal. 
ZAED = ZCDP = 35° [corresponding 4]. 
Now, AB is a straight line and ray PDE stands on it. 
AED + ZDEF + ZBEF = 180° 
=> 35°+ ZDEF +75° = 180° 
=>  ZDEF = (180° - 110°) = 70°. 
Now, DQ || EF and PDE is the transversal. 
ZPDQ = ZDEF =70° [corresponding 4]. 
Thus, ZAED = 35°, ZDEF = 70° and ZPDQ = 70°. 


EXAMPLE 21 In the given figure, AB ||CD, LA =90° E 
and ZAEC = 40°. Find ZECD. 


SOLUTION Through C draw CF|| AE, cutting 
AB at G. 


Now, CF|AE and EC is the 
transversal. 


ZECG = ZAEC = 40° [alternate int. 4]. 
Now, CF || AE and AGB is a transversal. 
ZFGB = ZEAG = 90° [corresponding 4] 
Again, AB || CD and GC is the transversal. 
ZGCD = ZFGB = 90° [corresponding 4] 
ECD = Z ECG + ZGCD = (40° + 90°) = 130°. 
Hence, ZECD = 130°. 


EXAMPLE 22 In the given figure, AB|CD, ,^ G F B 
ZGED = 125? and EF | CD. Find 
ZAGE, ZGEF and ZFGE. 
SOLUTION AB || CD and GE is the transversal. 125° 
ZAGE = ZGED = 125° e E D 


[alternate interior 4] 
and ZGEF = (ZGED - ZFED) = (125° - 90°) = 35°. 
Now, AB||CD and EF is the transversal. 


un 


N 


o 


. In the given figure, | m and a transversal 


. In the given figure, || rm and a transversal 


. In the given figure, || rm and a transversal 
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ZBFE + ZFED = 180° [sum of int. 4] 
=> ZBFE+90° =180° => ZBFE - 90*. 
Now, AB is a straight line and EF stands on it. 

ZGFE + ZBFE = 180° > ZGFE -* 90? = 180° 

=> ZGFE = (180° - 90°) = 90°. 
We know that the sum of the angles of a triangle is 180°. 
In AGEF, we have 
GEF + ZEFG+ ZFGE = 180° 

=> 35°+90° + ZFGE = 180° 
= ZFGE= (180° - 125°) = 55°. 
Hence, Z AGE = 125°, ZGEF = 35° and ZFGE = 55°. 


EXERCISE 7C 


t cuts them. If Z1 = 120°, find the measure 
of each of the remaining marked angles. 


t cuts them. If Z7 = 80°, find the measure 
of each of the remaining marked angles. 


t cuts them. If Z1:Z2-2:3, find the rage 
measure of each of the marked angles. B St 
ES » m 

. For what value of x will the lines / and m [4 
be parallel to each other? a (3x-20*. | 


(2x + 10)° 


= =m 
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5. For what value of x will the lines / and m be parallel to each other? 


6. In the given figure, AB || CD and BC || ED. Find the value of x. 


A 


> 


759 
> 
E D 


7. In the given figure, AB || CD || EF. Find the value of x. 


8. In the given figure, AB || CD. Find the values of x, y and z. 


A 


9. In each of the figures given below, AB || CD. Find the value of x in 


each case. 
A B 
> 
35? 
Ex? 
65° 


(i) 


(iii) 


Lines and Angles 225 


10. In the given figure, AB || CD. Find the value of x. 
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14. In the given figure, AB || CD. Find the value of x, y and z. 
B 


A (03 


15. In the given figure, AB | CD. Prove that ZBAE - ZECD = Z AEC. 


D 


E C 
16. In the given figure, AB || CD. Prove that p +q ~r = 180. 
A 


= 


18. In the given figure, AB||CD and a 
transversal t cuts them at E and F 


respectively. If EG and FG are the bisectors ~~ aS 
of ZBEF and ZEFD respectively, prove 
that ZEGF - 90*. G 
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19. In the given figure, AB|CD and a 
transversal t cuts them at E and F 


B 
respectively. If EP and FQ are the bisectors ~“ ids 
of ZAEF and ZEFD respectively, prove 
that EP | FQ. 

—= D »-— 


20. In the given figure, BA | ED and BC | EF. Show that ZABC = Z DEF. 


A D 


m 


F 
B C 


21. In the given figure, BA||ED and BC|/EF. Show that 
ZABC + ZDEF = 180°. 


E F 
A 

D 
B C 


22. In the given figure, m and n are two plane 
mirrors perpendicular to each other. Show 
that the incident ray CA is parallel to the 
reflected ray BD. 


23. In the figure given below, state which lines are parallel and why? 


E 
80? 
/ 1102 
4 
B 


D 
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24. Two lines are respectively perpendicular to two parallel lines. Show 
that they are parallel to each other. 


ANSWERS (EXERCISE 7C) 


1. 22 = 60°, 23 = 120°, 724 = 60°, 25 = 120°, 26 = 60°, Z7 = 120°, Z8 = 60° 
2. 21 = 80°, <2 = 100°, 23 = 80°, ZA = 100°, Z5 = 80°, Z6 = 100°, Z8 = 100° 
3. Z1 = 72°, 22 = 108°, 23 = 72°, Z4 = 108°, 25 = 72°, 26 = 108°, 

Z7 = 72°, Z8 = 108° 


4. x =30 5. x=25 6. x = 105 7. x =20 

8. x = 105, y = 75, z = 50 9. (i)x=100 (ii)x=280 (iii) x = 120 
10. x= 110 11. x = 70, y - 50 12. x » 45 13. x - 20 

14. x = 35, y = 70, z = 75 17. x = 60, y = 60, z = 70, t = 70 


23. AB ||CD, DE not parallel to AC 


HINTS TO SOME SELECTED QUESTIONS 


2. 25=27=80° [vert. opp. 4]. 
Z1-725-80* [corresponding 4]. 
<1 = 80°, Z2 = 100°, and so on. 
3. Let Z1 = 2x)? and Z2 = (3x)°. 
Then, 2x + 3x = 180 5x = 180 x = 36. 
<1 = 72°, 22 = 108°, and so on. 


4. Corresponding angles are equal. 
3x-20=2x+10 > x=30. 


5. Sum of consecutive interior angles is 180°. 

3x+5+4x = 180 7x = 175 x= 25. 
ZBCD + ZCDE = 180° ^ ZBCD *75* = 180° > ZBCD = 105°. 
ZABC = ZBCD [alternate interior 4] = x? = 105°. 


9 


7. EF||CD and EC is the transversal. 
ZECD + ZCEF = 180° ^ ZECD * 130* = 180° = ZECD = 50°. 
ZABC-ZBCD [alternate int. 4] 70 =x+50 x = 20. 


9o 


75° =y° [alternate int. 4] > y=75. 
ZEGF + ZEGD = 180° > ZEGF+125° = 180° > ZEGF = 55°. 
z? +y° +55° = 180° > z+75+55=180 > z=50. 
xt+y=180° > x+75=180 > x=105. 

x= 105, y = 75 and z = 50. 
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9. (i) Draw EF II ABIICD. 
ZBEEF = ZABE =35° [alt.int. 4]. 
ZDEEF = ZCDE = 65° [alt int. A]. 
x° = (ZBEF + ZDEE) = (35° + 65°) = 100°. 


(ii) AB || EO and BO is the transversal. 
ZABO + ZEOB = 180° 
=> 55*-ZEOB-180*  ZEOB = 125°. 
CD || EO and DO is the transversal. 
ZCDO + ZEOD = 180° 
= 25°+ ZEOD=180° > ZEOD = 155° 
x° = (125° + 155°) = 280°. 
(iii) Draw EF || AB||CD. 
ZBAE + ZAEF = 180° 
^ 116°+ ZAEF=180° => ZAEB = 64°. 
ZCEF + ZECD = 180° => ZCEB = (180° - 124°) = 56°. 
x? = (64° + 56°) = 120°. 
10. Draw EF || AB || CD. 


ZDCB + ZCEF = 180° 

= 130°+ ZCEF = 180° > ZCEF = 50°. 
AB || EF and AE is the transversal. 
ZBAE + ZAEF = 180° 

=> x+(20°+50°) =180° > x° =110°. 


11. 75° +20° + ZGEF = 180° = ZGEF = 85°. 
Sum of the angles of a triangle is 180°. 
85+x+25=180 > x= (180-110) = 70. 
25°+y° =75° [corresponding 4] > y=50. 
12. AB||CD and AC cuts them. 
ZBAC + ZACD = 180° 
= 75°+ ZACD = 180° ^ ZACD = 105°. 
ZECF = ZACD = 105°. 
Sum of the angles of a triangle is 180°. 
105° + 30° + x° = 180° => x= (180-135) = 45. 
13. ZQGH = ZGEF = (180-85) 295? [corresponding 4]. 
ZCHQ + ZGHQ = 180° = 115° + ZGHQ = 180° 
ZGHQ = (180° - 115°) = 65°. 
95+65+x=180 > x= (180—160) = 20. 
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14. 


15. 


16. 


17. 


18. 


19. 
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AB ||CD and AC is the transversal. 
x° =35° [alt. int. 4]. 
AB || CD and AD is the transversal. 
z=75 [alt. int. 4]. 
x+y+75=180 > 35+y+75=180 > y=70. 
x =35, y = 70 and z =75. 
Through E, draw EF || AB || CD. D 


EF || CD and EC is the transversal. B 
ZCEF + ZECD = 180°. Le 
AB || EF and EA is the transversal. \ 
ZBAE + ZAEF = 180°. ^ 
So, ZCEF* ZECD = ZBAE + ZAEF X 
> BAE - ZECD = ZCEF - Z AFF = Z AEC. E C 


Draw HF || AB || CD. 

p° + <1 = 180°, (180° - r°) + Z2 = 180°. 

p?+ 41+ 22-r° =180° [adding] 
p*q-r-180 [^ Zz1*22-2 4°]. 


x-60 [vert. opp. 4] 

ZQPR = (180° - 110°) = 70° = ZBQS =z° [corresponding 4] 
x°+ZQRS=110° [alt. int. 4] > 60° + ZQRS = 110° 

=> ZQRS=50°. 

x° + ZQRS + t° = 180° [consecutive int. 4] 

=> 110°+t?=180° > t-70. 

y + ZQRS + P? = 180° > y°+50°+70° = 180° > y=60. 


ZBEF + ZDFE = 180° 


1 1 o 
7 <BEF + 2 ZDFE - 90 
=>  ZGEF-*ZGFE = 90°. 
In AEGF, we have 


ZGEF + ZGFE + ZEGF = 180° > ZEGF = 90°. 
AB || CD and t is the transversal. 


ZAEF-ZEFD  [alt. int. 4] 


le digest 
> 34AEF = 5 ZEFD 


=> ZFEP=ZEFQ. 
But these are alternate interior angles. 
Hence, EP || FQ. 


20. 


2]. 


22. 


23. 


24. 
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Produce DE to meet BC at P. 


BA || PD and BPC is the transversal. 
ZABC=ZDPC [corresponding 4]. 

EF | BC and DP is the transversal. 
ZDPC-ZDEF [corresponding 4]. 

Hence, ZABC = ZDEF. 

Produce ED to meet BC at P. 

AB || PE and BPC is the transversal. 
ZABP + ZBPE = 180° 


=> ZABC+ ZBPE= 180°. ... (i) 
Now, EF || BPC and EP is the transversal. 
BPE-ZPEF => ZBPE-ZDEF.  ...(ii) 


Hence, ABC + ZDEF = 180° [using (ii)]. 
Let the normals at A and B meet at P. 
Since angle of incidence = angle of reflection, we have 
Z1-Z2and Z4- Z3. 
As the mirrors are perpendicular to each other, we have 
BP || OA and AP || OB. 
Since BP L PA, we have ZAPB = 90°. 
22+ 23 =90°. 
41+ Z4= 224+ 23=90°. 
So, 21+ 22+ 23+ Z4 = 180°. 
ZCAB + ZABD = 180°. 
Hence, AC || BD. 
Since ZBAC-ZACD, which are alternate angles, 
ZACD + ZCDE = (110° + 80°) = 190° # 180°. 
DE and AC are not parallel. 
Let / || mand let p L l and q L m. Then, Z1 = 90° and Z3 = 90°. 


Now, || m and p is a transversal. 


so 
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AB||CD. But, 


22=21=90°. 
Also, 23 = 90° (given) 


23=22 (each=90°) 2 
But these are corresponding angles. 
plig. 


MULTIPLE-CHOICE QUESTIONS (MCQ) 


Choose the correct option in each of the following questions: 


1. If one angle of a triangle is equal to the sum of the other two angles, 


then the triangle is 


232 


o 
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oo 
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10. 
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(a) an isosceles triangle (b) an obtuse triangle 
(c) an equilateral triangle (d) a right triangle 


. An exterior angle of a triangle is 110? and its two interior opposite 


angles are equal. Each of these equal angles is 


o 


(a) 70° (b) 55° (c) 35° (a) 275 
. The angles of a triangle are in the ratio 3 : 5 : 7. The triangle is 

(a) acute angled (b) obtuse angled 

(c) right angled (d) an isosceles triangle 


. If one of the angles of a triangle is 130° then the angle between the 


bisectors of the other two angles can be 
(a) 50° (b) 65° (c) 90° (d) 155° 


. In the given figure, AOB is a straight line. The 


value of x is 
(a) 12 (b) 15 


(c) 20 (d) 25 S 60° 3x? 
A [9] B 


. The angles of a triangle are in the ratio 2 : 3 : 4. The largest angle of the 


triangle is 


(a) 120? (b) 100? (c) 80° (d) 60° 
. In the given figure, ZOAB=110° and ZBCD = 130° then ZABC is 
equal to 
(a) 40° (b) 50° (c) 60° (d) 70* 
. If two angles are complements of each other then each angle is 
(a) an acute angle (b) an obtuse angle 
(c) a right angle (d) a reflex angle 
. An angle which measures more than 180° but less than 360°, is called 
(a) an acute angle (b) an obtuse angle 
(c) a straight angle (d) a reflex angle 


The measure of an angle is five times its complement. The angle 
measures 


(a) 25° (b) 35° (c) 65° (d) 75° 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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Two complementary angles are such that twice the measure of the one 
is equal to three times the measure of the other. The larger of the two 
measures 


(a) 72? (b) 54° (c) 63? (d) 36* 
In the given figure, AOB is a straight 
line. If ZAOC = 4x° and ZBOC = 5x? then c 
ZAOC =? 
(a) 40° (b) 60° Ax VN 
(c) 80° (d) 100? A o B 
In the given figure, AOB is a straight line. 
If ZAOC = (3x +10)° and ZBOC = (4x - 26)’, d 
then ZBOC =? 
(a) 96° (b) 86° (3x + 10)° (4x — 26)° 
(c) 76° (d) 106°~ A [9 B 
In the given figure, AOB is a straight line. 
If ZAOC-(3x-10y, ZCOD-50* and c 
ZBOD = (x + 20)° then ZAOC =? D 
o o 50° 
(a) 40 (b) 60 (3x - 10)° (x + 20)° 
(c) 80° (d) 50° ~A o B 


Which of the following statements is false? 
(a) Through a given point, only one straight line can be drawn. 
(b) Through two given points, it is possible to draw one and only one 
straight line. 
(c) Two straight lines can intersect only at one point. 
(d) A line segment can be produced to any desired length. 
An angle is one fifth of its supplement. The measure of the angle is 
(a) 15? (b) 30° (c) 75? (d) 150* 
In the adjoining figure, AOB is a straight line. 
If x:y:z 74:5:6, then y =? 


(a) 60° (b) 80° 
(c) 48° (d) 72° 
= B »- 
In the given figure, straight lines AB and CD C o B 
intersect at O. If ZAOC =, ZBOC=0 and 3 
0 = 36, then =? x M 


(a) 30° (b) 40° (c) 45° (d) 60° 
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19. In the given figure, straight lines AB and CD A D 
intersect at O. If ZAOC + ZBOD = 130° then c ci 
ZAOD =? € B 


(a) 65° (b) 115° 
(c) 110° (d) 125° 
20. In the given figure; AB is a mirror, PQ is the p 
incident ray and QR is the reflected ray. If 
ZPQR = 108° then ZAQP =? 108° 
(a) 72° j 18° ^ 
(c) 36° i ) 54° 


21. In the given figure, AB || CD. If BAO = 60° 
and ZOCD = 110° then ZAOC =? 


(a) 70° (b) 60° 
(c) 50° (d) af cam 110° 
LN 


22. In the given figure, AB|| CD. If ZAOC = 30° 
and ZOAB = 100° then ZOCD =? 


(a) 130° (b) 150? 
(c) 80° (d) 100? 


23. In the given figure, AB || CD. If CAB = 180° 
and Z EFC = 25° then ZCEF =? 


(a) 65? (b) 55? 
(c) 45° (d) 75° 


24. In the given figure AB||CD and CD || EF. 
Ify:z=3:7 thenx =? 
(a) 108° (b) 126° 
(c) 162° (d) 63° 
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25. In the given figure, AB || CD. If ZAPQ =70° _ A P B. T 
and ZPRD = 120° then ZQPR =? 70° 
(a) 50° (b) 60° 
(c) 40° (d) 35° T 
TB Q RD 
26. In the given figure, AB||CD. If B 
ZEAB =50° and ZECD=60° then 
ZAEB =? 
(a) 50° E i 
(b) 60° 60° 
(c) 70° Cc 20 
(d) 55? A 


27. In the given figure, ZOAB = 75°, ZOBA = 55° and ZOCD = 100°. Then, 
ZODC =? 


A 
75° 
WAS S D 
100° 
[e 
(a) 20° (b) 25? 
(c) 30* (d) 35° 
28. In the adjoining figure, what is the value of y? 
(a) 36 (b) 54 
(c) 63 (d)72 , - 
ANSWERS (MCQ) 


1(d 2b) 3.(a 4(d 5) 69 7() s8w(o) 
9. (d) 10. (d) 11.(b) 12. (c  13.(b 14(c  15(a) 16. (b) 
17. (a)  18.(c  19.(b) 20.(c) 21. (c 22.(a) 23.(b) 24. (b) 
25. (a) 26. (c) 27. (c) 28. (b) 
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HINTS TO SOME SELECTED QUESTIONS 


4. In AABC, let ZA = 130°. Then, ZB + ZC = (180° - 130°) =50°. A 


1 
2 


Required angle = (180° - 25°) = 155°. B C 
6. 2x t 3x * 4x = 180 9x = 180° x= 20°. 
Largest angle = 4x° = 4 x 20° = 80°. 
7. ZABE + ZOAB = 180° 
= ZABE+110° = 180° > ZABE=70°. 
And, ZBCD + ZCBF = 180° 
= 130°+ ZCBF = 180° > ZCBF = 50*. 
70° + x? +50° = 180 > x = 60°. 
20. Angle of incidence = angle of reflection = x° (say). 
Draw QM as normal to AB at Q. 
21. Produce DC to E on left-hand side. 
ZOEC = ZOAB = 60° [corresponding 4]. 
ZECO = (180° - 110°) = 70°. 
ZEOC + ZOEC + ZECO = 180° 
= ZEOC+60° + 70° = 180° = ZEOC = 50°. 
23. ZACD + 80° = 180° = ZACD = 100°. 
ZECF = ZACD = 100° [vert. opp. 4]. 
100° + 25° + ZCEF = 180° > ZCEF = 55°. 
24. x+y = 180°, y +z = 180°. 
Let y = (3p and z = (7p). Then 
3p+7p=180 > p=18. 
y = 54°, z = 126° and x = (180° — 54°) = 126°. 
28. x+y = 90, 3x + 72 = 180. 
x = 36 and y = 54. 


ZB+ SLC =(5 x 50°) = 25° 


IMPORTANT FACTS AND FORMULAE 


1.ANGLE Two rays AB and AC having a common end B 
point A form angle BAC, written as ZBAC or 
ZA. 


We measure angles in degrees, denoted by ^?'. 


ze 


A C 
2. (i) RIGHT ANGLE An angle whose measure is 90° is called a right angle. 


(ii) ACUTE ANGLE An angle whose measure is more than 0? but less than 
90? is called an acute angle. 
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(iii) OBTUSE ANGLE An angle whose measure is more than 90° but less than 
180° is called an obtuse angle. 


(iv) STRAIGHT ANGLE An angle whose measure is 180° is called a straight 
angle. 


(v) REFLEX ANGLE An angle whose measure is more than 180° but less than 
360° is called a reflex angle. 


(vi) COMPLETE ANGLE An angle whose measure is 360° is called a complete 
angle. 


3. (i) COMPLEMENTARY ANGLES Two angles are said to be complementary, if 
their sum is 90°. 


Example Complement of 30° = (90° — 30°) = 60°. 
(ii) SUPPLEMENTARY ANGLES Two angles are said to be supplementary, if 
their sum is 180°. 
Example Supplement of 30° = (180° — 30°) = 150°. 
4. (i) ADJACENT ANGLES Two angles are called adjacent angles, if 
(a) they have the same vertex, 
(b) they have a common arm, and 
(c) their non-common arms are on either side of the common arm. 
(ii) LINEAR PAIR OF ANGLES Two adjacent angles are said to form a linear 
pair, if their sum is 180°. 


5. (i) If a ray stands on a line, then the sum of the 
adjacent angles so formed is 180°. 


o 


In the given figure, a ray CD stands on a 
line AB. 


ZACD + LBCD = 180°. A c B 
(ii) The sum of all the angles formed on the same side of D 
a line at a given point on the line is 180°. e 
In the given figure, AOB is a line. 


AOC + ZCOD + ZDOE + ZEOB = 180°. = O E 


(iii) The sum of all the angles around a point is 360°. 


6. VERTICALLY OPPOSITE ANGLES lf two lines AB and A D 
CD intersect at a point O then the vertically 
opposite angles are equal. o 


i.e., ZAOC = ZBOD and ZBOC = ZAOD. c j 
7. The sum of the angles of a triangle is 180°. 


& 


Triangles 


» 


TRIANGLE A plane figure bounded by three line segments is called a triangle. 


We denote a triangle by the symbol A. 
A A ABC has: 


(i) three vertices, namely A, B and C; 
(ii) three sides, namely AB, BC and CA; 
(iii) three angles, namely <A, ZB and <C. 


A 


B C 
A triangle has six parts—three sides and three angles. 


TYPES OF TRIANGLES ON THE BASIS OF SIDES 


(i) EQUILATERAL TRIANGLE A triangle having all sides A 
equal is called an equilateral triangle. 


In the given figure, ABC is a triangle in which 
AB = BC - CA. 
A ABC is an equilateral triangle. 


(ii) ISOSCELES TRIANGLE A triangle having two sides A 
equal is called an isosceles triangle. 


In the given figure, ABC is a triangle in which 
AB = AC. 


AABC is an isosceles triangle. 


w 
O 


(iii) SCALENE TRIANGLE A triangle in which P 
all the sides are of different lengths is 
called a scalene triangle. 


D 


In the given figure, PQR is a triangle Q 
in which PQ # QR + PR. 
APQR is a scalene triangle. 


PERIMETER OF A TRIANGLE The sum of the lengths of three sides of a triangle is 
called its perimeter. 


TYPES OF TRIANGLES ON THE BASIS OF ANGLES 


(i) RIGHT-ANGLED TRIANGLE A triangle in which one of the angles measures 
90° is called a right-angled triangle or simply a right triangle. 
238 
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In a right-angled triangle, the side opposite A 
to the right angle is called its hypotenuse and 
the remaining two sides are called its legs. 


In the given figure, AABC is a right triangle 
in which ZB = 90°, AC is the hypotenuse, 
and AB, BC are its legs. 


B 


— 


(ii) ACUTE-ANGLED TRIANGLE A triangle in which every 


c 
A 
angle measures more than 0° but less than 90° is called 
an acute-angled triangle. 
In the given figure, ABC is a triangle in which 
every angle is an acute angle. 


AABC is an acute-angled triangle. 


(ii) OBTUSE-ANGLED TRIANGLE A triangle in which p 
one of the angles measures more than 90° 
but less than 180° is called an obtuse-angled 
triangle. Q R 
In the given figure, POR is a triangle in which ZPQR is an obtuse 
angle. 


APQR is an obtuse-angled triangle. 


SOME TERMS RELATED TO A TRIANGLE 


I. MEDIANS The median of a triangle corresponding ^ 
to any side is the line segment joining the 
midpoint of that side with the opposite vertex. P E 


In the given figure, D, E, F are the respective 
midpoints of sides BC, CA and AB of AABC. B D 


AD is the median, corresponding to side BC. 


O 


BE is the median, corresponding to side CA. 
CF is the median, corresponding to side AB. 


The medians of a triangle are concurrent, i.e., they intersect each 
other at the same point. 
CENTROID The point of intersection of all the three medians of a triangle 
is called its centroid. 
In the above figure, the medians AD, BE and CF of AABC intersect 
at the point G. 

G is the centroid of A ABC. 
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II. 


III. 


IV. 
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ALTITUDES The altitude of a triangle "mA 
corresponding to any side is the length of M 
perpendicular drawn from the opposite vertex to H 

that side. É -— 


The side on which the perpendicular is 
being drawn, is called its base. 


In the given figure, AL L BC; BM L CA and CN L AB. 
AL is the altitude, corresponding to base BC. 
BM is the altitude, corresponding to base CA. 
CN is the altitude, corresponding to base AB. 
A triangle has three altitudes. 
The altitudes of a triangle are concurrent. 
ORTHOCENTRE The point of intersection of all the three altitudes of a 
triangle is called its orthocentre. 
In the above figure, the three altitudes AL, BM and CN of AABC 
intersect at a point H. 
H is the orthocentre of AABC. 
INCENTREOFATRIANGLE The point of intersection A 


of the internal bisectors of the angles of a triangle 
is called its incentre. 


In the given figure, the internal bisectors of 
the angles of A ABC intersect at I. 


Tis the incentre of AABC. Let ID BC. 


Then, a circle with centre I and radius ID is called the incircle of 
AABC. 


CIRCUMCENTRE OF A TRIANGLE The point of A 
intersection of the perpendicular bisectors of the 


sides of a triangle is called its circumcentre. 

O 
In the given figure, the right bisectors of the B C 
sides of AABC intersect at O. I 


O is the circumcentre of A ABC. 


With O as centre and radius equal to OA = OB = OC, we draw a 
circle passing through the vertices of the given triangle. 


This circle is called the circumcircle of A ABC. 
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SUMMARY 


CENTROID The point of intersection of the medians of a triangle is called 
its centroid. 

ORTHOCENTRE The point of intersection of the altitudes of a triangle is 
called its orthocentre. 

INCENTRE The point of intersection of the internal bisectors of the angles 
of a triangle is called its incentre. 


CIRCUMCENTRE The point of intersection of the perpendicular bisectors of 
the sides of a triangle is called its circumcentre. 


EXTERIOR AND INTERIOR OPPOSITE ANGLES OF A TRIANGLE 
Let ABC be a triangle, one of whose sides A 

BC is produced to D. Then, Z ACD is called 

an exterior angle (or remote angle), while 

ZABC and ZBAC are called its interior 


opposite angles. 

B G p^ 
SOME RESULTS ON TRIANGLES 
THEOREM 1 The sum of the angles of a triangle is 180. 
GIVEN AAABC. D ^ E 
TOPROVE Z1-*Z2- Z3 = 180°. ~ IR ng 
CONSTRUCTION Through A, draw a line DAE || BC. 
PROOF DAE | BC and AB is the transversal. i 2 


Z4-2Z2 [alternate interior 4]. 
DAE || BC and AC is the transversal. 
25=2Z3 [alternate interior 4]. 
Now, DAE is a straight line. 
. 24+ 21+ 25 = 180° 
[angles on the same side of DAE at the point A] 
=> 214+24+25=180° 
> 21+242+23=180° [- <4= <2 and Z5 = Z3]. 
Hence, the sum of the angles of a triangle is 180°. 


REMARKS As a consequence of the above theorem, it follows: 
(i) A triangle cannot have more than one right angle. 
(ii) A triangle cannot have more than one obtuse angle. 


(iii) In a right triangle, the sum of two acute angles is 90°. 
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THEOREM 2  lfaside of a triangle is produced then the exterior angle so formed is 
equal to the sum of the two interior opposite angles. 


GIVEN. A AABC whose side BC has been 
produced to D forming exterior angle 24. 
TOPROVE Z4-Z1- Z2. 


PROOF We know that the sum of the 
angles of a triangle is 180°. 


Z1*Z2-Z3-180* 
Also, Z3 + Z4 = 180° ... (ii) [linear pair]. 
From (i) and (ii), we get 

3+ 74-7 Z1*- Z2* Z3. 
Hence, Z4 = Z1 + Z2. 


COROLLARY An exterior angle of a triangle is greater than either of the interior 
opposite angles. 


GIVEN. A AABC whose side BC has been 
produced to D forming exterior angle Z4. 


TO PROVE 4»Z1landZ4»Z2. 


PROOF We know that an exterior angle 
of a triangle is equal to the sum 
of the interior opposite angles. 

Z4= 21+ 22, 
So, Z4 > land Z4 > Z2. 
Hence, an exterior angle of a triangle is greater than each of the 
interior opposite angles. 


SOLVED EXAMPLES 


EXAMPLE 1 The angles of a triangle are in the ratio 4 : 5 : 6. Find the angles. 
SOLUTION Let the required angles be (4x)°, (5x)? and (6x)°. 
We know that the sum of the angles of a triangle is 180*. 
4x+5x+6x=180 15x = 180 
=> x=12. 
So, the required angles are 
(4 x 12)°, (5 x 12) and (6 X 12)°, i.e., 48°, 60° and 72°. 
EXAMPLE2 Ina AABC,2ZA =32B=6ZC, then find ZA, ZB and ZC. 
SOLUTION Let2ZA —3ZB — 6ZC =k (say). 


EXAMPLE 3 


SOLUTION 


EXAMPLE 4 


SOLUTION 
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k o k o B k o 

Then, ZA = (5 ), ZB= (5) and ZC = (5 

We know that the sum of the angles of a triangle is 180*. 
ZA* ZB+ ZC -180* 


k k k 
=> 2'3*g-180 


>  (8k*2k*k)- (180 x 6) 
> 6k=(180X6) > k- 180. 
[kv (180 s ky. (180 $ 
£A=(5)= es j= 90°, ZB = (5)= (180) = 60 
and zc-(B- (180). 30°. 
Hence, ZA = 90°, ZB = 60° and ZC = 30°. 


Ina AABC, ZA + ZB = 65° and ZB + ZC = 140°. Find the angles. 
ZA + ZB=65° and ZB + ZC = 140° 
> A+ 2ZB+ZB+ ZC = (65° + 140°) 
> (4A+2ZB+t+ ZC) + ZB = 205° 
=> 180°+ ZB=205° [- ZA*ZB-*ZC =180°] 
= ZB= (205° - 180°) = 25°. 
ZC = (140° - ZB) = (140° - 25°) = 115° 
and ZA = (65° — ZB) = (65° — 25°) = 40°. 
Hence, ZA = 40°, ZB = 25° and ZC = 115°. 
Ina AABC, ZA — ZB = 33° and ZB — ZC = 18°. Find the angles of 
the triangle. 
ZA- ZB = 33° and ZB- ZC = 18° 
> ZA=(33°+ ZB) and ZC = (ZB-18°). s (i) 
We know that the sum of the angles of a triangle is 180°. 
ZA+ ZB+ ZC = 180° 
=> (33°+ 2B)+ ZB+(ZB-18°) = 180° [using (i)] 
32B = 165° > ZB =55°. 
ZA = (33° + ZB) = (33° + 55°) = 88°. 
and <C = (ZB - 18°) = (55° - 18°) = 37°. 
Hence, ZA = 88°, ZB = 55° and ZC = 37°. 
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EXAMPLES Ina AABC, the bisectors of ZB and ZC intersect each other at a 
point O. Prove that ZBOC = 90° + 12A. 


GIVEN A AABC in which BO and CO are the A 
bisectors of ZB and <C respectively. 


TOPROVE ZBOC= (90° + 344) i 


PROOF We know that the sum of the angles of a 
triangle is 180°. B c 
. ZA+ZB+ZC= 180° 


1 1 1 Saag 
> 344^ + 74B + 34€ =90 


5 14A + ZOBC + ZOCB = 90° 


=> ZOBC+ZOCB= (90° -i24) ... (i) 
Now, in AOBC, we have 
OBC + ZOCB + ZBOC = 180° 


[sum of the angles of a triangle] 


(so: 12A) + ZBOC = 180° [using (i)] 
2  ZBOC-180- (90° a 344) = (90° + 544) i 
Hence, ZBOC = (90° + 344) l 


EXAMPLE6 In a AABC, the sides AB and AC 
are produced to points D and E 
respectively. The bisectors of ZDBC 
and ECB intersect at a point O. 
Prove that ZBOC =(90°- 124): 


SOLUTION Since ABD is a line, we have 
2ZB+ ZCBD = 180° [linear pair] 


1 1 She 
=> 74B z4CBD = 90 


> lzB + ZCBO = 90° 


> ZCBO= (90° -$4B) ; .. (i) 


EXAMPLE 7 


SOLUTION 
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Again, ACE is a straight line. 
. £C+ZBCE = 180° [linear pair] 


loud pe 
=> ilzc«lzmcE-9o 
> lzc«zBcO-90 

1 : 
> ZBCO- (90° -izc) ... (ii) 


We know that the sum of the angles of a triangle is 180*. 
So, from AOBC, we get 
CBO + ZBCO + ZBOC = 180° 


1 
2 


(90° zB) (so: Lze) + ZBOC = 180° 
[using (i) and (ii)] 


=> 180°-5(2B+ 4C) + ZBOC = 180 


=> ZBOC-l(ZB* ZC) 


1 S 1 
= ZBOC-5(ZA*ZB*ZC)-52A 


[adding and subtracting 12A] 


> 2B0C=(5 x180")-5 


A [^ ZA* ZB* ZC = 180°] 
— o 1 
> ZBOC =(90 -i2A) 


Hence, ZBOC = (so: > 544) ; 


In a AABC, BELAC, ZEBC-40* 
and ZCAD-30* If ZACD=x° and 
ZADB = y^, find the values of x and y. 


We know that the sum of the angles of a 
triangle is 180°. 
In ABCE, we have 
CBE * ZBEC + ZECB = 180° 
40° + 90° + x? = 180° > x=50. 
Now, in ZACD, the side CD has been produced to B. 
ext. ZBDA = ZDAC + ZACD 
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EXAMPLE 8 


SOLUTION 


EXAMPLE 9 


SOLUTION 
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> y° =30°+x° > y= (30+ 50) = 80. 

Hence, x = 50 and y = 80. 

In the given figure, the side BC of A E 
AABC has been produced to a point 

D. If the bisectors of ZABC and 

Z ACD meet at point E then prove that — 


ZBEC- $ 2BAC. 


Side BC of AABC has been produced to D. 
ACD = ZBAC + ZABC 


ee ere 
= iZACD-lZBAC*l1ZABC 
> ZECD=52BAC+52ABC. w 


Again, side BC of AEBC has been produced to D. 
ECD = ZCBE + ZBEC 


=> ZECD=42ABC+ ZBEC. ... (ii) 
From (i) and (ii), we get 


+ 2ABC + ZBEC = LZBAC " 52 ABC 
[each equal to ZECD]. 


ZBEC- 1ZBAC. 


In a AABC, ZB > ZC. If AD L BC and A 
AE is the bisector of ZBAC then prove 
that ZDAE = (2B - 20). 
Since AE is the bisector of ZBAC, 
we have 

ZBAE = ZCAE. ... (i) 
In AABD, we have ZADB = 90°. 

ZABD + ZBAD = 90° 
=> ZABD= (90° - ZBAD) 
=> ZB-(90'-ZBAD). ... (ii) 
In AADC, we have ZADC = 90°. 


B DE Cc 


EXAMPLE 10 


GIVEN. ABIICD and t is a transversal, cutting them at 
E and F respectively. Also, EG and FG, the bisectors 
of ZBEF and ZDFE respectively, meet at C. 


TOPROVE ZEGF=90°. 
PROOF  ABII CD and t is a transversal. 
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ZCAD + ZACD = 90° 
=> ZACD = (90° - CAD) 
= ZC=(90°-ZCAD). ... (iii) 
On subtracting (iii) from (ii), we get 
(ZB - ZC) = (90° - ZBAD) - (90° - ZCAD) 
-ZCAD-ZBAD 
= (ZCAE + ZDAE) - (ZBAE - ZDAE) 
-2ZDAE [using (i)]. 


ZDAE = l(ZB a2), 


If two parallel lines are cut by a transversal, prove that the bisectors 
of the interior angles on the same side of the transversal intersect 
each other at right angles. 


ZBEF + ZDFE = 180° 
[^ co. int. 4 are supplementary] 


= J2BEF+>/DFE=90° > 41+ 22=90° (i) 


But, in AEGF, we have 


=> 


214+ 22+ ZEGF = 180° [sum of the 4 of a A] 
90° + ZEGF = 180° [using (i)] 


=> ZEGF=90°. 
Hence, ZEGF = 90°. 


EXAMPLE 11 


SOLUTION 


A AABC is right angled at A and L is a A 
point on BC such that AL L BC. Prove 
that LBAL = Z ACB. 

We know that in a right-angled 
triangle, the sum of the two acute B L c 
angles is 90°. 


So, in right triangle A ALB, we have 
ZBAL+ ZABL = 90° => ZBAL+ ZABC = 90°. a(i) 
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In right triangle BAC, we have 
ZABC + ZACB = 90°. «a (ii) 
From (i) and (ii), we get 
BAL+ ZABC = ZABC + Z ACB. 
Hence, ZBAL = ZACB. 


EXAMPLE 12 Show that the bisectors of the base angles of a triangle can never 
enclose a right angle. 


GIVEN. A AABC in which BO and CO are the bisectors of the base angles 
ZB and ZC respectively. 


TOPROVE ZBOC is not a right angle. A 
PROOF If possible, let BOC = 90°. 
Then, ZCBO + ZBCO = 180° 


1 1 8 
7 2B +5 4C= 90 


> 2ZB+2ZC=180° 

=> ZA=0° [-ZA-*ZB-*ZC-180*] 

This shows that the points A, B, C do not form a triangle, which 
is false. 

So, our assumption is wrong. 

Hence, Z BOC is not a right angle. 


EXAMPLE 13 In the given figure, prove that x — out  * y. 


SOLUTION Join Band D and produce BD to E. 
Let ZABD = p°, ZCBD = q’ and let 
ZADE = s? and ZCDE = t*. 
Then, p +q - Band st - x. 
Now, side BD of AABD has been 
produced to E. 


s-pta. 
Again, side BD of ACBD has been produced to E. 


EXAMPLE 14 


SOLUTION 


EXAMPLE 15 


SOLUTION 
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t=q+y. ... (ii) 
Adding the corresponding sides of (i) and (ii), we get 
stt=(pt+q)taty 


> x=Btaty. [^ stt=xandp+q= f] 


Hence, x 2» a. * p * y. 


The side BC of AABC is A 
produced to D. The bisector of 
ZA meets BC at E. Prove that 
ZABC * ZACD = 2Z AEC. 
Side BE of AABE has been 
produced to C. 


AEC = ZABE+ ZBAE 


=> ZAEC=ZABC+ 14A 


> 2ZAEC=2ZABC+ ZA. a (i) 
Again, side BC of AABC has been produced to D. 
ACD = ZABC+ ZA. ... (ii) 
On subtracting (ii) from (i), we get 
2ZAEC- ZACD = ZABC 
ZABC + ZACD - 2Z AEC. 


In the given figure, AABC is an 
isosceles triangle in which AB = AC 
and AE bisects ZCAD. Prove that 
AE | BC. 


We know that the angles opposite 
to equal sides of a triangle are 
equal. 


AB=AC > ZB=ZC. 
Now, side BA of AABC has been produced to D. 
ZCAD=2ZB+ZC [exterior angle = sum of int. opp. 4] 
=> 2ZCAE=22C [^ ZB = ZC and ZCAD = 2ZCAF] 
= ZCAE=ZC. 
But, these are alternate interior angles. 
AE || BC. 
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EXAMPLE 16 In the given figure, side BC of A 
AABC is produced to form ray E 
BD and CE||BA. Show that 
ZACD=ZA+ ZB. Deduce 
that ZA+ZB+ZC=180. — B C b^ 
SOLUTION . CE| BA and AC is the transversal. 
ZACE=ZA ..(i [alternate interior 4]. 
Again, CE || BA and BD is the transversal. 
ZECD = ZB ... (ii) [corresponding 4]. 


From (i) and (ii), we get 
ACE+ ZECD=ZA+ ZB 
ZACD=ZA+ ZB 
> A+2ZB+2ZC=ZACD+ ZACB 
= a straight angle = 180°. 

Hence, ZACD = ŻA + ZB and ZA + ZB + ZC = 180°. 
EXAMPLE 17 In AABC, it is given that ZA — 70", 

ZB — 52^, BO and CO are the bisectors 


of ZB and ZC respectively. Find ZOCB 
and ZBOC. 


SOLUTION We know that the sum of the angles 
of a triangle is 180°. 


ZA* ZB ZC = 180° 
> 70° +52°+ ZC = 180° 
=> ZC=(180° — 122°) = 58°. 


ZOCB = I;c = G x 58°) = 29° 


and ZOBC = 2B - (5 x 52°) = 26°. 
In ABOC, we have 

OBC + ZOCB + ZBOC = 180° 
=> 26°+29°+ BOC = 180° 
= ZBOC = (180° - 55°) = 125°. 
Hence, ZOCB = 29° and ZBOC = 125°. 


EXAMPLE 18 


SOLUTION 


EXAMPLE 19 


SOLUTION 
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In the given figure, PQ L PS, PQ|SR, P = Q 
ZSQR=28° and ZQRT=70°. If As 
ZPQS=x° and ZPSQ- y, find the 

values of x and y. y 45i 

PQ || SRT and QR is a transversal. S ^" R T 


ZPQR=ZQRT [alternate interior angles] 
> ZPQS+ ZSQR = ZQRT 
> x+28=70 
> x-(70-28)- 42. 
In right APOS, we have 
SPQ + ZPQS + ZQSP = 180° 
[sum of the angles of a A is 180°] 


= 90° +x° +y° = 180° 
> x+y’ =90° = 42+y=90 [7 x= 42] 
=> y-(90-42)- 48. 

Hence, x = 42 and y = 48. 

In the given figure, lines AB and 
CD intersect at a point P such that 
ZPAC-45, ZACP=100° and 


ZPBD=65°. Find ZCPA, ZDPB 
and ZBDP. 


We know that the sum of the angles of a triangle is 180°. 
In AACP, we have 
PAC + ZACP + ZCPA = 180° 
= 45°+100° + ZCPA = 180° 
= ZCPA = (180° - 145°) = 35°. 
ZDPB = ZCPA =35° [vertically opp. 4]. 
In APBD, we have 


DPB + ZPBD + ZBDP = 180° 
[sum of the angles of a triangle] 


=> 35°+65°+ ZBDP = 180° 

=> 100°+ ZBDP = 180° 

=> ZBDP= (180° - 100°) = 80°. 

Hence, ZCPA = 35°, ZDPB = 35° and ZBDP = 80°. 
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EXERCISE 8 


. In AABC, if ZB = 76° and ZC = 48°, find ZA. 

. The angles of a triangle are in the ratio 2 : 3 : 4. Find the angles. 

. In AABC, if 3ZA =42B = 62C, calculate ŻA, ZB and ZC. 

. In AABC, if ZA + ZB = 108 and ZB + ZC = 130°, find ZA, ZB and ZC. 
. In AABC, if ZA + ZB = 125° and ŻA + ZC = 113°, find ZA, ZB and ZC. 
. In APQR, if <P - ZQ = 42° and ZQ - ZR = 21°, find <P, ZQ and ZR. 


. The sum of two angles of a triangle is 116° and their difference is 24°. 


Find the measure of each angle of the triangle. 


. Two angles of a triangle are equal and the third angle is greater than 


each one of them by 18°. Find the angles. 


. Of the three angles of a triangle, one is twice the smallest and another 


one is thrice the smallest. Find the angles. 


In a right-angled triangle, one of the acute angles measures 53°. Find 
the measure of each angle of the triangle. 


If one angle of a triangle is equal to the sum of the other two, show that 
the triangle is right angled. 


If each angle of a triangle is less than the sum of the other two, show 
that the triangle is acute angled. 


If one angle of a triangle is greater than the sum of the other two, show 
that the triangle is obtuse angled. 


In the given figure, side BC of AABC A 

is produced to D. If ZACD = 128° 

and ZABC = 43°, find ZBAC and 

Z ACB. sca n 


wW 
O 
(æi 


In the given figure, the side BC of A 

AABC has been produced on the 

left-hand side from B to D and on 

the right-hand side from C to E. 106° 118° 

If ZABD - 106^ and ZACE=118, 7$ “B cE 
find the measure of each angle of 

the triangle. 
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16. Calculate the value of x in each of the following figures. 


D = Given: ABIICD 
(iv) 


(v) (vi) 


17.In the figure given alongside, 
AB|CD, EF|BC, ZBAC=60° and 
ZDHF = 50°. Find ZGCH and ZAGH. 


18. Calculate the value of x in the given C 
figure. 


55? 45° 


> 
w 
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19. In the given figure, AD divides ZBAC in the ratio 1 : 3 and AD - DB. 
Determine the value of x. 


B D [9] 


20. If the sides of a triangle are produced in 
order, prove that the sum of the exterior 
angles so formed is equal to four right 
angles. 


o+ 


21. In the adjoining figure, show that 
A+ZB+ZC+ZD+ZE+ ZF = 360°. 


A 


22. In the given figure, AM L BC and AN is the bisector of L A. If ABC = 70° 
and Z ACB = 20°, find ZMAN. 


23. In the given figure, BAD | EF, ZAEF = 55° 
and ZACB = 25°, find Z ABC. 
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24.In a AABC, it is given that 
ZA:2B:2C =3:2:1 and CDLAC. 
Find ZECD. 


t 


B C E 


25. In the given figure, AB|| DE and BD || FG such that ZABC = 50? and 
ZFGH = 120°. Find the values of x and y. 


26. In the given figure, AB | CD and EF isa 
transversal. If ZAEF = 65°, ZDFG = 30°, 
ZEGF =90° and ZGEF = x°, find the 
value of x. 


27.In the given figure, AB||CD, 
ZBAE=65° and ZOEC-20* Find 
ZECO. 


E 
28. In the given figure, AB||CD and EF 

is a transversal, cutting them at G , S5 5 
and H respectively. If ZEGB = 35° = d "P d s : 
and QP L EF, find the measure of 76 Wy D 
Z PQH. P 

F 

aA G F B. 


29. In the given figure, AB| CD and 
EF L AB. If EG is the transversal 
such that ZGED = 130°, find ZEGF. P\130° 

E D 
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ANSWERS (EXERCISE 8) 
1. ZA =56° 2. 40°, 60°, 80° 3. ZA = 80°, ZB = 60°, ZC = 40° 
4. ZA =50°, ZB 258, ZC =72° 5. ZA =58°, ZB = 67°, ZC = 55° 
6. ZP =95°, ZQ = 53°, ZR = 32° 7. 70°, 46°, 64° 
8. 54°, 54°,72° 9. 60°, 90°, 30° 10. 53°, 37°, 90° 
14. ZBAC = 85°, ZACB = 52° 15. ZA = 44°, ZB = 74°, ZC = 62° 
16. (i)x=50 (ii)x=120 (ii)x=55 (iv)x=75 (v)x=30 (vi) x=30 
17. ZGCH = 60°, ZAGH = 110° 18. x = 130 19. x =90 
22. LMAN = 25? 23. ZABC =30° 24. ZECD = 60° 
25. x 2 70°, y = 60° 26. x =55 27. ZECO = 45° 28. ZPQH = 55? 
29. ZEGF = 50° 


HINTS TO SOME SELECTED QUESTIONS 


6. P-Q=42 > P=(Q+42),Q-R=21 > R-(Q-21). 
P+Q+R=180° 2 (Q+42)+Q+(Q-21)=180 => Q=53. 
11. A=B+C 2 A+A=A+B+C=180° 2 2A =180° = A = 90°. 
12. A<B+C => 2A<A+B+C=180° 2 A<90°. 
B<A+C > 2B<A+B+C=180° > B< 90°, etc. 
13. A>B+C > 2A>A+B+C=180° > A>90°. 
14. ZBAC+ ZABC = ext. ZACD > ZBAC + 43° = 128° > ZBAC = 85°. 
Also, ZBAC + ZABC + ZACB = 180°. Find ZACB. 
15. ZABC = (180° — 106°) = 74°, ZACB = (180° - 118°) = 62°. 
74° + 62° + ZBAC = 180°. Find ZBAC. 
17. ZACD = ZBAC = 60° [alternate int. 4]. 
ZGCH = ZACD = 60°, ZCHG =50° [vert. opp. 4]. 
In AGCH, we have 60° + 50° + ZHGC = 180°. 
ZHGC = 70° and ZAGH = (180° — 70°) = 110°. 
18. 30° +0, = a, 45° +a, = p. 
Adding, (30° + 45°) + (a, +a.) =at+B 
=> 75°+55°=x° > x= 130. 


19. ZBAC = (180° - 108°) = 72°. 
ZBAD: ZCAD =1:3 
ZBAD = G x 72°) = 18°, ZCAD = G x e - 54, 
AD =DB => ZDBA = ZBAD = 18°. 
ZA+ZB+ ZC2180* > 722418 +x° 2 180* > x=90. 
20. ZACD = ZA + ZB, ZBAE = ZB + ZC and ZCBF = ZC + ZA. 
ACD ZBAE + ZCBF = 2(ZA + ZB + ZC) = (2 X 180°) = 360°. 
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21. Divide the whole figure into two triangles, namely ADFB and D 
AEAC. 
A+ZB+2C+ZD+ZE+ ZF 
=(ZA+ 2C+ ZE)+(2B+ ZD+ ZF) 
= (180° + 180°) = 360°. 


E C 


22. ZA+ZB+ZC=180° => ZA+70° +20° = 180° > ZA - 90*. 
In AABM, ZABM + ZBMA + ZBAM = 180°. 
70° + 90° + ZBAM = 180° > ZBAM = 20°. 


ZBAN = 14A -45 > ZBAM+ ZMAN - 45 


ZMAN = (45° - 20°) = 25°. 
23. ZCAD = ZAEF = 55° [corresponding 4]. 

ZBAC + ZCAD = 180° > ZBAC = 125°. 

ZABC + ZBAC + ZACB = 180° = ZABC = 30°. 


24. ZC = (iso x 1) = 30°. 


ZACB + ZACD + ZECD = 180° [a straight angle] 
=> 30°+90°+ ZECD = 180° = ZECD = 60°. 
25. ZCDE = ZABC = 50°  [alt. int. 4]. 
BD I| FG and DF is the transversal. 
ZEFG = ZCDE = 50°. Also, y = (180° — 120°) = 60°. 
xty+ EFG = 180° = x+60° +50° = 180° > x=70°. 
26. ZEFD = ZAEF=65° [alternate 4]. 
ZEFG = (65° - 30°) = 35°, ZFGE = 90°. 
In AEFG, we have 35° + 90° + x? = 180° > x=55. 
27. ZDOE = ZBAE = 65° [corresponding 4]. 
Now, COD is a straight line. 
ZCOE + ZDOE = 180° ^ ZCOE + 65° = 180° 
= ZCOE=115°. 
In AOCE, we have 
115° + 20° + ZOCE = 180° = ZOCE = 45°. 
28. ZGHD = ZEGB = 35° ZPHQ = ZGHD =35° (vert. opp. 4). 


MULTIPLE-CHOICE QUESTIONS (MCQ) 
Choose the correct answer in each of the following questions: 
1. Ina AABC, if 3ZA =44B =62C then A:B:C =? 
(a) 3:4:6 (b) 4:3:2 (c) 2:3:4 (d) 6:4:3 
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2. Ina AABC, if ZA — ZB = 42° and ZB- ZC = 21° then ZB =? 


(a) 32° (b) 63° (c) 53° (d) 95° 
3. In a AABC, side BC is produced to D. If A 
Z ABC = 50° and ZACD = 110° then ZA =? 
(a) 160° (b) 60° ‘ie 
o " 50° 
(c) 80 (d) 30 é ae 


4. Side BC of AABC has been produced to D on left and to E on right-hand 
side of BC such that ZABD = 125° and ZACE = 130°. Then, ZA =? 


125° 130° 
= e 


(a) 50° (b) 55° (c) 65° (d) 75° 
. In the given figure, the sides CB and BA of AABC 
have been produced to D and E respectively 


je 


A o 
such that ZABD = 110° and ZCAE = 135°. Then, nm 
ZACB =? 

(a) 65° (b) 45° 
(c) 55° (d) 35° NL. 
D B iC 


© 


. The sides BC, CA and AB of AABC have 
been produced to D, E and F respectively. 
BAE + ZCBF+ ZACD =? 


(a) 240° (b) 300° 
(c) 320° (d) 360° 


N 


.In the given figure, EAD LBCD. Ray 
FAC cuts ray EAD at a point A such that 
ZEAF = 30°. Also, in ABAC, ZBAC = x? and 
Z ABC = (x + 10)*. Then, the value of x is 

(a) 20 (b) 25 
(c) 30 (d) 35 
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8. In the given figure, two rays BD and CE intersect at a point A. The 
side BC of AABC have been produced on both sides to points F and G 
respectively. If ZABF = x°, ZACG = y^ and ZDAE = z? then z=? 


(a) x*y-180 (b) x+y+180 (c) 180-(x+y) (d) x+y+360° 
9. In the given figure, lines AB and CD intersect at a point O. The sides 


CA and OB have been produced to E and F respectively such that 
ZOAE = x? and ZDBF = y^. 


If LOCA = 80°, ZCOA = 40° and ZBDO = 70° then x^ + y? =? 


(a) 190° (b) 230° (c) 210° (d) 270° 
10.In a AABC, it is given that A 
ZA:2B:2C=3:2:land ACD = 90°. 
If BC is produced to E then ZECD =? 3 
(a) 60° 
(b) 50° B Č E 
(c) 40° 
(d) 25° 
11. In the given figure, BO and CO are the bisectors A 
of ZB and ZC respectively. If ZA = 50° then 4 
ZBOC =? 
(a) 130° (b) 100° 
(c) 115° (d) 120° 
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12. In the given figure, side BC of AABC has A 
been produced to a point D. If ZA =3y°, 3y° 
ZB=x°, ZC-5y? and ZCBD - 7y*. Then, 
the value of x is 7y 
x? 5y* 
(a) 60 (b) 50 à G bD” 
(c) 45 (d) 35 


ANSWERS (MCQ) 
1. (b) 2. (c) 3.(D 4. (d) 5. (a) 6. (d) 7. (b) 8. (a) 
9. (b) 10. (a) 11. (c) 12. (a) 


HINTS TO SOME SELECTED QUESTIONS 


A aK pik Lk. 
1. Let 3A = 4B = 6C =k. Then, A= 5, B 4'€ 6 
Lk kk. 
A:B:C 3/46 4:3:2 


2. ZA = ZB +42° and <C = (ZB - 21°). 
A+B+C=180° => (B+42)+ B+ (B-21) = 180 
> 3B=159 > B=53°. 
3. Ext. ZACD = ZBAC + ZABC > x+50=110 > x= 60. 
4. ZABC = (180° - 125°) = 55° and Z ACB = (180° — 130°) = 50°. 
ZA+ZB+ZC=180° > ZA +55°+50° = 180° 
ZA = (180° - 105°) = 75°. 
5. ZBAC = (180° - 135°) = 45° and ZABD = (180° - 110°) = 70°. 
ZA+ZB+ZC=180° > 45°+70° + ZACB = 180° > ZACB = 65°. 
7. ZCAD = ZEAF = 30° [vert. opp. 4]. 
ZACD = 180° - (30° + 90°) = 60° = x+(x+10)=60 > x=25. 
8. ZBAC = ZEAD = z°, ZABC = (180° — x°), ZBCA = (180° - y^). 
ZBAC + ZABC + ZBCA = 180° 
=>  z-*(180-x)- (180 - y) = 180 z = (x+y) - 180. 
9. Ext. ZOAE = ZOCA + ZCOA > x? = (80° +40°) = 120°. 
ZBOD =ZCOA=40° (vert. opp. 4) 
Ext. ZDBF = ZBOD + ZBDO = (40° + 70°) = 110° > y° = 110°. 
x? +y° = (120° + 110°) = 230°. 
10. LA + B+ ZC = 180° > 3x+2x+x = 180 
> 6x=180 > x=30. 
ZA = 90°, ZB = 60° and <C = 30°. 
ZACE - ZA* ZB > 90° + ZECD = 90° + 60° > ZECD = 60°. 
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11. ZB + ZC = (180° - ZA) = (180° — 150°) = 130°. 


1 
2 


12B + ZC + ZBOC = 180° > 65° + ZBOC = 180° > ZBOC = 115°. 


12. 5y° + 7y? = 180° > 12y^ = 180° > y=15. 
3ytx+5y=180 > 8y+x=180 > 120+x=180 x = 60. 


ZB*i2C- G x 130°) = 65°. 


SUMMARY OF FACTS AND FORMULAE 


I. TRIANGLE A plane figure bounded by three line segments is called a triangle, 
denoted by A. 


II. A AABC has 
(i) 3 vertices, namely A, B and C; 
(ii) 3 sides, namely AB, BC and CA; 
(iii) 3 angles, namely ZA, ZB and ZC. B C 


A 


m. A triangle has 6 parts, namely 3 sides and 3 angles. 
IV. TYPES OF TRIANGLES ON THE BASIS OF SIDES 


(i) EQUILATERAL TRIANGLE A triangle having all sides equal is called an 
equilateral triangle. 


(ii) ISOSCELES TRIANGLE A triangle having two sides equal is called an 
isosceles triangle. 


(iii) SCALENE TRIANGLE A triangle in which all the sides are of unequal lengths 
is called a scalene triangle. 


v. The sum of the lengths of three sides of a triangle is called its perimeter. 
vi. The sum of the angles of a triangle is always 180°. 
VII. TYPES OF TRIANGLES ON THE BASIS OF ANGLES A 


(i) RIGHT-ANGLED TRIANGLE A triangle in which 
one of the angles measures 90° is called a right- 
angled triangle. 


The side opposite to the right angle is called 
its hypotenuse. B c 


(ii) ACUTE-ANGLED TRIANGLE A triangle in which every angle is less than 90° 
is called an acute-angled triangle. 


(iii) OBTUSE-ANGLED TRIANGLE A triangle in which one angle measures more 
than 90° but less than 180° is called an obtuse-angled triangle. 
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viii. If one side of a triangle is produced then the A 
exterior angle so formed is equal to the sum of 
the two interior opposite angles. 
In the given figure, the side BC of AABC 
has been produced to D. 


ext. ZACD = ZA + ZB. B 


9 Congruence of Triangles and 
o Inequalities in a Triangle 


CONGRUENT FIGURES Two geometrical figures having exactly the same shape and 
size are known as congruent figures. 


In such figures, one can be superposed on the other to cover it exactly. 


For congruence, we use the symbol ‘=’. 


B 
Two line segments are congruent only when 


their lengths are equal. 
Thus, AB = CD if (AB) = (CD). 


Two angles are congruent only when their measures are equal. 


D 


A D 


B [o E F 
ZABC = ZDEF, if m(ZABC) = m(ZDEF). 
CONGRUENT TRIANGLES Two triangles are congruent if and only if one of them can 
be made to superpose on the other so as to cover it exactly. 


Thus, congruent triangles are exactly identical. 


EXAMPLE1 If AABC X ADEF then we have 
A-ZD, ZB-ZE, ZC-ZE; 
and AB = DE, BC = EF, AC = DF. 
EXAMPLE2 If AABC X AEDF then we have 
A=ZE, ZB=ZD, ZC-7ZE; 
and AB = ED, BC = DF, AC = EF. 


CONGRUENCE RELATION IN THE SET OF ALL TRIANGLES 
The following results are quite obvious. 
(i) Every triangle is congruent to itself, i.e., AABC = AABC. 
(ii) If AABC = ADEF then ADEF = AABC. 
(iii) If AABC = ADEF, and ADEF = APQR then AABC = APQR. 


NOTE We shall use the abbreviation 'c.p.c.t.' for ‘corresponding parts of 
congruent triangles’. 
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SAS-CRITERIA FOR CONGRUENCE OF TRIANGLES 


THEOREM 1 If two triangles have two sides and the included angle of the one 
equal to the corresponding sides and the included angle of the other 
then the triangles are congruent. 

GIVEN. AABC and ADEF in which AB = DE, AC = DF and ZA = ZD. 


A D 


B C E F 
TOPROVE AABCZ ADEF. 
PROOF Place AABC over ADEF such that A falls on D and AB falls 
along DE. 
Since AB = DE, so B falls on E. 
Since ZA = ZD, so AC will fall along DF. 
But, AC = DF. 
C will fall on F. 
Thus, AC will coincide with DF. 
And, therefore, BC will coincide with EF. 
A ABC coincides with ADEF. 
Hence, AABC = ADEF. 


THEOREM2 The angles opposite to two equal sides of a triangle are equal. 
GIVEN. AAABC in which AB = AC. A 
TOPROVE ZB-ZC. 
CONSTRUCTION Draw AD, the bisector of ZA, to 
meet BC in D. 
PROOF In AABD and AACD, we have 

AB-AC (given), 

AD=AD (common), ZBAD-ZCAD (by construction). 

AABD=AACD (SAS-criteria). 

Hence, ZB -ZC (c.p.c.t.). 


. 


B C 


ASA-CRITERIA FOR CONGRUENCE OF TRIANGLES 


THEOREM3 If two angles and the included side of one triangle are equal to the 
corresponding two angles and the included side of the other triangle 
then the two triangles are congruent. 
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GIVEN. AABC and ADEF in which ZABC=2ZDEF, ZACB=ZDFE and 
BC = EF. 


B i C 
TOPROVE AABC = ADEF. 
PROOF Casel 
Let AC = DF. 
In this case, AC = DF, BC = EF and ZC = ZF. 
AABC & ADEF  (SAS-criteria). 
Case Il 
If possible, let AC # DF. 
Then, construct D’F = AC. Join D'E. 
Now, in AABC and AD'EF, we have AC- D'F,BC- EF and 
ZC-ZF. 
AABC X AD'EF  (SAS-criteria). 
ZABC-ZD'EF  (c.p.ct.). 
But, ZABC - ZDEF (given) 
ZD'EF = ZDEF. 
This is possible only when D and D’ coincide. 
AABC = ADEF. 


AAS-CRITERIA FOR CONGRUENCE OF TRIANGLES 


COROLLARY If two angles and any side of a triangle are equal to the corresponding 
angles and side of another triangle then the two triangles are 


congruent. 
GIVEN AABC and ADEF in which ZA = ZD, ZB = ZE and BC = EF. 
A D 
B c Æ i F 


TOPROVE AABC = ADEF. 
PROOF We know that the sum of the angles of a triangle is 180°. 
A+ ZBt+ ZC =24D+ZE+ ZF = 180°. 
But, ZA = ZD and ZB = ZE. 
ZC-2ZF. 
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Now, in AABC and ADEF, we have 
ZB = ZE, ZC = ZF and BC = EF. 
AABC = ADEF (ASA-criteria). 


THEOREM4 (Converse of Theorem 2) If two angles of a triangle are equal then the 
sides opposite to them are also equal. 


GIVEN. A AABC in which ZB = ZC. ^ 

TOPROVE AB - AC. | 

| 

CONSTRUCTION Draw AD, the bisector of ZA to meet 

BC at D. | 
B D C 


PROOF In AABD and A ACD, we have 
ZBAD=ZCAD (by construction), 
AD-AD (common), 
ZB-ZzC (given). 
AABDZ AACD (AAS-criteria). 
Hs AB-AC (cp.c.t.). 


SSS-CRITERIA FOR CONGRUENCE OF TRIANGLES 
THEOREM5 Ifthe three sides of one triangle are equal to the corresponding three 
sides of another triangle then the two triangles are congruent. 


GIVEN AABC and ADEF in which AB = DE, AC = DF and BC = EF. 
TOPROVE AABC = ADEF. 


G 

CONSTRUCTION Suppose BC is the longest side of AABC. Draw EG and FG 
such that ZFEG = ZCBA and ZEFG = ZBCA. Join DG. 
PROOF In AABC and GEF, we have 

BC=EF (given), ZCBA-ZFEG (by construction) 

and ZBCA -ZEFG (by construction). 
AABCZ AGEF  (ASA-criteria). 
ZA-ZEGF, AB = GE and AC- GF. (c.p.c.t.) 


=>  ZA-ZEGE, DE - GE and DF = GF 
[^ AB =DE and AC = DF]. 
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Now, in AEGD, DE = GE > ZEGD = ZEDG. 
And, in AFGD, DF = GF ZFGD = ZFDG. 
EGD * ZFGD = ZEDG * ZFDG 
=>  ZEGF -ZEDF ZA=ZEDF [- ZEGF-ZA] 
=> ZA-ZzD. 
Now, in A ABC and DEF, we have 
AB = DE, AC = DF and ZA = ZD. 
AABCZADEF  (SAS-criteria). 


RHS-CRITERIA FOR CONGRUENCE OF RIGHT TRIANGLES 


THEOREM6 Two right-angled triangles are congruent if one side and the 
hypotenuse of the one are respectively equal to the corresponding 
side and the hypotenuse of the other. 

GIVEN. Two right-angled triangles A D 

AABC and ADEF in which 

ZB = ZE = 90°, BC = EF and AC = DF. 

TOPROVE AABC = ADEF. 

CONSTRUCTION Produce DE to G 


such that GE = AB. Join GE. B. Fe CER ae 

PROOF In A ABC and GFF, we have ra 
AB-GE (by construction), j VA 
BC-EF (given), ZB = ZFEG = 90°. Pd 
AABCZAGEF (SASccriteria) G 


ZA-ZGand AC=GF (c.p.c.t.). 
Now, AC = GF and AC = DF GF = DF ZG=ZD 
> ZA=ZD [- ZG-2ZA]. 
Now, ZA =2D, ZB=ZE > 3rd ZC = 3rd ZF. 
Thus, in A ABC and DEF, we have 
BC = EF, AC = DF and ZC = ZF. 
AABC = ADEF.  (SAS-criteria). 


SUMMARY OF THE RESULTS 


(i) (SAS-CRITERIA) Two A are congruent if two sides and the included 
angle are correspondingly equal. 


(ii) (AAS-CRITERIA) Two A are congruent if two angles and one side are 
correspondingly equal. 
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(iii) (SSS-CRITERIA) Two A are congruent if three sides are 
correspondingly equal. 


(iv) (RHS-CRITERIA) Two right A are congruent if hypotenuse and one 
side are correspondingly equal. 


EQUIANGULAR TRIANGLES If two triangles have three angles of the one 
correspondingly equal to three angles of the other, they are said to be equiangular. 


Clearly, two congruent triangles are surely equiangular but 
equiangular triangles need not be congruent. 


DISTANCE BETWEEN A LINE AND A POINT The distance between a line and a point not 
on it, is the length of perpendicular from the point to the given line. 


The distance between a line and a point lying on it, is zero. 


SOLVED EXAMPLES 


EXAMPLE1 In the given figure, OA=OB and OC=OD. p B 
Show that: 


(i) AAOC = ABOD (ii) AC|| BD. 
SOLUTION (i) In AOAC and AOBD, we have Q 
OA=OB (given), 
OC=OD (given) A C 
and ZAOC = ZBOD (vertically opposite 4). 
AOAC = AOBD (by SAS-criteria). 
(ii) We have, AOAC = AOBD (proved above). 
ZOAC = ZOBD (c.p.c.t.). 
But, these are alternate angles. 
AC || BD. 
EXAMPLE2 AB is a line segment and line | is its AL 
perpendicular bisector. If a point P lies 


on l, show that P is equidistant from A 
and B. 


SOLUTION Let M be the midpoint of AB. 
Then, / 1 AB and passes through 
M. Let P be a given point on 1. d M B 


Then, we have to show that PA = PB. 
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In APMA and APMB, we have 
MA=MB [- Mis the midpoint of AB], 
ZPMA = ZPMB = 90° (given) 
and PM - PM (common). 
APMAZ APMB (by SAS-criteria). 
Hence, PA- PB (c.p.c.t.). 
This shows that P is equidistant from A and B. 
EXAMPLE3 Show that each angle of an equilateral triangle is 60°. — ^ 
SOLUTION Let AABC be an equilateral triangle. 
Then, BC = CA = AB 
= BC=CAandCA=AB 
= ZA-zBandzB-zC B C 
[- angles opposite to equal sides are equal] 
ZA-ZB-ZC-x (say). 


But, we know that the sum of all angles of a triangle is 180°. 
ZA+ ZB+ ZC-180* 

> x'tx'tx*-180 
3x? = 180° = x= 60. 
ZA-ZB-ZC-60. 


Hence, each angle of an equilateral triangle is 60°. 


EXAMPLE4 Inan isosceles triangle, prove that the altitude from the vertex bisects 
the base. 


GIVEN A AABC in which AB = AC and AD L BC. A 
ToPROVE BD - DC. 
PROOF Inright-angled A ADB and ADC, we have 
hyp. AB =hyp. AC (given) 
and AD=AD (common). 
AADBZAADC [RHS-criteria]. 
Hence, BD- DC  (c.p.c.t.). 


EXAMPLE 5 Ifthe altitude from one vertex of a triangle bisects the opposite side, 
prove that the triangle is isosceles. 


GIVEN A AABC in which AD L BC and BD = DC. 
TOPROVE AB - AC. 
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PROOF In AADB and AADC, we have A 
BD=DC (given), 
AD-AD (common) 
and ZADB = ZADC = 90° 
AADBZAADC (SAS-criteria). 
Hence, AB= AC (c.p.c.t.). 


EXAMPLE6 Ifthe bisector of the vertical angle of a triangle bisects the base, prove 
that the triangle is isosceles. 
GIVEN. A AABC in which AD is the bisector of ZA, which meets BC in D 
such that BD = DC. 
TOPROVE AB=AC. 
CONSTRUCTION Produce AD to E such that AD = DE. 
Join EC. 
PROOF In AABD and AECD, we have 
BD-DC (given), 
AD - DE (by construction), B 
ZADB - ZEDC (vert. opp. 4). "d 
AABDzAECD  (SAS-criteria). / 
^ AB=ECand 41= 3 (cp.c.t.). E 
Also, Z1=22 [- AD bisects ZA] "n 
Z2- 23. E 
But, we know that the sides opposite to equal angles of a triangle 
are equal. 
EC = AC. 
So, AB=AC [- EC = AB]. 
Hence, A ABC is isosceles. 


EXAMPLE7 Prove that the perpendiculars drawn from the vertices of equal angles 
of an isosceles triangle to the opposite sides are equal. 


GIVEN A AABC in which ZBCA = ZCBA, BL L AC and CM 1 AB. 
TOPROVE BL=CM. 
PROOF In ABCL and ACBM, we have 
ZBCL-ZzCBM [- ZBCA = ZCBA] 
ZBLC = ZCMB = 90° 
and BC=CB (common). 
ABCL=ACBM  (AASccriteria). B c 
Hence, BL- CM (c.p.c.t.). 


A 


Congruence of Triangles and Inequalities in a Triangle 271 


EXAMPLE 8 Ifthe altitudes from two vertices of a triangle to the opposite sides are 
equal, prove that the triangle is isosceles. 


GIVEN A AABC in which BL L AC and CM L AB such that BL = CM. 
TOPROVE AB=AC. 


PROOF In AABL and AACM, we have ^ 
ZALB - ZAMC [each equal to 90°], T 1 
ZBAL=ZCAM [common] 
and BL=CM (given). 
AABL=AACM (AAS-criteria). B C 
AB = AC (c.p.c.t.). 


Hence, AABC is isosceles. 


EXAMPLE9 Prove that the medians of an equilateral triangle are equal. 
GIVEN. A AABC in which AB = BC = AC and AD, BE and A 


CF are its medians. 
TOPROVE AD - BE- CF. y E 
PROOF In AADC and ABEA, we have 
AC-BA (given), i T e 
DC=EA |- BC=AC > isc-lac ^ 
and ZACD=ZBAE [each equal to 60°]. E 
AADCZABEA (SAS-criteria). 
B D € 


AD-BE (epet). 
Similarly, BE = CF. 
Hence, AD = BE = CF. 


EXAMPLE 10 If D is the midpoint of the hypotenuse AC of a right-angled A ABC, 


1 
rove that BD = —AC. 
[2 2 " E 


^ 


GIVEN A AABC in which ZB = 90° and D is the 
midpoint of AC. 


TOPROVE BD= FAC. 


[j 
[ 
| 
I 
[ 
| 
! 
CONSTRUCTION Produce BD to E such that BD = DE. 8 c 
Join EC. 
PROOF In AADB and ACDE, we have 
AD=CD (given), 
BD=ED (by construction) 
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and ZADB -ZCDE (vert. opp. 4). 
AADBZACDE (SAS-criteria). 
AB = EC and 41=22 (c.p.c.t.). 
But, <1 and Z2 are alternate interior angles. 
CE || BA. 
Now, CE || BA and BC is the transversal. 
ZABC+ ZBCE =180°  [co. int. 4] 
=> 90°+ZBCE=180° [- ZABC = 90°] 
> ZBCE=90°. 
Now, in AABC and AECB, we have 
BC-CB (common), 
AB-EC (proved) 
and ZCBA -ZBCE (each equal to 90°). 
AABC =AECB_ (SASccriteria). 


1 1 
AC = EB 7 EB= AC BD= 


AC. 


N|R 


Hence, BD = Lac. 


EXAMPLE 11 If two isosceles triangles have a common base, prove that the line 
segment joining their vertices bisects the common base at right 
angles. 

GIVEN Two A ABC and DBC with the same base BC, in which AB = AC and 

DB - DC. Also, AD (or AD produced) meets BC in E. 


TOPROVE BE=CEand ZAEB = ZAEC = 90°. 


PROOF In AABD and A ACD, we have 
AB=AC (given), 
DB=DC (given) 
and AD=AD (common). 
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AABD=AACD  (SSSccriteria). 
41=22 (cp... 
Now, in AABE and AACE, we have 
AB-AC (given), 
AE=AE (common) 
and 41=42 (proved). 
AABE = AACE  (SAS-criteria). 
BE = CE and 43= 24 (cp.c.t.). 
But, 23+ 74-180? (linear pair). 
2724-2180? = Z4-290* [- Z3-2Z4] 
Thus, Z3 = Z4 = 90°. 
Hence, BE = CE and ZAEB = Z AEC = 90°. 


EXAMPLE 12 AABC is an isosceles triangle with AB = AC. p 
Side BA is produced to D such that AB = AD. Fi 
Prove that ZBCD is a right angle. / 
/ 
GIVEN A AABC in which AB=AC and side BA is i 


produced to D such that AB = AD. 
TOPROVE ZBCD=90°. 
CONSTRUCTION Produce BA to D such that BA = AD. 
Join DC. B c 
PROOF AB- ACand AB - AD > AD - AC. 

Now, AB - AC ^ ZABC-ZACB, 

AD=AC => ZADC=ZACD. 

& ABC + ZADC = ZACB+ ZACD 

> ABC*ZADC-ZzBCD [- ZACB+ ZACD = ZBCD] 

> ABC + ZADC + ZBCD = 2ZBCD 

[adding ZBCD on both sides] 

=>  2ZBCD-180* [- sum of the 4 of ABCD is 180°] 

=> ZBCD=90°. 

Hence, ZBCD is a right angle. 


EXAMPLE 13 In an isosceles AABC with AB = AC, D and A 
E are points on BC such that BE = CD. Show 
that AD = AE. 


GIVEN. A AABC in which AB = AC. D and E are points 
on BC such that BE = CD. 
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TOPROVE AD=AE. 
PROOF BE=CD > BE-DE=CD-DE 
> BD=CE. s) 
Now, in AABD and AACE, we have 
AB=AC (given), 
ZB-ZC [angles opposite to equal sides] 
and BD=CE [proved above in (i)]. 
AABDZAACE (SASccriteria). 
Hence, AD= AE (c.p.c.t.). 


EXAMPLE 14 Zn the given figure, D and E are points on the 
side BC of a AABC such that BD = CE and 
AD - AE. Show that AABD = AACE. 

GIVEN. A AABC in which D and E are points on BC 

such that BD = CE and AD = AE. 

TOPROVE AABD = AACE. 


PROOF We know that the angles opposite to equal sides of a triangle are 
equal. 


So, in AADE, we have 
AD=AE > ZADE-ZAED 
=> 180° - ZADE = 180° - ZAED 
=> ZADB=ZAEC. ac 
Now, in AABD and AACE, we have 
AD - AE (given) 
ZADB -ZAEC [proved in (i)] 
BD = CE (given) 
AABD = AACE. (SAS-criteria). 


EXAMPLE 15 In the given figure, AB=AC and ZB = ZC. A 
Prove that AABD = AACE. 
SOLUTION In AABD and AACE, we have E D 
AB = AC (given) 
ZABD 7 ZACE [^ ZB-7ZC(given)] 8 C 
ZBAD -ZCAE [common] 
AABD = AACE [ASA-criteria]. 


EXAMPLE 16 


GIVEN. A square ABCD and an equilateral ACDE on side CD. p 
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In the given figure, ACDE is an equilateral A 
triangle on a side CD of a square ABCD. Show that 
AADE = ABCE. 


UJ 


O 


TOPROVE AADE = ABCE. 
PROOF In AADE and ABCE, we have 


EXAMPLE 17 


A 
DEL DF such that AB=DE and 
BF = EC. Show that AABC = ADEF. 
GIVEN BA L AC and DE L DF such that AB = DE c 


AD=BC (sides of the same square) E 
DE=CE (sides of an equilateral triangle) 
ZADE=ZBCE [each equal to (90° + 60°) = 150°] 
AADE=ABCE [by SAS-criteria]. 


In the given figure, BAL AC and 


m 


TOPROVE AABC = ADEF. 


and BF = EC. li D 
D 


PROOF EC=BF > BE-EC=BE-BF 


=> BC-EF. .. (i) 


In AABC and ADEF, we have 


EXAMPLE 18 


AB=DE (given) 
ZBAC = ZEDF = 90° 
hyp. BC = hyp. EF 
AABC=ADEF [by RHSccriteria]. 
In the given figure, AY LZY and , A 


BY | XY such that AY=ZY and 
BY = XY. Prove that AB = ZX. 


GIVEN ZBYX «905, ZAYZ = 905, AY = ZY and 


BY = XY. M X 
TOPROVE AB= ZX. 
PROOF ZBYX-ZAYZ [each equal to 90°] 

> BYX + ZAYX = ZAYZ+ ZAYX 

= ZAYB=ZZYX. wi) B 


Now, in AAYB and AZYX, we have 


AY=ZY (given) 
BY=XY (given) 
ZAYB=ZZYX [proved in (i)] 
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AAYBZAZYX  (SAS-criteria). 
Hence, AB - ZX  [c.p.c.t.]. 


EXAMPLE 19 AB is a line segment and P E D 
is its midpoint. D and E are 
points on the same side of AD 
such that ZBAD = ZABE and 


ZEPA = ZDPB. P 3 
Show that (i) ADAP = AEBP, 
(ii) AD = BE. 
SOLUTION ZEPA = ZDPB 
> EPA + ZEPD = ZDPB + ZEPD 
> ZAPD=ZBPE. ... (A) 
(i) In ADAP and AEBP, we have 
AP = BP [- Pis the midpoint of AB] 


ZAPD -ZBPE [proved in (A)] 

ZPAD-ZPBE [- ZBAD=ZABE] 

ADAP X AEBP (by SASccriteria). 
"y ADAP X AEBP > AD-BE (cp.ct.). 


EXAMPLE20 P is a point equidistant from 
two lines | and m intersecting 
at a point A, as shown in 
the given figure. Show that 
the line AP bisects the angle 
between them. 


GIVEN. Two lines / and m intersecting at a point A and P is a point such that 
PM = PN, where PM Ll and PN 1 m. 


TOPROVE ZPAM= PAN. 

PROOF In APAM and APAN, we have 
ZPMA = ZPNA = 90° 
PM = PN (given) 
AP = AP (common) 
APAM = APAN (by RHSccriteria). 
ZPAM-ZPAN (c.p.c.t.). 


Hence, the line AP bisects the angle between / and m. 
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EXAMPLE 21 In the given figure, AB is a line segment. P 
P and Q are points on opposite sides of AB 
such that each of them is equidistant from 
the points A and B. Show that the line PQ is A B 
the perpendicular bisector of AB. 


GIVEN A line segment AB and two points P and Q 
such that PA = PB and QA = QB. 
TO PROVE Let AB and PQ intersect at C. Then, we Q 
have to prove that AC = BC and ZACP = 90°. 
PROOF In APAQ and APBQ, we have 

PA-PB (given) 

QA=QB (given) 

PQ=PQ (common) 

APAQ=APBQ (by SSS-criteria). 


ZAPQ=ZBPQ a) epet). 
Now, in APAC and APBC, we have 

PA= PB (given) 

ZAPC-ZBPC [- ZAPQ=ZBPQ in (i)] 

PC=PC (common) 

APAC=APBC  (bySASccriteria). 

AC = BC ... (ii) (epet) 
And, ZACP = ZBCP ... (iii) (cp.c.t.). 


But, ZACP + ZBCP = 180° (linear pair). 
2ZACP = 180° [using (iii)]. 
So, ZACP = 90°. 
Hence, PQ is the perpendicular bisector of AB. 
EXAMPLE 22 In the given figure, ABCD is a quadrilateral 
in which AD = BC and ZDAB = ZCBA. 
Prove that (i) AABD = ABAC, 
(ii) BD = AC, 
(iii) ZABD = ZBAC. 


GIVEN A quadrilateral ABCD in which AD = BC 
and ZDAB = ZCBA. c 


TOPROVE (i AABD=ABAC, (ii) BD=AC, (iii) ZABD = ZBAC. 
PROOF (i) In AABD and ABAC, we have 

AD = BC (given) 

ZDAB - ZCBA (given) 
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AB=BA (common) 
AABD = ABAC (SAS-criteria). 
(ii) As shown above, AABD = ABAC. 
BD=AC _ (c.p.c.t.). 
(iti) And, ZABD=ZBAC _ (c.p.c.t.). 
EXAMPLE 23 In the given figure, AB=AD_ in 


AABD and AC=AE in AACE and A 
ZBAD = ZEAC. Show that BC = DE. 


GIVEN. AABD and AACE in which AB= AD, 
AC = AE and ZBAD = ZEAC. 


TOPROVE BC=DE. 


PROOF In AABC and AADE, we have 
AB=AD (given) 
BAC = ZBAD+ ZCAD 

= LEAC + ZCAD [^ ZBAD = ZEAC] 
= ZDAE 

AC=AE (given) 

AABC=AADE_  (SAS-criteria). 

Hence, BC=DE_ (c.p.c.t.). 


EXAMPLE 24 In the given figure, AABC is right angled 
at B such that 2BCA=22BAC. Show that 
hypotenuse AC — 2BC. 


GIVEN AAABC in which ZB = 90° and ZBCA = 2ZBAC. / 
TOPROVE AC -2BC. / 


2x? 


CONSTRUCTION Produce CB to D such that BD = BC. é 
Join AD. 


PROOF Let ZBAC = x°. Then, ZBCA = 2x°. 
In AABC and AABD, we have 
BC-BD (by construction) 
AB=AB (common) 
ZABC = ZABD = 90° 
AABC=AABD_ (SAS-criteria) 
« ZCAB=ZDAB=x° ... (i) (c.p.c.t.) 
and AC = AD ... (ii) (c.p.c.t.). 
In ACAD, we have 
CAD = ZCAB + ZDAB = (x? + x?) = 2x*. 
ZACD = ZACB = 2x*. 
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But, we know that the sides opposite to equal angles are equal. 
ZACD 7 ZCAD > AD=CD. „s (iii) 
From (ii) and (iii), we get 
AC=CD > AC-2BC [- CD - BC-* BD -2BC]. 
Hence, AC - 2BC. 
EXAMPLE25 In the adjoining figure, AD is a A 
median of ^ ABC. If BL and CM are 


drawn perpendiculars on AD and AD 
produced, prove that BL = CM. 


SOLUTION In right triangles ABLD and B D m 
ACMD, we have 


BD-CD [- Disthe midpoint of BC] 
ZBLD = ZCMD [each equal to 90°] 
ZBDL-ZCDM [vert. opp. 4] 
ABLD = ACMD [AAS-criteria]. 

Hence, BL- CM [c.p.c.t.]. 


EXAMPLE 26 In the given figure, ABC is a triangle, right 
angled at B. If BCDE is a square on side BC 
and ACFG is a square on AC, prove that 
AD = EB. 


SOLUTION In AACD and AFCB, we have 
ZACD = 90° + ZBCA 
and ZFCB =90° + ZBCA 
= ZACD-ZzFCB 
CA=CF (sides of the same square) 


CD=CB (sides of the same square) 
AACD = AFCB (SAS-criteria). 
Hence, AD- FB. (c.p.c.t.). 
EXAMPLE27 In the given figure, ABCD is a square, M 
is the midpoint of AB and PQ L CM meets 


AD at P and CB produced at Q. Prove that 
(i) PA = QB and (ii) CP = AB + PA. 


GIVEN A square ABCD in which M is the midpoint 
of AB. PQ L CM meets AD at P and CB produced at Q. 


TOPROVE (i) PA = QB and (ii) CP = AB + PA. 
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PROOF (i) In APAM and AQBM, we have 

AM = BM (- Mis the midpoint of AB) 
ZPAM = ZQBM (each equal to 90°) 
ZAMP = ZBMQ (vertically opp. 4) 
APAM = AQBM (AASccriteria). 

Hence, PA- QB  (c.p.ct.). 

(ii) Join PC. 
Now, in ACMP and ACMQ, we have 


PM = QM (. APAM = AQBM) 
ZCMP =ZCMQ (each equal to 90°) 
CM = CM (common) 


ACMP = ACMQ (SAS-criteria). 
CP-CQ (cp.c.t.). 
=> CP=CB+QB=AB+PA [- CB = AB and QB = PA]. 
Hence, CP = AB + PA. 
EXAMPLE 28 In the given figure, the two sides AB and BC, and the median AD of 


AABC are correspondingly equal to the two sides PQ and QR, and 
the median PM of APQR. Prove that AABC = APQR. 


GIVEN AABC and APQR in which AB = PQ, BC = QR and median AD of 
A ABC = median PM of APQR. 


B D C Q M R 

TOPROVE AABC =APQR. 

PROOF In AABD and APQM, we have 

AB=PQ (given) 

SBC = 
med. AD=med.PM (given) 
AABD = APQR  (SSS-criteria). 

. ZABD=ZPQM (cp...) 

> ZABC-ZPQR. 

Now, in AABC and APQR, we have 
AB = PQ (given) 


BD=QM |. BC=QR 


LQR > BD=QM 
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ZABC = ZPQR (proved above) 

BC=QR (given). 

AABC = APQR_  (SAS-criteria). 

EXAMPLE 29 In the given figure, the bisectors of 

ZB and ZC of AABC meet at I. If 
IPLBC, IQ.LCA and IR AB, 
prove that (i) IP - IQ — IR, (ii) IA 
bisects ZA. 


GIVEN A AABC in which BI and CI are the bisectors of ZB and ZC 
respectively. IP L BC, IQ 1 CA and IR L AB. 


TOPROVE (i) IP=1Q = IR and (ii) IA bisects ZA. 
PROOF (i) In AIPC and AIQC, we have 
ZIPC = ZIQC = 90° (given) 
ZICP-ZICQ  [- CI is the bisector of ZC] 


CI=CI (common) 
AIPC = AIQC  (AAS-criteria). 
IP=IQ (c.p.c.t.). 


— IQ - IR. 
Hence, IP = IQ = IR. 
(ii) In AIQA and AIRA, we have 

IQ 7 IR [proved in (i)] 
ZIQA 7 ZIRA [each = 90°] 
hyp. IA =hyp. IA (common) 
AIQA X AIRA (RHĦS-criteria). 
ZIAQ=ZIAR | (c.p.ct.). 


Hence, [A bisects ZA. 
EXAMPLE 30 In the given figure, ABCD is a quadrilateral A 
and E and F are points on AD and E 
CD respectively such that AB = CB, 
ZABE = ZCBF and ZEBD = ZFBD. Prove 
that BE = BF. B 
SOLUTION ZABE = ZCBF and ZEBD = ZFBD D 
= ZABE + ZEBD=ZCBF+ ZFBD 
F 
= ZABD=ZCBD. e. (i) 


Cc 
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Now, in AABD and ACBD, we have 


AB - CB (given) 
ZABD - ZCBD [from (i)] 
BD=BD (common) 


AABD = ACBD [SAS-criteria]. 
ZBAD -ZBCD [c.p.c.t.] 
=> ZBAE-ZzBCF. 
Now, in AABE and ACBF, we have 
AB - CB (given) 
ZABE -ZCBF (given) 
ZBAE = ZBCF [proved in (ii)] 
AABE X ACBF  [AASccriteria]. 
Hence, BE - BF. 


EXERCISE 9A 


In the given figure, AB||CD and O is the 
midpoint of AD. 


Show that (i) AAOB = ADOC. 
(ii) O is the midpoint of BC. 


. In the given figure, AD and BC are equal 


perpendiculars to a line segment AB. 
Show that CD bisects AB. 


. In the given figure, two parallel lines / and m 


are intersected by two parallel lines p and q. 
Show that AABC = ACDA. 


.. (ii) 


UJ 


C 
A 
B 
[9] 
A 


O 


»m 


4. 


m 


> 


N 


ge 


10. 
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AD is an altitude of an isosceles AABC in 
which AB - AC. 


Show that (i) AD bisects BC, 
(ii) AD bisects ZA. 


In the given figure, BE and CF are two 
equal altitudes of AABC. 
Show that (i) AABE = AACF, 

(ii) AB = AC. 


AABC and ADBC are two isosceles triangles 
on the same base BC and vertices A and D 
are on the same side of BC. If AD is extended 
to intersect BC at E, show that 


(i) AABD = AACD 
(ii) AABE = AACE 
(iii) AE bisects ZA as well as ZD 
(iv) AE is the perpendicular bisector of BC. 


. In the given figure, if x = y and AB = CB then 


prove that AE = CD. 


In the given figure, line / is the bisector of an 
angle ZA and B is any point on 1. If BP and 
BQ are perpendiculars from B to the arms of 
ZA, show that 
(i) AAPB = AAQB 
(ii) BP = BQ, i.e., B is equidistant from the 
arms of ZA. 


and ZC. Prove that AB = AD and CB = CD. 


B D C 
A 
e ‘ 
B [9 


UJ 
m 
O 


w 
[e| 
> 


. ABCD is a quadrilateral such that diagonal AC bisects the angles ZA 


AABC is a right triangle right angled at A such that AB = AC and 
bisector of <C intersects the side AB at D. Prove that AC + AD = BC. 
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11. In the given figure, OA = OB and OP = OQ. B 
Prove that (i) PX = QX, (ii) AX = BX. 


12. In the given figure, ABC is an equilateral 
triangle; PQ|| AC and AC is produced to R 
such that CR = BP. Prove that QR bisects PC. 


13. In the given figure, ABCD is a quadrilateral in 
which AB || DC and P is the midpoint of BC. On 
producing, AP and DC meet at Q. Prove that 
(i) AB=CQ, (ii) DQ=DC+AB. 


14. In the given figure, ABCD is a square and P is 
a point inside it such that PB = PD. Prove that 
CPA is a straight line. 


15. In the given figure, O is a point in the interior 
of square ABCD such that AOAB is an 
equilateral triangle. Show that AOCD is an 
isosceles triangle. 


16. In the adjoining figure, X and Y are 
respectively two points on equal sides AB and 
AC of AABC such that AX = AY. Prove that 
CX - BY. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 
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In AABC, D is the midpoint of BC. If DL L AB 
and DM L AC such that DL = DM, prove that 
AB = AC. 


In AABC, AB = AC and the bisectors of ZB and A 
ZC meet at a point O. Prove that BO - CO and A/S 
the ray AO is the bisector of ZA. 


B Cc 


The line segments joining the midpoints M and N of parallel sides AB 
and DC respectively of a trapezium ABCD is perpendicular to both the 
sides AB and DC. Prove that AD = BC. 


The bisectors of ZB and <C of an isosceles triangle with AB = AC 

intersect each other at a point O. BO is produced to meet AC at a point 

M. Prove that ZMOC = ZABC. 

The bisectors of ZB and <C of an isosceles AABC with AB = AC intersect 

each other at a point O. Show that the exterior angle adjacent to ZABC 

is equal to BOC. 

P is a point on the bisector of Z ABC. If the line through P, parallel to BA 

meets BC at Q, prove that ABPQ is an isosceles triangle. 

The image of an object placed at a B 

point A before a plane mirror LM is [7 
pO 


“MPA 


v 
Pas 1 | - 
di l 


seen at the point B by an observer at L 
D, as shown in the figure. Prove that 

the image is as far behind the mirror K N d 
as the object is in front of the mirror. 


T 


In the adjoining figure, explain how A 
one can find the breadth of the river = 
without crossing it. 


In a AABC, D is the midpoint of side AC such that BD = SAC. Show 
that ZABC is a right angle. 
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26. “If two sides and an angle of one triangle are equal to two sides and an 
angle of another triangle then the two triangles must be congruent.” 


Is the statement true? Why? 


27. “If two angles and a side of one triangle are equal to two angles and a 
side of another triangle then the two triangles must be congruent.” 


Is the statement true? Why? 


HINTS TO SOME SELECTED QUESTIONS 


5. AABE = AACF as BE = CF, ZBAE = ZCAF = ZA, ZAEB = ZAFC = 90°. 


6. (i) AABD = AACD as AB = AC, BD = CD, AD = AD. 
BAD = ZCAD BAE = ZCAE. 


(ii) AABE = AACE as AB = AC, AE = AE, ZBAE = ZCAE. 
Similarly, ABDE = ACDE. 

(iii) AABE = AACE BAE = ZCAE and ZBDE = ZCDE. 

(iv) BE = CE and ZAEB = ZAEC = 90° as ZAEB + Z AEC = 180°. 


7. AABE = ACBD as AB = CB, Z ABE = ZCBD. 
And,x=y = 180°-x=180°-y => ZCDB= AEB. 


10. GIVEN A AABC in which AB = AC, ZA = 90° and CD bisects ZC. B 


TOPROVE AC+AD= BC. E 
CONSTRUCTION Draw DE L BC. 
PROOF ADAC = ADEC as DC =DC, 41= 22,2A=23=90. y ^ 
DA = DE and AC = EC. i 
Now, AB=AC > ZB=ZC. 2 
A C 


ZA+ ZB+ ZC = 180° 2 90°+ ZB+ ZB=180° > ZB -45*. 
In ABED, 24+ ZB =90° > 24+45°=90° > 24=45°. 
In ABDE, 24 = ZB DE=BE DA = DE - BE. 
Now, BC = BE + EC = AD + AC. 
11. AOQA = AOPB as OQ = OP, OA = OB, ZAOQ = ZBOP. 
ZA=ZB. 
AAXP = ABXQas ZA = ZB, ZAXP = ZBXQ, (OA - OP) = (OB - OQ). 
12. Let QR intersect PC at M. 
ZBPQ = ZBCA = 60° and ZB = 60°. 
PQ=BP=CR. 
Now, APMQ = ACMR and hence, PM = MC. 
13. Show that AABP = AQCP. So, AB = CQ, DQ = DC + CQ = DC + AB. 
14. APAD = APAB APD = ZAPB. 
ACPD = ACPB CPD = ZCPB. 
APD + ZCPD = ZAPB + ZCPB. 
But, LAPD + ZCPD + ZAPB + ZCPB = 360° [4 around a point]. 
ZAPD + ZCPD = 180°, i.e., CPA is a straight line. 
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15. AOBC = AOAD as OB = OA, BC = AD, ZOBC = ZOAD = (90° — 60°) = 30°. 
Hence, OC- OD (c.p.c.t.). 
16. AAXC = AAYBas AX = AY, AC = AB, ZA = ZA. 
17. ABDL = ACDM as BD = CD, DL = DM, ZBLD = ZCMD = 90°. 
ZB = ZC and hence AB = AC. 


18. AB- AC > ZB=ZC 1 B 1 C > ZOBC- ZOCB > BO=CO. 


Now, AAOB = AAOC as AB = AC, BO = CO, AO = AO. 
19. Join NA and NB. Then, AAMN = ABMN as 
AM = BM, MN = MN, ZAMN = ZBMN = 90°. 
AN = BN and ZANM = ZBNM. 
So, 90° - ZANM = 90° - ZBNM 
> ZAND =ZBNC. 


AADN = ABCN, 
as AN = BN, ZAND = ZBNC and DN = CN. 
AD = BC. 
20. AB=AC => ZACB - ZABC A 
L,ACB-lZABC > ZOCB=ZOBC 
2 2 M 
MOC = ZOBC + ZOCB = 2ZOBC = ZB = Z ABC. 
B C 


21. AB = AC = ZACB=ZABC A 


1 st 
> ACB = 9 ZABC 


=> ZOCB = ZOBC. 
In ABOC, we have 
ZOBC + ZOCB + ZBOC = 180° 
=>  2ZOBC-*ZBOC = 180° 
=> ZABC+ZBOC = 180° 
= 180°-ZDBA+ ZBOC = 180° ^ ZDBA = ZBOC. 


o 
wW 
[9] 


22. BA|| PQ and BP is the transversal. A 
1-232 22-293 [- 21=22 (given)]. 
PQ=BQ. P 
1 
B Q C 


23. GIVEN A is an object in front of mirror LM and B is its image. Let AB cut LM at T. 
TOPROVE AT=BT. 
PROOF We know that angle of incidence is equal to the angle of reflection. 
A Zi-Zr > ZACN=ZDCN. 
In AACT and ABCT, we have 
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ZATC = ZBTC = 90°, CT = CT, 

ZCAT-ZACN-i [alt. int. 4] 

ZCBT 7r [corr. 4] 
ZCAT=ZCBT [- i-r] 
AACT = ABCT. 

Hence, AT = BT. 

24. Let the breadth of the river be AB. 
Mark a point M on the bank of the river at which B is situated. 


Let O be the midpoint of BM. 
From M move along MN | BM to a point N such that A, O, N are in the same 
straight line. 
Then, AOBA = AOMN and MN is the required breadth of the river. 
25. GIVEN A AABC in which AD = CD and BD = 1AC. " 
TOPROVE ZABC - 90*. 
proor BD =4AC and AD=CD=4AC D 


= AD=CD=BD 
> AD=BDand BD = CD 
> ZBAD-ZABD and ZBCD = ZCBD 
> ZBAC-ZABD and ZBCA = ZCBD. 
In AABC, we have 
ZABC + ZBAC + ZBCA = 180° 
=> ZABC+ ZABD+ ZCBD = 180° 
=> 2ZABC-180* [- ZABD + ZCBD = ZABC] 
=> ZABC=90°. 
26. The given statement is not true. 


It must be two sides and the included angle. 
27. The given statement is not true. 
The sides must be corresponding sides. 


INEQUALITIES IN A TRIANGLE 


THEOREM 1  lftwo sides of a triangle are unequal, prove that the angle opposite to 
the longer side is greater. 


GIVEN A AABC in which AC > AB. 
TOPROVE ZABC»ZBCA. 


CONSTRUCTION Mark a point D on AC such that 
AD - AB. join BD. 


PROOF We know that in a triangle, the angles opposite to equal sides are 
equal. 
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So, in AABD, we have 
AB = AD = ZBDA = Z ABD. ssi) 
Now, in ABCD, side CD has been produced to A, forming exterior 
angle BDA. 
"-  ZBDA» ZBCD [exterior angle is greater than int. opp. angle] 


=> ZBDA-ZBCA [- ZBCD = ZBCA] 
=  ZABD » ZBCA [using (i)] 
> ABC > ABD > BCA [. ZABC > ZABD] 
= ZABC>ZBCA. 
Hence, ZABC > ZBCA. 
THEOREM 2 In any triangle, prove that the side opposite to the greater angle 
is longer. 
GIVEN A AABC in which ZABC > ZACB. A 


TOPROVE AC» AB. 


PROOF 


We have the following possibilities only. 
(i) AC- AB (i)AC«AB (ii) AC» AB B c 
Out of these possibilities, exactly one must be true. 
CASE I 
If possible, let AC = AB. 
We know that the angles opposite to equal sides of a triangle are 
equal. 
AC=AB > ZABC=ZACB. 
This contradicts the given hypothesis that ZABC > ZACB. 
AC + AB. 
CASE II 
If possible, let AC < AB. Then, AB > AC. 
Since the angle opposite to the longer side is larger, so 
AB>AC = ZACB>ZABC. 
This contradicts the given hypothesis that ZABC > ZACB. 
AC cannot be less than AB. 
CASE Ill 


Now, we are left with the only possibility that AC > AB, which 
must be true. 


Hence, AC > AB. 


THEOREM3 Prove that, of all the line segments that can be drawn to a given line, 


from a point not lying on it, the perpendicular line segment is the 
shortest. 
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GIVEN A line AB and a point P outside it. PM L AB P 

and N is a point, other than M, on AB. iT 

TOPROVE PM « PN. Es 

PROOF In APMN, we have 2M = 90*. TA M N 8* 


But, in a right-angled triangle, each one of the angles other than 
the right angle is an acute angle. 


ZPNM « ZPMN. 
But, the side opposite to the smaller angle in a triangle is shorter. 
PM < PN. 


Hence, the perpendicular from P to the given line is shortest of 
all line segments from P to AB. 


DISTANCE BETWEEN A LINE AND A POINT 


The distance between a line and a point, not on it, is the length of perpendicular 
from the point to the given line. 


NOTE The distance between a line and a point lying on it, is zero. 


THEOREM4 Prove that the sum of any two sides of a triangle is greater than the 


third side. 
GIVEN. A AABC. D 
TOPROVE (i) AB * AC > BC, P4 
(ii) AB -- BC > AC, : P | 
(iii) BC+ AC > AB. 
CONSTRUCTION Produce BA to D such that AD = AC. | 
Join CD. 6 C 
PROOF (i) In AACD, we have 
AD - AC [by construction] 
= ZACD-ZADC [A opposite to equal sides] 
> ZBCD>ZADC [- ZBCD > ZACD] 
> ZBCD»ZBDC [- ZADC- ZBDC] 
> BD>BC [side opposite to larger angle is larger] 
= BA+AD>BC 
> BA+AC>BC_ [- AD=AC]. 
AB * AC > BC. 


Similarly, AB + BC > AC and BC+ AC > AB. 


THEOREM5 Prove that the difference between any two sides of a triangle is less 
than its third side. 
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GIVEN A AABC. A 
TOPROVE (i) AC- AB « BC, D 
(ii) BC - AC « AB, Mose a 
(iii) BC- AB < AC. : e 
CONSTRUCTION Let AC > AB. Then, along AC, set off AD = AB. Join BD. 
PROOF AB=AD > 41=22. sa, (1) 
Side CD of ABCD has been produced to A. 
22>2Z4 ... (ii) [^ ext. angle > each int. opp. angle]. 
Side AD of AABD has been produced to C. 
Z3»Zz1 ... (iii) [ext. angle > each int. opp. angle] 
> 23>22 ... (iv) [using (i)]. 
From (ii) and (iv), we get 23 > Z4 > 24< 23. 
Now, Z4 « Z3 
> CD<BC 


= AC-AD<BC 

=  AC-AB«BC  [- AD = AB]. 

Hence, AC - AB « BC. 

Similarly, BC - AC « AB and BC - AB « AC. 
THEOREM6 Prove that the sum of any two sides of a 


triangle is greater than twice the median 
drawn to the third side. 


GIVEN. A AABC in which AD is a median. 
TOPROVE AB- AC » 2AD. 

CONSTRUCTION Produce AD to E such that 
AD = DE. Join EC. 

PROOF In AADB and AEDC, we have 


AD = DE (by construction) 

ZADB -ZEDC (vert. opp. angles) 

BD = CD (^ Dis the midpoint of BC) 
AADB=AEDC (by SAS-criteria). 

AB=EC (c.p.c.t.). 


We know that the sum of any two sides of a triangle is greater than 
the third side. So, in AACE, we have 


EC+AC> AE. 
AB+AC>2AD [- EC = AB and AE = 2AD]. 
Hence, AB + AC > 2AD. 
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EXAMPLE 1 


SOLUTION 


EXAMPLE 2 


SOLUTION 


EXAMPLE 3 


SOLUTION 


EXAMPLE 4 


SOLUTION 
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SOLVED EXAMPLES 


In a AABC, if ZA =40° and ZB = 60° then which side of the 
triangle is longest and which is shortest? 


Here, ZA = 40° and ZB = 60°. 
ZC = 180° — (40° + 60°) = 80°. 
Thus, ZC is largest and Z.A is smallest. 


> 


So, the side opposite to ZC is longest. . 
e /Aeo 9077 

Hence, the longest side is AB. Á C 
Also, the side opposite to Z A is shortest. 

BC is the shortest side. 
In a right-angled triangle, prove that the hypotenuse is the longest 
side. 
Let ABC be a right triangle in which ZB = 90°. 


Then, ZA + ZC = 90*. 


B > ŻA and <B > <C ^ 
= AC» BCand AC » AB 
[side opp. to larger angle is longer]. 
AC is the longest side. B C 


Hence, in a right triangle, the hypotenuse is the longest side. 


Show that the sum of three altitudes of a triangle is less than the sum 
of the three sides of the triangle. 


Let AL, BM, CN be the three altitudes of AABC. 


We know that, of all line segments drawn A 

from a point outside a line to the line, the 

perpendicular is the shortest. N M 
AL « AB, BM « BC and CN « AC. 
AL * BM * CN « AB* BC* AC. d t is 


Prove that the perimeter of a triangle is greater than the sum of its 
three medians. 


Let AD, BE and CF be the three A 
medians of a AABC. 


We know that the sum of any two 7 E 
sides of a triangle is greater than 
twice the median drawn to the 
third side. 


B D C 


EXAMPLE 5 


SOLUTION 


EXAMPLE 6 


SOLUTION 
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AB+ AC » 2AD, (i) 
AB * BC > 2BE ... (ii) 
and BC+ AC > 2CF. ... (iii) 


Adding, the corresponding sides of (i), (ii) and (iii), we get 
2(AB + BC+ AC) > 2(AD + BE + CF) 
(AB + BC + AC) > (AD * BE * CF). 

Hence, the perimeter of a triangle is greater than the sum of 


its three medians. 


In the adjoining figure, ABC is a triangle 
and D is any point in its interior. Show 
that (BD + DC) < (AB + AC). 


Produce BD to meet AC at E. É C 


We know that in a triangle, the sum of any two sides is 
always greater than the third side. 


In AABE, we have 

AB-* AE» BE ^ AB+AE>BD+DE. zas (i) 
In ACDE, we have 

DE + EC > DC. s (ii) 


From (i) and (ii), we get 
AB + AE + DE + EC > BD + DE + DC 

= AB+(AE+EC)>BD+DC 

= (AB+AC) >(BD+DC). 

Hence, (BD + DC) « (AB * AC). 

In the given figure, AP LQR, 


PR»PQ and PQ=PS. Show that 
AR » AQ. 


In AAPQ and AAPS, we have 
PQ-PS (given) Q P > R 
ZAPQ=ZAPS (each equal to 90°) 
AP = AP (common) 


AAPQZAAPS (SAS-criteria). 
ZAQP=ZASP => ZAQS - ZASQ. SEX Gi 
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Now, side RS of AARS has been produced to Q. 
ZASQ>ZARS [ext. angle > int. opp. angle] 

=> ZAQS>ZARS [using (i)] 

> ZAQR>ZARQ 

= AR>AQ [the side opposite to greater angle is larger]. 

Hence, AR > AQ. 


EXAMPLE7 In the given figure, O is the centre of the circle Z 


and XOY is a diameter. If XZ is any other chord, 
show that XY > XZ. » 


X 
GIVEN Acircle with centre O in which XOY is a diameter i 
and XZ is another chord. 


TOPROVE XY» XZ. 
CONSTRUCTION Join OZ. 


PROOF We know that in a triangle, the sum of any two sides is always 
greater than the third side. 


So, in AXOZ, we have 
XO+ OZ > XZ 
=> XO+OY>XZ [- OZ = OY = radius of the circle] 
> XY>XZ [^ XO+ OY = XY] 
Hence, XY > XZ. 
EXAMPLE8 In AABC, if D is any point on the side BC, A 


show that (AB + BC+ AC) > 2AD. 


GIVEN. AAABC in which D is a point on BC and AD 
is drawn. 


TOPROVE (AB+BC+AC) » 2AD. B D c 


PROOF We know that in a triangle, the sum of any two sides is always 
greater than the third side. 


So, in AABD, we have AB * BD » AD. ... (i) 
And, in AACD, we have AC * CD » AD. ... (ii) 
Adding the corresponding sides of (1) and (ii), we get 

AB + (BD + CD) + AC > 2AD 


=> (AB+BC+AC)>2AD [- BD+CD=BC]. 
Hence, (AB + BC + AC) > 2AD. 


EXAMPLE 9 
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In AABC, if AD is the bisector of ZA, A 
show that AB > BD and AC > DC. 


GIVEN A AABC in which AD is the bisector of Z A. 
ToPROVE AB > BD and AC > DC. 
PROOF In AACD, side CD has been produced to B. B p e 


=> 
=> 
=> 


ext. ZADB > int. opp. ZCAD 

ZADB > ZCAD 

ZADB>ZBAD [- ZCAD-ZBAD] 

AB > BD [side opposite to larger angle is larger]. 


Again, in AABD, the side BD has been produced to C. 


=> 
=> 
=> 


ext. ZADC > int. opp. ZBAD 


ZADC > ZBAD 
ZADC>ZCAD [- ZBAD - ZCAD] 
AC » DC [side opposite to larger angle is larger]. 


Hence, AB » BD and AC » DC. 


EXAMPLE 10 


SOLUTION 


EXAMPLE 11 


SOLUTION 


In the given figure, AB » AC. If D is any point A 
on BC, show that AB » AD. 

We know that the angle opposite to the 

larger side is larger. 


AB» AC = ZACB» ABC B 2 S 
> ZACD > ZABD. iss Gi) 

Again, side CD of AACD has been produced to B. 
ext. ZADB » ZACD. -.. (ii) 


From (i) and (ii), we get 
ADB > ZACD > ZABD 

= ZADB>ZABD 
= AB>AD [side opposite to larger angle is larger]. 
Hence, AB > AD. 
In the given figure, AC > AB and AD is the A 
bisector of ZA. Show that L ADC > ZADB. 
AC > AB 
= ZB>ZC 
> £B+41>204+22 [7 21=22] B D 
= ZADC>ZADB 

[^ ZB* Z1- ZADC and ZC + 22 = Z ADB]. 
Hence, ZADC » ZADB. 


o 
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EXAMPLE 12 


SOLUTION 


EXAMPLE 13 


SOLUTION 
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In the given figure, the sides AB and AC 
of AABC have been extended to D and E 
respectively. If x > y, show that AB > AC. 
x>y > -x«-y 

=> (180 - x) < (180 - y) 

= ZABC < ZACB 

= ZACB>ZABC 

= AB> AC [side opposite to larger angle is larger]. 
Hence, AB > AC. 


In the given figure, Q is a point on the side P 
SR of APSR such that PQ = PR. Prove 
that PS > PQ. 


We know that the angles opposite to 
equal sides are equal. S Q R 


PQ=PR => ZPQR=ZPRQ. as) 

In APSQ, the side SQ has been produced to R. 

. ZPQR>ZPSQ [exterior angle is greater than int. opp. 4] 
ZPRQ>ZPSQ [using (i)] 
ZPRS»ZPSR [- ZPRQ-ZPRSand ZPSQ = ZPSR] 
PS» PR 
PS>PQ [- PQ-PR] 
Hence, PS > PQ. 


U 4 4 V 


EXERCISE 9B 


1. Is it possible to construct a triangle with lengths of its sides as given 
below? Give reason for your answer. 


(i) 5 cm, 4 cm, 9 cm (ii) 8 cm, 7 cm, 4 cm 


(iii) 10 cm, 5 cm, 6 cm (iv) 2.5 cm, 5 cm, 7 cm 


(v) 3 cm, 4 cm, 8 cm 
2. In AABC, ZA = 50? and ZB = 60°. Determine the longest and shortest 
sides of the triangle. 
3. (i) In AABC, ZA = 90°. Which is its longest side? 
(ii) In AABC, ZA = ZB = 45°. Which is its longest side? 
(iii) In AABC, ZA = 100° and <C = 50°. Which is its shortest side? 


ol 


[en] 


N 


oo 


o 


10. 


11. 


12. 


. In AABC, ZB = 35°, ZC = 65° and the bisector 
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. In AABC, side AB is produced to D such C 


that BD = BC. If ZA - 70? and ZB = 60°, 
prove that (i) AD > CD (ii) AD > AC. 


70° 607 
D 
. In the given figure, ZB < ZA and <C < ZD. D 
Show that AD « BC. R 
9 
Á 
[e 
. AB and CD are respectively the smallest D 
and largest sides of a quadrilateral ABCD. 
Show that ZA » ZC and ZB » ZD. 
A 
B [e 


. In a quadrilateral ABCD, show that 


(AB +BC +CD +DA) > (AC BD). 


. In a quadrilateral ABCD, show that 


(AB - BC +CD + DA) < 2(BD + AC). 


of ZBAC meets BC in X. Arrange AX, BX and 
CX in descending order. 


In the given figure, PQ » PR and QS and RS 3 
are the bisectors of ZQ and ZR respectively. 
Show that SQ » SR. 


Q R 


D is any point on the side AC of AABC with AB = AC. Show that 
CD « BD. 
Prove that in a triangle, other than an equilateral triangle, angle 


opposite the longest side is greater than Z of a right angle. 
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13. In the given figure, prove that D 
(i) CD + DA + AB > BC 
(ii) CD + DA + AB + BC > 2AC. 


14. If O is a point within AABC, show that 
(i) AB + AC > OB + OC 
(ii) AB + BC + CA > OA + OB + OC 


(iii) OA + OB + OC > 1 (AB BC + CA). 


15. In the given figure, AD L BC and CD > BD. Show A 
that AC > AB. 


16. In the given figure, D is a point on side BC of B 
a AABC and E is a point such that CD = DE. 
Prove that AB + AC > BE. 


m 
is] 


ANSWERS (EXERCISE 9B) 
1. (i) No (ii) Yes (iii) Yes (iv) Yes (v) No 
2. Longest side is AB, shortest side is BC 
3. (i) BC (ii) AB (iii) AC 9. BX > AX > CX 


HINTS TO SOME SELECTED QUESTIONS 


1. For construction of a triangle, the sum of two sides must be greater than the third side. 
4. ZACB = 180° - (70° + 60°) = 50°. Let LBCD = ZBDC = x°. 
ZCBD = (180° — 60°) = 120°. 
120+x+x=180 > x=30. 
5. In AOAB, ZB < ZA = OA < OB. 
In AOCD, ZC «ZD > OD < OC. 
(OA + OD) <(OB+OC) > AD < BC. 
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6. Join AC. In AABC, we have 


AB « BC ^ BC» AB 
= ZBAC»ZACB. ...(i) 
In AACD, we have 
CD» AD => ZCAD > ZACD. ... (ii) 
(BAC + ZCAD) > (ZACB * ZACD) ^ 
> ZA»ZC. 
Similarly, by joining B and D, we may 8 
prove that ZB » ZD. 
7. Join AC. Then, 


AB * BC » AC and CD * DA » AC. 


oO 


UJ 
O 


(AB 4 
Similarly, 


+ BC+ CD * DA) > 2AC. 


by joining BD, we get 


(AB+ 


- BC+ CD + DA) > 2BD. 


NO 


.. (ii) 


[^ 


Adding respective sides of (1) and (ii), we get the required result. 
8. OA + OB > AB, OB * OC > BC, 
OC+ OD > CD, OD + OA > DA 
Adding, we get 
2(OA + OC + OB + OD) > (AB + BC+ CD + DA) 


[^ OA+ OC = AC, OB * OD = BD]. 


> 2(AC+BD) >(AB+BC+CD+DA) 


9. ZA+35° + 65° = 180° > ZA =80°. 
ZBAX = ZCAX = 40°, ZABX = 35°, ZACX = 65°. 
ZAXB = 180° - (40° + 35°) = 105°. 
ZBAX > ZABX => BX> AX. 
ZACX > ZCAX > AX>CX. 
BX > AX > CX. 


10. PQ> PR > ZPRQ» ZPQR 


zs $2 PRQ > +2PQR 


= ZSRQ»ZSQR 
= SQ>SR. 


12. Let AB be the longest side. Then, 
AB > BC and AB > CA 
> C> ZA and ZC > 2B 
[^ angle opposite to longer side is larger] 
> 22C>(ZA+ ZB) 
> 32C>(ZA+ZB+ZC) 
= 32C> 180° 


ive] 
[e] 
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=> ZC>60° 


=> zc» G ofaright angle). 


13. (i) CD* DA» CA > (CD * DA) * AB > (CA * AB) 
=> (CD+DA+ AB) > CE. 
(ii) (CD + DA) > CA and (AB + BC) > AC 
> (CD+DA+AB+BC) >2AC. 


14. (i) In AABD, we have A 
AB+AD>BD => AB+AD>OB+OD. . (i) D 
In AODC, we have OD + DC > OC. sss (ii) 5 
AB + AD + OD + DC > OB + OD + OC 
[adding (i) and (ii)] B C 
^ AB+AD+DC>OB+0OC 
> AB+AC>OB+OC [- AD+DC> AC]. 


(ii) AB+ AC > OB+OC. 
Similarly, BC + BA > OC + OA and CA + CB > OA + OB. 
Adding, we get (AB + BC + CA) > (OA * OB + OC). 


(iii) In AOAB, AOBC and AOCA, we have 
OA + OB > AB, OB + OC > BC and OC + OA > CA. 


(OA+OB+0C) > 3 (AB +BC+CA). 


15. Set off DE = BD. Join AE. 
AADB=AADE _ [SAS-congruence] 
as BD = ED, ZADB = ZADE = 90° and AD = AD. 
AB=AE => ZABE=ZAED>ZC 
> ZB»ZC > AC» AB. 


16. AB+ AC > BC 
>  AB*AC» BD* DC - BD* DE » BE. 
(AB * AC) > BE. 


MULTIPLE-CHOICE QUESTIONS (MCQ) 
Choose the correct answer in each of the following: 


1. Which of the following is not a criterion for congruence of triangles? 


(a) SSA (b) SAS (c) ASA (d) sss 
2. If AB = QR, BC = RP and CA = PQ then which of the following holds? 
(a) AABC = APQR (b) ACBA = APQR 


(c) ACAB = APOR (d) ABCA = APQR 


o 


ol 


© 


N 


ioe) 


Kel 


10. 


11. 


12. 


13. 
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. If AABC = APQR then which of the following is not true? 


(a) BC- PQ | (b) AC- PR (c) BC- QR — (d) AB- PQ 


. In AABC, AB = AC and ZB = 50°. Then, ZA =? 


(a) 40° (b) 50° (c) 80° (d) 130° 


. In AABC, BC = AB and ZB = 80°. Then, ZA =? 


(a) 50° (b) 40° (c) 100° (d) 80° 


. In AABC, ZC = ZA, BC = 4 cm and AC =5 cm. Then, AB =? 


(a) 4 cm (b) 5 cm (c) 8 cm (d) 2.5 cm 


. Two sides of a triangle are of length 4 cm and 2.5 cm. The length of the 


third side of the triangle cannot be 
(a) 6 cm (b) 6.5 cm (c) 5.5 cm (d) 6.3 cm 


. In AABC, if ZC > ZB, then 


(a) BC» AC (b) AB» AC (c) AB« AC (d) BC« AC 


. It is given that AABC = AFDE in which AB 2 5 cm, ZB = 40°, ZA = 80° 


and FD = 5 cm. Then, which of the following is true? 


(a) ZD = 60° (b) ZE = 60* (c) ZF = 60* (d) ZD = 80° 
In AABC, ZA = 40° and ZB = 60°. Then, the longest side of AABC is 
(a) BC (b) AC 
(c) AB (d) cannot be determined 
In the given figure, AB » AC. Then, which of A 
the following is true? 
(a) AB< AD 
(b) AB= AD 
(c) AB> AD B D [o 
(d) Cannot be determined 
In the given figure, AB » AC. If BO and CO are ^ 
the bisectors of ZB and ZC respectively then 
(a) OB = OC 
(b) OB » OC 
(c) OB « OC B C 


In the given figure, AB = AC and OB = OC. Then, 
ZABO:ZACO =? 


(a) 1:1 
(b) 2:1 
(c) 1:2 
(d) none of these 
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15. 


16. 


17. 


18. 


19. 


20. 
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If the altitudes from two vertices of a triangle to the opposite sides are 
equal then the triangle is 


(a) equilateral (b) isosceles 
(c) scalene (d) right angled 


In AABC and ADEF, itis given that AB = DE and BC = EF. In order that 
AABC = ADEF, we must have 


(a) ZA=ZD (b) ZB=ZE (c) ZC » ZF (d) none of these 
In AABC and ADEF, itis given that ZB = ZE and ZC = ZF. In order that 
AABC = ADEF, we must have 

(a) AB= DF (b) AC= DE (c) BC = EF (d) ZA=ZD 
In AABC and APQR, it is given that AB = AC, ZC = ZP and ZB = ZQ. 
Then, the two triangles are 


(a) isosceles but not congruent 
(b) isosceles and congruent 
(c) congruent but not isosceles 
(d) neither congruent nor isosceles 
Which is true? 
(a) A triangle can have two right angles. 
(b) A triangle can have two obtuse angles. 
(c) A triangle can have two acute angles. 


(d) An exterior angle of a triangle is less than either of the interior 
opposite angles. 


Fill in the blanks with « or ». 
(a) (Sum of any two sides of a triangle) ...... (the third side). 
(b) (Difference of any two sides of a triangle) ...... (the third side). 
(c) (Sum of three altitudes of a triangle) ...... (sum of its three sides). 


(d) (Sum of any two sides of a triangle) ...... (twice the median to the 
3rd side). 


(e) (Perimeter of a triangle) ...... (sum of its three medians). 
Fill in the blanks. 

(a) Each angle of an equilateral triangle measures ...... : 

(b) Medians of an equilateral triangle are ...... : 

(c) In a right triangle, the hypotenuse is the ...... side. 


(d) Drawing a AABC with AB=3 cm, BC -4 cm and CA=7 cm 
lS s , 


1. 


9 


17. 


20 


. Clearly, 4 4 1 
Q 
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(a) 2. (c) 3. (a) 4. (c) 5. (a) 6. (a) 7. (b) 8. (b) 


.(b) 10.(c) 11.(c) 12. (b) 13. (a) 14. (b) 15. (b) 16. (c) 


(a) 18. (c) 19. (a)> (b)< (c)< (d)> (e)> 
. (a) 60° (b)equal (c) longest (d) not possible 


HINTS TO SOME SELECTED QUESTIONS 


. SSA is not a criterion for congruence of triangles. 


ABC 
RP 
So, ACAB = APQR. 


. AABC = APQR BC - QR. 


BC = PQ is not true. 


. AB- AC > ZC-ZB-50*. 


So, ZA +50° +50° = 180° > ZA = 80°. 


. BC- AB ^ ZA-ZC- x (say). 


Then, x + 80 + x = 180 2x = 100 x-50. 


.ZC7ZA > AB=BC=4cm. 


7. Sum of two sides must be greater than the third side. 


So, the third side cannot be 6.5 cm. 


8. ZC» ZB => AB» AC. 
9. Given, AABC = AFDE. 


10. 
T. 


12. 


13. 


AB = FD =5 cm, ZB = 40° and ZA = 80°. 
ZC = 180° - (80° + 40°) = 60°. 
So, we must have ZE = ZC = 60°. 
ZC = 180° - (40° + 60°) = 80°. So, the longest side is AB. 
AB > AC => ZACB»ZABC. 
Ext. LADB > ZACD = ZADB > ZACB > ZABC 
=> ZADB>ZABD > AB> AD. 


AB> AC > ZC» B2j Cot B 


= ZOCB>ZOBC > OB> OC. 


Join OA. 

In AOAB and AOAC, we have 
AB = AC (given), 
OB = OC (given) 

and OA = OA. 


AOAB= AOAC > ZABO=ZACO. 1 albe" 


ZABO: ZACO 71:1. B 
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14. AAABC is given in which BL -L AC and CM L AB such that BL = CM. Then, we have 
to prove that AB = AC. 
In AABL and AACM, we have: 
BL = CM (given), 
ZBAL 7 ZCAM (common), MZ A 
Z ALB = ZAMC (each 90°) 
AABL = AACM and hence AB = AC. 
A ABC is isosceles. B c 
15. For congruence, we must have ZB = ZEF. 


16. For congruence, we must have BC - EF. 
17. AB = AC C-zB P-ZQ [- ZC-zPandZB-ZQ] 
> QR- PQ. 
Thus, both the triangles are isosceles but not congruent. 


SUMMARY OF IMPORTANT FACTS AND FORMULAE 


1. CONGRUENT TRIANGLES A ABC is said to be congruent to ADEF only when one 
of them can be made to superpose on the other (and vice versa) so as to cover it 
exactly. And, we write, AABC = ADEF. 


2. CRITERIA FOR CONGRUENCE 
(i) sas (Two sides and the included angle) 
(ii) AAS (Two angles and one side) 
(iii) sss (All the three corresponding sides are equal) 
(iv) RHS (In two right triangles, hypotenuse and one side) 
3. (i) The angles opposite to two equal sides of a triangle are equal. 
(ii) The sides opposite to two equal angles of a triangle are equal. 


4. (i) Ina triangle, the longer side has the greater angle opposite it. 
(ii) Ina triangle, the greater angle has the longer side opposite it. 


5. (i) The sum of any two sides of a triangle is greater than the third side. 


(ii) The difference between any two sides of a triangle is less than the 
third side. 


6. (i) If the bisector of the vertical angle of a triangle bisects the base, the 
triangle is isosceles. 


(ii) In an isosceles triangle, the altitude from the vertex bisects the base. 


(iii) If the altitude from the vertex of a triangle bisects the base, the 
triangle is isosceles. 


(iv) The perpendiculars drawn from the vertices of equal angles of an 
isosceles triangle to the opposite sides are equal. 
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(v) If the altitudes from two vertices of a triangle to the opposite sides are 
equal, the triangle is isosceles. 


7. (i) Each angle of an equilateral triangle is 60°. 
(ii) The medians of an equilateral triangle are equal. 


8. (i) The sum of three altitudes of a triangle is less than the sum of three 
sides of the triangle. 


(ii) The sum of any two sides of a triangle is greater than twice the 
median drawn to the third side. 


(iii) The perimeter of a triangle is greater than the sum of its three medians. 
9. In a right triangle, the hypotenuse is the longest side. 


& 
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QUADRILATERAL A plane figure bounded by four D c 
line segments AB, BC, CD and DA is called a 

quadrilateral, written as quad. ABCD or LIABCD. 

In a quad. ABCD, we have: A B 


(i) VERTICES The points A, B, C, D are called the vertices of quad. 
ABCD. 


(ii) sipEs The line segments AB, BC, CD and DA are called the sides 
of quad. ABCD. 

(iii) DIAGONALS The line segments AC and BD are called the diagonals 
of quad. ABCD. 

(iv) ADJACENT SIDES Two sides of a quadrilateral having a common 
end point are called its consecutive or adjacent sides. 
(AB, BC), (BC, CD), (CD, DA) and (DA, AB) are four pairs of 
adjacent sides of quad. ABCD. 

(v) OPPOSITE SIDES Two sides of a quadrilateral having no common 
end point are called its opposite sides. 
(AB, CD) and (AD, BC) are two pairs of opposite sides of quad. 
ABCD. 

(vi) CONSECUTIVE ANGLES Two angles of a quadrilateral having a 
common arm are called its consecutive angles. 
(ZA, ZB), (ZB, ZC), (C, ZD) and (<D, ZA) are four pairs of 
consecutive angles of a quad. ABCD. 


(vii) OPPOSITE ANGLES Two angles of a quadrilateral having no 
common arm are called its opposite angles. 
(ZA, ZC) and (ZB, ZD) are two pairs of opposite angles of quad. 
ABCD. 


VARIOUS TYPES OF QUADRILATERALS 


1. PARALLELOGRAM A quadrilateral in which 
both pairs of opposite sides are parallel is 
called a parallelogram, written as ||gm. In 
gm PQRS, we have 

PQ||SR, PS|QR. 
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2. RECTANGLE A parallelogram one of whose D C 
angles is 90°, is called a rectangle, written 
as rect. ABCD, etc. 
In rect. ABCD, we have [i-i 
AB || DC, AD || BC and ZA = 90°. A B 
3. SQUARE A parallelogram whose all sides are equal Q P 
and one of whose angles is 90? is called a square. 
A square is thus a rectangle having all sides equal. 
In square MNPQ, we have 
MN||QP, MQ||NP and MN=NP=PQ=QM ™ " 
and ZM = 90*. 
4. RHOMBUS A parallelogram having all sides € 3 
equal is called a rhombus. 
In rhombus DEFG, we have 
DE|| GF, DG | EF and DE = EF = FG = GD. Ld 
D E 
5. TRAPEZIUM A quadrilateral having one N M 


pair of opposite sides parallel is called a 
trapezium. 
K 


In trapezium KLMN, we have 


r 


KL | NM. 


The line segment joining the midpoints of nonparallel sides of a 
trapezium is called its median. 


6. ISOSCELES TRAPEZIUM If the two nonparallel T S 
sides of a trapezium are equal then it is called 
an isosceles trapezium. 
In isosceles trapezium POST, we have P Q 


PQ||TS and PT = Qs. 


7. KITE A quadrilateral in which two pairs of adjacent 


A 
sides are equal is known as a kite. 
Quad. ABEF is a kite, in which B 
AB = AF and EB = EF. 
From the above definitions it is clear that: 


(i) Rectangle, square and rhombus areallparallelograms. E 


B: 
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(ii) A parallelogram is a trapezium while a trapezium is not a 
parallelogram. 


(iii) A square is both a rectangle and a rhombus. 
(iv) A kite is not a parallelogram. 


(v) A rectangle or a rhombus is not necessarily a square. 


THEOREM1 The sum of all the four angles of a D 
quadrilateral is 360°. INS 


GIVEN A quad. ABCD. 


TOPROVE ZA+ ZB-* C+ ZD = 360°. 
CONSTRUCTION Join BD. A/ 
PROOF Since the sum of the angles of a triangle A B 
is 180°, we have 
ZAt+Z1+ 22 =180° ... (i) (sum of 4 of AABD) 
and 43+ ZC + ZA = 180° ... (ii) (sum of 4 of ABCD). 


On adding (i) and (ii), we get 
A+ ZC+(21+4+ 23)+(22+ Z4) = 360° 
> A+ ZC+2ZB+ ZD = 360° 
[^ 21+ 23=2ZBand 22+ ZA4- ZA] 
> A+ ZB+ 4C+ ZD = 360°. 


SOLVED EXAMPLES 


EXAMPLE 1 Three angles of a quadrilateral measure 110°, 82° and 68°. Find the 
measure of the fourth angle. 


SOLUTION Let the measure of the fourth angle be x°. 


Then, the sum of the angles of a quadrilateral being 360°, we 
have: 110 +82 +68 + x - 360 > 260+x=360 > x= 100. 


Hence, the measure of the fourth angle is 100°. 


EXAMPLE2 The angles of a quadrilateral are in the ratio 3 : 5 : 9 : 13. Find all the 
angles of the quadrilateral. 
SOLUTION Let ABCD be the given quadrilateral and let 
ZA = (3x)°, ZB = (5x)°, ZC = (9x)° and <D = (13xY°. 
Since the sum of the angles of a quadrilateral is 360°, we have 
3x +5x+9x+13x = 360 > 30x = 360 > x= 12. 
ZA = 36°, ZB = 60°, ZC = 108° and ZD = 156°. 
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EXAMPLE3 The sides BA and DC of a quadrilateral 
are produced as shown in the given figure. 
Prove thatx+y=atb. 


SOLUTION We have ZA+b° = 180° (linear pair) 


> ZA-(180 -P) asl zs 
Also, ZC + a^ = 180° (linear pair) 
=> ZC=(180°-a’). ... (ii) 


Now, ZA+ ZB+ ZC + ZD = 360° 


(sum of the 4 of a quad. is 360°) 
=> (180° —b°)+x° + (180° -a°)+y° = 360° [using (i) and (ii)] 


> xty=artb. 


EXAMPLE 4 In a quadrilateral ABCD, the line segments 


bisecting ZC and ZD meet at E. Prove that D 


ZAt+ ZB-2zZzCED. 

SOLUTION Let CE and DE be the bisectors of <C 
and ZD respectively. Then, Z1 -lzc A 
and 22 = 12D. 


In ADEC, we have Z1 + 22+ ZCED = 180° 


(sum of the 4 of a A is 180?) 


=> ZCED-180 -(Z1- 22). 


Again, the sum of the angles of a quadrilateral is 360°. 


At ZB-* ZC-*ZD -360* 

ME PS 
2? Ct D —- 180 
> i A+ ZB)* 21+ Z2 - 180* 


=> F(ZA+2B)+ 


> Eza + ZB) = 180° - (Z14 22). 


From (i) and (ii), we get l(A + ZB) = ZCED. 
Hence, ZA + ZB = 2ZCED. 


EXAMPLES In the adjoining figure, a point O is taken 
inside an equilateral quad. ABCD such that 
OB - OD. Show that A, O and C are in the 


À) 


... (ii) 


same straight line. 
GIVEN A quad. ABCD in which AB = BC = CD = DA 


and O is a point withinit such that OB = OD. A 
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TOPROVE ZAOB + ZCOB = 180°. 
PROOF In AOAB and OAD, we have 
AB = AD (given), OA = OA (common) and OB = OD (given) 


AOAB = AOAD. 

ZAOB = ZAOD. ... (i) (cp.c.t.) 
Similarly, AOBC = AODC. 

ZCOB = ZCOD. ... (ii) 
Now, ZAOB + ZCOB + ZCOD + ZAOD = 360° [4 at a point] 


> 2(ZAOB-* ZCOB) = 360 > ZAOB+ ZCOB = 180°. 


EXAMPLE6 In the adjoining figure, ABCD is a quadrilateral D [e 
in which AB is the longest side and CD is the 
shortest side. 
Prove that (i) ZC > ZA, (ii) ZD > ZB. 
SOLUTION Join AC and BD. 
In AABC, AB > BC > ZACB > ZBAC. 
In AADC, AD > DC > ZACD > ZCAD 
'"' ina triangle, the longer side has] | 
the greater angle opposite it 
ACB + ZACD > ZBAC + ZCAD. 
ZC> ZA. 
Similarly, D > ZB. 


EXAMPLE7 In the adjoining figure, the bisectors of ZB 
and <D of a quadrilateral ABCD meet CD 
and AB produced at P and Q respectively. 
Prove that 


P+ ZQ=5(ZB+ 2D). 


SOLUTION In ZADQ, we have 
ZA+ ZADQ * ZQ = 180° (sum of the 4 of a A) 


> ZA*lzD*zQ-180". "m. 


In ACBP, we have 
ZC+ZCBP+ ZP-180* (sum of the 4 of a ^) 


- ZC*i ZB ZP - 180" ... (ii) 


EXAMPLE 8 


SOLUTION 
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Adding (i) and (ii), we get 


A+ c+} Bei D+ ZP+ ZQ = 360° 


> A+ ZC+ZB+2Z4D+ZP+ Q-360 -12B*l2D 
[adding (5 ZB+ l 2D) on both sides] 


=> 360° + ZP+ ZQ = 360° +3(2B + ZD) 


[^ sum of all the angles of a quadrilateral is 360°] 


> £P+ZQ=F(ZB+ZD). 
If ABCD is a quadrilateral whose p 


diagonals AC and BD intersect at O, F 
prove that E 


(i) (AB* BC +CD + DA) > (AC - BD), ZO 
(ii) (AB BC+ CD + DA) < 2(AC+ BD). 


(i) We know that the sum of any two sides of a triangle is 
greater than the third. 


In AABC, we have AB+ BC > AC. 

In AACD, we have CD+ DA > AC. 

In ABCD, we have BC+ CD > BD. 

In AABD, we have DA+ AB > BD. 

Adding these inequalities, we get 
2(AB+ BC+ CD + DA) > 2(AC + BD). 
AB+BC+CD+DA>AC+BD. 

(ii) In AAOB, we have OA + OB > AB. 

In ABOC, we have OB + OC > BC. 

In ACOD, we have OC + OD > CD. 

In ADOA, we have OD + OA > DA. 

Adding these inequalities, we get 
2(OA + OC) + (OB + OD) > AB + BC + CD + DA 

=> 2(AC+BD)>AB+BC+CD+DA 

= AB+BC+CD+DA<2(AC+BD). 
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EXERCISE 10A 


1. Three angles of a quadrilateral are 75°, 90° and 75°. Find the measure of 
the fourth angle. 


2. The angles of a quadrilateral are in the ratio 2: 4:5: 7. Find the angles. 


3. In the adjoining figure, ABCD is a trapezium D c 
in which AB || DC. If ZA = 55° and ZB = 70, 
find ZC and ZD. 
55° 70° 
A B 


4. In the adjoining figure, ABCD is a square and 
AEDC is an equilateral triangle. Prove that 


(i) AE=BE, (ii) ZDAE =15°. 


O 


5. In the adjoining figure, BMLAC and R 
DN LAC. If BM=DN, prove that AC M 
bisects BD. 


A B 


6. In the given figure, ABCD is a quadrilateral A 


in which AB = AD and BC = DC. Prove that 
(i) AC bisects ZA and ZC, (ii) BE = DE, B D 
(iii) ZABC = ZADC. 


7. In the given figure, ABCD is a square and D 
ZPQR = 90°. If PB = QC = DR, prove that 
(i)QB=RC, (ii)PQ=QR, (iii) QPR = 45°. 


Toa 


8. If O is a point within a quadrilateral ABCD, show that 
OA+OB+OC+OD > AC * BD. 
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9. In the adjoining figure, ABCD is a quadrilateral D [e 
and AC is one of its diagonals. Prove that 


(i) AB + BC + CD + DA > 2AC 
(ii) AB + BC +CD > DA A 6 
(iii) AB + BC +CD + DA > AC + BD. 
10. Prove that the sum of all the angles of a quadrilateral is 360°. 


ANSWERS (EXERCISE 10A) 
1. 120° 2. 40°, 80°, 100°, 140° 3. ZC = 110°, ZD = 125° 


HINTS TO SOME SELECTED QUESTIONS 


4. AADE=ABCE [- AD = BC, DE = CE, ZADE = ZBCE = (90° + 60°)] 
AE = BE. 
Now, Z ADE = 150° and DA = DE ZDAE = ZDEA =15°. 
5. Let AC and BD intersect at O. 
Now, AOND = AOMB [^ ZOND = ZOMB, ZDON = ZBOM and DN = BN]. 
OD = OB. 
6. AABC = AADC 
> BAC = ZDAC, ZBCA = ZDCA and ZABC = ZADC. 
AABE = AADE > BE =DE. 
7. BC=DC,CQ=DR ^ BC-CQ=DC-DR > QB- RC. 
From ACQR, ZRQB = ZQCR + ZQRC 
=> ZRQP+ZPQB=90° + ZQRC 
=> 90° + ZPQB=90° + ZORC ^ ZPQB = ZORC. 
Now, ARCQ = AQBP and therefore, QR = PQ. 
PQ=QR > ZQPR=ZPRQ. 
But, ZQPR + ZPRQ = 90°. So, ZQPR = 45°. 


RESULTS ON PARALLELOGRAMS 


THEOREM 1 Prove that in a parallelogram 
(i) each diagonal divides the parallelogram p 
into two congruent triangles; 
(ii) opposite sides are equal; 
(iii) opposite angles are equal. 
GIVEN. A||gm ABCD in which AB | DC and AD || BC. 
TOPROVE (i) AABC X ACDA and AABD = ACDB; A B 
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(ii) AB = CD and BC = AD; 
(iii) ZB = ZD and ZA = ZC. 
CONSTRUCTION join A and C. 
PROOF (i) In AABC and CDA, we have 
Z1-2Z2 (alt. interior 4,as AB || DC and CA cuts them) 
Z3-Z4 (alt. interior 4, as BC || AD and CA cuts them) 
AC-CA (common) 
AABC = ACDA (AAS-criteria). 
Similarly, AABD = ACDB. 
(ii) AABC = ACDA (proved) 
AB-CDandBC-AD (c.p.c.t.). 
(iii) AABC = ACDA (proved) 
ZB=ZD (cp.ct.. 
Also, Z1 = Z2 and Z3 = Z4. 
1-*Z24-2Z22-Z23 > ZA-ZC. 
Hence, ZB = ZD and ZA = ZC. 


THEOREM2 Prove that the diagonals of a parallelogram bisect each other. 
GIVEN A |gm ABCD in which AB||DC and D = C 
BC|| AD. Its diagonals AC and BD intersect 
each other at a point O. 
TOPROVE OA = OC and OB = OD. 
PROOF In AAOB and COD, we have 
AB - CD [opposite sides of a ||gm] 
ZOAB = ZOCD (alt. interior 4, as AB || DC and CA cuts them) 
ZOBA = ZODC (alt. interior 4,as AB | DC and DB cuts them) 
AAOB = ACOD (AAS-criteria). 
Hes OA-OCandOB-OD (c.p.c.t.). 
SUMMARY Ina parallelogram 


(i) the opposite sides are equal 

(ii) the opposite angles are equal 
(iii) each diagonal bisects the parallelogram 
(iv) the diagonals bisect each other. 


CONVERSE OF THE ABOVE THEOREMS 


THEOREM3 If each pair of opposite sides of a quadrilateral are equal then it is a 
parallelogram. 
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GIVEN. A quad. ABCD in which AB = CD and AD = BC. 
TOPROVE ABCD is a |gm. 


CONSTRUCTION Join A and C. PA 


PROOF In AABC and CDA, we have rd 

AB=CD (given, BC-AD (given), V ^ 
AC-CA (common). A l B 
AABC = ACDA. 

-—. BAC - ZDCA. 

But, these are alternate interior angles. 
AB | DC. Similarly, AD || BC. 

Hence, ABCD is a |gm. 


THEOREM4 Ifin a quadrilateral, each pair of opposite angles are equal then it is a 


parallelogram. 
GIVEN. A quad. ABCD in which ZA - ZC and. D nS 
ZB=ZD. 
TOPROVE ABCD is a |gm. 
PROOF We have 
A-ZCandZB-ZD (given) A B 


> At+ZB=24C+2ZD 
> A+ZB=2C+2ZD=180° [^ 2A+2B+2C+ZD = 360°]. 
Now, the line segments BC and AD are cut by the transversal AB 
such that ZA + ZB = 180°. 

AD | BC [4^ ZA and ZB are co-interior 4]. 
Again, ZA = C and ZD-2 ZB ^ ZA*tZD-zC-*zB 
> A+ZD=2C+ZB=180° [- ZA* ZB* ZC* ZD - 360]. 
Now, the line segments DC and AB are cut by the transversal DA 
such that ZA + ZD = 180°. 

AB || DC [^ <A and ZD are co-interior 4]. 
Thus, AB || DC and AD || BC. 
Hence, ABCD is a ||gm. 


THEOREM5 Ifthe diagonals of a quadrilateral bisect each other then prove that 
the quadrilateral is a parallelogram. 


GIVEN. A quad. ABCD whose diagonals AC and BD intersect at a point O 
such that OA = OC and OB = OD. 


TOPROVE ABCD is a |gm. 
PROOF In AOAB and OCD, we have 
OA=OC (given, OB=OD (given) 
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and ZAOB = ZCOD (vert. opp. 4). D o 
AOABZ AOCD  (SAS-criteria). 
«  ZBAO-ZzDCO .(cp.c.t.). 
But, these are alternate interior angles. 
AB || DC. A B 
Again, in AOAD and OCB, we have 
OA-OC (given), OD-OB (given) 
and ZDOA -ZBOC (vert. opp. 4). 
AOAD = AOCB (SASccriteria). 
ZADO-ZCBO (epet). 
But, these are alternate interior angles. 
AD | BC. 
Thus, AB | DC and AD || BC. 
Hence, ABCD is a |gm. 


THEOREM6 Prove that a quadrilateral is a parallelogram, if its one pair of opposite 
sides are equal and parallel. 


GIVEN À quad. ABCD in which AB - DC D = Ç 
and AB || DC. E. 
TOPROVE ABCD is a |gm. T d 
CONSTRUCTION join A and C. "d 


PROOF In AABC and CDA, we have 

AB-DC (given), AC-CA (common), 

and ZBAC = ZDCA [alt. interior 4, as AB | DC and CA cuts them]. 
AABC = ACDA (SASccriteria). 
ZBCA-ZDAC (c.p.c.t.). 

But, these are alternate interior angles. 
AD | BC. 

Now, AB | DC and AD | BC. 
ABCD is a ||gm. 


SUMMARY A quadrilateral is a parallelogram 
(i) if both pairs of opposite sides are equal 
or (ii) if both pairs of opposite angles are equal 
or (iii) if the diagonals bisect each other 
or (iv) if a pair of opposite sides are equal and parallel. 
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SOME RESULTS ON RECTANGLE, RHOMBUS AND SQUARE 


THEOREM? Prove that each angle of a rectangle is a right angle. 
GIVEN. A rectangle ABCD in which ZA = 90°. D [e 
TOPROVE ZA-ZB-ZC-ZD -90'. 
PROOF ABCD isa rectangle 

=  ABCD is a |gm 


>  AB|DC and AD || BC. A B 
Now, AD || BC and AB is a transversal. 
=> ZA-ZB-180 [^ <A and ZB are co-interior 4] 


ZB = 180^ - ZA = 180° - 90° = 90°. 
Also, C = ZA = 90° and ZD = ZB = 90°. 
[- opposite 4 of a ||gm are equal]. 
Thus, each of the angles of rectangle is a right angle. 


THEOREM 8 Prove that the diagonals of a rectangle are equal. 
GIVEN A rect. ABCD in which AC and BD are the diagonals. 
TOPROVE AC=BD. D 


C 
PROOF In AABD and BAC, we have 
AB-BA (common) 
ZA-ZB (each equal to 90°) B 


AD - BC (opposite sides of a ||gm) 
AABDZABAC  (SAS-criteria). 
Hence, BD = AC. 


THEOREM 9 (Converse of Theorem 8) If the two diagonals of a parallelogram are 
equal, prove that the parallelogram is a rectangle. 


GIVEN. Al|lgm ABCD in which AC = BD. D Č 
TOPROVE ABCD is a rectangle. 
PROOF In AABC and DCB, we have 
AB=DC_ (opposite sides of a ||gm), A B 
BC-CB (common) and AC = DB (given). 
AABCZADCB (SSS-criteria). 
<. ZABC=ZDCB. ... (i) 
But, DC || AB and CB cuts them. 
ZABC + ZDCB = 180° (co-interior 4). 
ZABC = ZDCB=90° [using (i)]. 
Thus, ABCD is a ||gm one of whose angles is 90°. 
Hence, ABCD is a rectangle. 
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THEOREM 10 Prove that the diagonals of a rhombus bisect each other at right 
angles. 


GIVEN. A rhombus ABCD whose diagonals AC and BD intersect at a 
point O. 
TOPROVE (i)OA=OC and OB = OD 
(ii) ZBOC = ZDOC = ZAOD = ZAOB = 90°. 
PROOF (i) Clearly, ABCD is a |gm, in which pD C 


AB - BC - CD - DA. NU 

Also, we know that the diagonals of a 

llgm bisect each other. PA 
OA - OC and OB - OD. A B 

(ii) Now, in ABOC and DOC, we have 

OB-OD,BC-DCandOC-OC (common). 
ABOC = ADOC. 
ZBOC-ZDOC (c.p.c.t.). 

But, ZBOC + ZDOC = 180° (linear pair) 
ZBOC = ZDOC = 90°. 

Similarly, ZAOB = ZAOD = 90°. 

Hence, the diagonals of a rhombus bisect each other at right angles. 


THEOREM 11 (Converse of Theorem 10) If the diagonals of a quadrilateral bisect 
each other at right angles, prove that it is a rhombus. 


GIVEN A quadrilateral ABCD whose diagonals AC and BD intersect at O 
such that OA = OC and OB = OD and AC L BD. 
TOPROVE ABCD is a rhombus. 
PROOF Since the diagonals of quad. ABCD bisect each pD [e 
other, therefore ABCD is a ||gm. P. 
Now, in AAOD and COD, we have Q 
OA=OC (given), RS 
ZAOD = ZCOD = 90° [- AC LBD] A 
and OD=OD_ (common). 
AAOD = ACOD. 
And so, AD=CD  (c.p.c.t.). 
Now, AB=CDand AD=BC_ (opp. sides of a ||gm) 
and AD=CD (proved). 
AB=CD=AD= BC. 
Hence, ABCD is a rhombus. 


B 
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THEOREM 12 Prove that the diagonals of a square are equal and bisect each other at 
right angles. 
GIVEN. A square ABCD whose diagonals AC and BD intersect at O. 
TOPROVE (i) AC=BD 
(ii) OA = OC and OB = OD 


(iii) AC L BD. 
PROOF (i) In AABC and BAD, we have D C 
AB = BA (common) Ew 
BC-AD (sides of a square) 
ZABC-ZBAD (each equal to 90?) PARS 
AABC = ABAD (SAS-criterion). A B 


Ad so, AC- BD  (cp.c..). 
(ii) Now, ABCD is a square and therefore a |gm. 
And so, OA = OC and OB = OD 
[- diagonals of a ||gm bisect each other]. 
(iii) Now, in AAOB and AOD, we have 
OB-OD [- diagonals of a ||gm bisect each other] 
AB-AD (sides of a square) 
AO-AO (common) 
AAOBZAAOD  (SSS-criterion). 
ZAOB 7 ZAOD. 
But, ZAOB + ZAOD = 180° (linear pair) 
ZAOB = ZAOD = 90°. 
Thus, AO L BD, i.e., AC L BD. 


THEOREM 13 (Converse of Theorem 12) If the diagonals of a quadrilateral are equal 
and bisect each other at right angles then prove that the quadrilateral 
is a square. 

GIVEN. A quad. ABCD in which the diagonals AC and BD intersect at O 

such that AC = BD; OA = OC and OB = OD; AC 1 BD. 

TOPROVE ABCD is a square. 

PROOF Since the diagonals of quad. ABCD bisect each other, therefore 


ABCD is a |gm. 

Now, in AABO and ADO, we have D C 
OB-OD (given) PR 
OA-OA (common) 

ZAOB -2ZAOD =90° [- ACL BD] Pis 


AABOZXAADO  (SASccriterion). A B 
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EXAMPLE 


SOLUTION 
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And so, AB=AD_  (c.p.c.t.). 

Now, AB=CDand AD=BC  [- opp. sides of a ||gm are equal]. 
AB=BC=CD=AD. 

Again, in AABC and BAD, we have 
AB-BA (common) 
AC=BD (given) 
BC-AD (proved) 
AABC = ABAD (SSS-criterion). 

And so, ZABC = ZBAD (c.p.c.t.). 

But, ZABC + ZBAD = 180° (co-interior 4). 
ZABC = ZBAD = 90°. 

Thus, AB = BC = CD = AD and ZA = 90°. 
ABCD is a square. 


SOLVED EXAMPLES 


1 Ina|gm ABCD, if ZA = 115°, find ZB, ZC and ZD. 
Let ABCD be a |ggm in which p : C 
ZA=115°. 
Since AD || BC and AB cuts them, so 
ZA + ZB =180° 115° 
= 115°+ ZB = 180° A B 
> ZB = (180° -115°) = 65°. 
Since the opposite angles of a ||gm are equal, we have 
ZC = ZA =115° and ZD = ZB = 65°. 
Hence, ZB = 65°, ZC = 115° and ZD = 65°. 


2  Diagonals AC and BD of a parallelogram ABCD intersect at O. If 
OA = 3 cm and OD = 2 cm, determine the lengths of AC and BD. 


The diagonals of a parallelogram A D 
bisect each other. 
OA =OC=3cm 
and OB = OD =2 cm. 
And so, B [o 
AC =OA+OC=(3+3)cm=6cm 
and BD = OB+ OD = (2 +2) cm = 4 cm. 


EXAMPLE 3 


SOLUTION 


EXAMPLE 4 


SOLUTION 


EXAMPLE 5 


SOLUTION 


EXAMPLE 6 


SOLUTION 
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In the adjoining figure, ABCD is a rectangle D C 
whose diagonals AC and BD intersect at O. 
If ZOAB = 28°, find ZOBC. x< 
We know that the diagonals of a 38° 
B 


rectangle are equal and bisect each other. 4 
OA = OB ^ ZOBA = ZOAB = 28°. 
Also, each angle of a rectangle measures 90°. 
ZABC = 90° => ZOBA + ZOBC = 90° 
28° + ZOBC = 90° = ZOBC = (90° - 28°) = 62°. 
The diagonals AC and BD of a parallelogram ABCD intersect each 
other at the point O. If ZDAC = 32° and ZAOB = 70^, find ZDBC. 
ZAOB + ZAOD = 180° (linear pair) A 
> 70 *ZAOD = 180° = ZAOD = 110°. 


D 
In AAOD, we have : 
B 


DAO + ZAOD + ZADO = 180° 
(sum of 4 of a A) 
=> 32°+110°+ ZADO = 180° 
^ ZADO = (180° -32° - 110°) = 38°. 
Now, ZOBC = ZADO = 38° (alt. interior 4). 
ZDBC = ZOBC = 38°. 


In the adjoining figure, ABCD is a rhombus. D c 
If ZA = 70°, find ZCDB. x 
We have ZC = ZA =70° 

(opposite 4 of a ||gm). 
Let ZCDB = x’. A B 
In ACDB, we have 


CD=CB > ZCBD - ZCDB - x°. 
CDB + ZCBD+ ZDCB = 180° (sum of 4 of a A) 
=> x°+x°+70° =180° > 2x = 110, i.e., x = 55. 
Hence, ZCDB = 55°. 


ABCD is a rhombus such that ZACB = 40°. Find ZADB. 
Let the diagonals AC and BD intersect at O. C 
Then, ZBOC = 90°. 


[- diagonals of a rhombus 
intersect at right angles] 
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EXAMPLE 7 


SOLUTION 


EXAMPLE 8 


SOLUTION 
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In ABOC, we have 

OCB + ZBOC + ZCBO = 180° (sum of 4 of a A) 
=> 40°+90°+ ZCBO = 180° > ZCBO=50°. 
Now, ZADB = ZCBO=50° (alt. interior 4). 


In the adjoining figure, ABCD is a square. A p C 


line segment DX cuts the side BC at X and the BA 
<2 


diagonal AC at O such that ZCOD = 105° and 
ZOXC = x°. Find the value of x. uS 
The angles of a square are bisected by the 


diagonals. 
ZOCX = 45° [- ZDCB = 90° and CA bisects ZDCB]. 
Also, ZCOD + ZCOX = 180° (linear pair) 
> 105°+ ZCOX =180° = ZCOX = (180° - 105°) = 75°. 
Now, in ACOX, we have 
OCX + ZCOX + ZOXC = 180° 
=> 45°+75°+ ZOXC = 180° > ZOXC = (180° - 120°) = 60°. 


Hence, x = 60. 


In the adjoining figure, ABCD is a D C 
parallelogram and X, Y are the points PE A 
on the diagonal BD such that DX = BY. 
Prove that Du eee IL 

A B 


(i) CXAY is a parallelogram, 
(ii) AADX = ACBY and AABY = ACDX, and 
(iii) AX = CY and CX = AY. 

(i) Join AC, meeting BD at O. 


Since the diagonals of a parallelogram bisect each other, 
we have OA = OC and OD = OB. 


Now, OD = OB and DX = BY 

= OD-DX=OB-BY > OX=OY. 

Now, OA = OC and OX = OY. 

CXAY is a quadrilateral whose diagonals bisect each other. 


CXAY is a ||gm. 
(ii) and (iii) In AADX and CBY, we have 
AD = BC (opp. sides of a ||gm) 


ZADX=ZCBY (alt. interior 4) 
DX = BY (given) 


Quadrilaterals 323 


AADX = ACBY (SAS-criterion). 
And so, AX = CY (c.p.c.t.). 
Similarly, AABY = ACDX and so CX = AY (c.p.c.t.). 


EXAMPLE9 Prove that in a parallelogram, the bisectors of any two consecutive 


GIVEN A |/gm ABCD in which the bisectors of two 
consecutive angles ZA and Z B intersect at a point P. 


TOPROVE ZAPB=90°. 


PROOF 


EXAMPLE 


SOLUTION 


EXAMPLE 


SOLUTION 


angles intersect at right angles. 


AD || BC and AB is a transversal 
[^ ABCD is a ||gm]. 


ZA- ZB - 180* 
1 l une 
PES T 274P =90 
Z1+22=90° "^ AP and BP are bisectors of 
ZA and ZB respectively 
In AAPB, we have 


Z1+ 22+ ZAPB = 180* (sum of 4 of a A) 
> 90°+ ZAPB=180° > ZAPB = 90. 
10 ABCD is a parallelogram and AL and CM 

are perpendiculars from vertices A and C 


on diagonal BD, as shown in the adjoining 
figure. Show that (i) A ALB = ACMD and 


(ii) AL = CM. B c 
In AALB and CMD, we have 
AB = CD (opp. sides of a ||gm) 
ZALB = ZCMD =90° [- AL BD, CM 1 BD] 
ZABL = ZCDM (alt. interior 4) 
e AALB Z ACMD (AAS-criterion). 
And so, AL = CM (c.p.c.t.). 
^1 In the adjoining figure, ABCD is a D X c 


parallelogram and line segments AX and CY 
bisect ZA and ZC respectively. Prove that 


AX |CY. 
B 
Wehave:ZA-ZC (opp. 4 of a |gm) 
> Degas pum. m 


2 2 
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EXAMPLE 12 


SOLUTION 


EXAMPLE 13 
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Now, DC || AB and CY is a transversal 
> 22=23 ... (ii) (alt. interior 4). 
From (i) and (ii), we get Z1 = Z3. 
But, these are corresponding angles formed when AX and CY 
are cut by transversal AB. 

AX || CY. 


Show that the bisectors of the angles of a parallelogram enclose a 
rectangle. 


Since DC | AB and DA cuts them, we have p [o 


ZA*ZD-180' (co-interior 4) I" 
1 1 — one 
I2A*l2D-90 D 


ZPAD * ZPDA = 90° 

ZAPD = 90° [4^ sum of the 4 of a A is 180°] 
Z SPQ = 90° (vert. opp. 4). 

Now, AD || BC and DC cuts them. 

ZD+ZC=180° (co-interior 4) 


1 1 - ane 
> 344D*342C-90 


> ZQDC-*ZQCD -90* 

=> ZDQC=90° [^ sum of the 4 of a A is 180°] 

=> ZPQR=90°. 

Similarly, LQRS = 90° and ZRSP = 90°. 

Thus, PQRS is a quadrilateral each of whose angles is 90°. 


U 4 V 


Hence, PQRS is a rectangle. 


If a diagonal of a parallelogram bisects one of the angles of the 
parallelogram, prove that it also bisects the angle opposite it, and 
that the two diagonals are perpendicular to each other. 


Also, prove that it is a rhombus. 


GIVEN. A|gm ABCD whose diagonals AC and BD intersect 
at O. Also, AC bisects Z A, i.e., Z1 = Z2. 
TOPROVE (i) AC bisects ZC, i.e., 23 = Z4. 

(ii) AC L BD. 

(iii) ABCD is a rhombus. 
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PROOF In||\gm ABCD, we have 

AB | DC and CA cuts them 
Z1-7Z3 (alt. interior 4) 

and AD || BC and CA cuts them 
Z2-7Z4 (alt. interior 4). 

Now, 21 = 22 > 23=Z4. 

This shows that AC bisects <C also. 

Now, ZA =4C_ (opp. 4 of a ||gm). 


1 1 
> 2 A=5 C 2-273 AD - DC. 


But, AB = DC and AD = BC. 
AB - BC - DC - AD. 


So, ABCD is a rhombus. 
But, the diagonals of a rhombus bisect each other at right angles. 
AC LBD. 
EXAMPLE 14 Let AABCand ADEF be two triangles given ^... D 


in such a way that AB|| DE, AB = DE, 


BC || EF and BC = EF. 77] F 
Prove that Boseceeee E 

(i) AC || DF and AC = DF, 

(ii) AABC = ADEF. 

SOLUTION AB||DE and AB = DE 
= ABEDisa|lgm => AD||BE and AD = BE. secl) 
Again, BC | EF and BC = EF 
> BEFCisa|gm > CF||BE and CF = BE. ... (ii) 
From (i) and (ii), we get 

AD || CF and AD = CF. 
ACFD is a ||gm. 
Consequently, AC || DF and AC = DF. 
Also, AB = DE, BC = EF and AC = DF. 
AABC = ADEF  (SSS-criterion). 

EXAMPLE 15 In the adjoining figure, ABCD is a D Y [e 
parallelogram in which X and Y are the -. 
midpoints of AB and DC respectively. If AY 
and DX intersect in P while CX and BY ae a 


intersect in Q, show that A x B 
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(i) quad. AXCY is a parallelogram, 
(ii) quad. XBYD is a parallelogram, 
(iii) quad. PXQY is a parallelogram. 


SOLUTION AB||DC > AX|| YC. 


Also, AB= DC FAB =5DC AX = YC. 


AX || YC and AX = YC > AXCY is a |gm. 
AY || XC. In particular, PY || XQ. 
Again, AB||DC = XB|| DY. 


Also, AB = DC lAB-ipc XB = DY. 


XB || DY and XB = DY > XBYD is a ||gm. 
XD || BY. In particular, XP || OY. 

Thus, PY || XQ and XP || OY. 
PXQY is a parallelogram. 


EXAMPLE 16 In the adjoining figure, ABCD isa D C 
parallelogram and E is the midpoint of 
AD. A line through D, drawn parallel g 
to EB, meets AB produced at F and BC 
at L. Prove that 


(i) AF = 2DC and (ii) DF = 2DL. 
SOLUTION  EB|DLand ED|| BL = EBLD is a ||gm. 


1 1 
BL-ED -5AD-3BC- CL. 


Now, in ADCL and FBL, we have 
CL-BL (proved), LDLC - ZFLB (vert. opp. 4) 
and ZCDL= BFL (alt. int. 4). 
ADCL = AFBL. 
DC = BF and DL = FL. 
Now, BF = DC = AB > 2AB=2DC > AF=2DC. 
DL=FL > DF - 2DL. 
EXAMPLE 17 In the adjoining figure, AB = AC; CP | BA and AP D 
is the bisector of ZCAD. Prove that A 
(i) ZPAC = ZBCA and 
(ii) ABCP is a parallelogram. 


SOLUTION In AABC, AB = AC > Z17z2. 


EXAMPLE 18 


SOLUTION 


EXAMPLE 19 


SOLUTION 
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Ext. ZCAD = 21+ Z2 
> ZCAD-2(72) [« 41-22] 
> 2ZPAC-2(Z22) > ZPAC- Z2 > ZPAC = ZBCA. 


Now, ZPAC = ZBCA = AP| BC 
(«^ ZPAC and ZBCA are alt. interior 4). 


Also, CP ||BA (given). 
ABCP is a parallelogram. 


In the adjoining figure, ABCD is a parallelogram p C 
and the bisector of ZA bisects BC at X. Prove that 
AD - 2AB. 


ABCD is a parallelogram. 3 
AD || BC and AX cuts them. 
A B 
ZBXA = ZDAX = 12A (alt. interior 4). 
Z2-1A. Also, Z1 - 14 
2:17 É 2. 
1 1 
Z2=2Z1 AB = BX = pius = 54D. 
Hence, AD = 2AB. 
In the adjoining figure, ABCD is a p c 


parallelogram, E is the midpoint of AB and 
CE bisects LBCD. Prove that 


(i) AE = AD, (ii) DE bisects Z ADC and 
(iii) ZDEC = 90°. 
AB || DC and EC cuts them => ZBEC = ZECD 
=> ZBEC=ZECB [- ZECD=ZECB] 
EB=BC > AE=AD. 
Now, AE=AD ^ ZADE=ZAED > ZADE - ZEDC 
[^ ZAED = ZEDC (alt. interior 4)]. 


DE bisects ZADC. 
Further, ZADC + ZBCD = 180° [co-interior A] 


=> 5 ZADC " l^BCD =90° > ZEDC+ZDCE = 90°. 


But, LEDC + ZDCE + ZDEC = 180° [sum of the 4 of a A] 
ZDEC = 90°. 
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EXAMPLE 20 ABCD is a trapezium in which AB || CD and AD = BC. Show that 
(i) ZA=ZBand ZC - ZD, (ii) AABC = ABAD and 


(iii) AC = BD. 
GIVEN A trapezium ABCD in which AB || CD and AD = BC. 
TOPROVE (i)ZA-ZBandZC = ZD, A B NX 
(ii) AABC = ABAD and A Vs 6 
(iii) AC = BD. / 
CONSTRUCTION Produce AB to X. Draw CN||DA 
such that CN meets AX at N. 


PROOF We have 
AD || NC and AN || DC (since AB||DC) = ADCN is a |gm. 
NC=AD=BC > 45= 46. sei) 

Now, 21+ 26=180° (co-interior 4) 
and 22+ 45=180° (linear pair) 
Z1=22 [using (i)]. 


Now, 23 = 26 (opp. 4 of a ||gm) 
and 24= 245 (alt. interior 4) 
 23=24 [using (i)]. 


Thus, ZA = ZBand ZC = ZD. p e 
Now, in A ABC and BAD, we have: 
AB = BA (common) 
ZABC-ZBAD (prove that ZA = ZB) 
AD = BC (given) 
AABC=ABAD  (SAS-criterion). 
And so, AC = BD (c.p.c.t.). 
EXERCISE 10B 
[e] 


1. In the adjoining figure, ABCD is a parallelogram in D 
which ZA = 72°. Calculate ZB, ZC and ZD. 


[e] 


2. In the adjoining figure, ABCD is a parallelogram D 
in which ZDAB = 80° and ZDBC = 60°. Calculate 
ZCDB and Z ADB. 


o 


ol 


[en] 


N 


oo 


10. 


11. 


12. 
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. In the adjoining figure, M is the midpoint of A D 
side BC of a parallelogram ABCD such that 
ZBAM = ZDAM. Prove that AD = 2CD. 
B M C 
.In the adjoining figure, ABCD is a D P [e 


parallelogram in which ZA-60*. If the rV. 
bisectors of ZA and ZB meet DC at P, 

prove that (i) APB -90*, (ii) AD- DP and A " B 
PB = PC = BC, (iii) DC = 2AD. 


.In the adjoining figure, ABCD is a D C 


parallelogram in which ZBAO=35", BT 
ZDAO = 40° and ZCOD = 105°. Se 


Calculate (i) ZABO, (ii) ZODC, (iii) ZACB ja 
A 


and (iv) ZCBD. 


. Ina ||gm ABCD, if ZA = (2x + 25) and ZB = (3x — 5)”, find the value of x 


and the measure of each angle of the parallelogram. 


. If an angle of a parallelogram is four fifths of its adjacent angle, find 


the angles of the parallelogram. 


. Find the measure of each angle of a parallelogram, if one of its angles is 


30° less than twice the smallest angle. 


. ABCD is a parallelogram in which AB =9.5 cm and its perimeter is 


30 cm. Find the length of each side of the parallelogram. 
In each of the figures given below, ABCD is a rhombus. Find the value 
of x and y in each case. 


g KT 7 
T rae Aer a 
B 


A B A B A 
(i) (ii) (ii) 
The lengths of the diagonals of a rhombus are 24 cm and 18 cm 
respectively. Find the length of each side of the rhombus. 
Each side of a rhombus is 10 cm long and one of its diagonals measures 
16 cm. Find the length of the other diagonal and hence find the area of 
the rhombus. 


330 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
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In each of the figures given below, ABCD is a rectangle. Find the values 
of x and y in each case. 


(i) (ii) 
Inarhombus ABCD, the altitude from D to the side AB bisects AB. Find 
the angles of the rhombus. 


iw) 
[e] 


In the adjoining figure, ABCD is a square. A line 
segment CX cuts AB at X and the diagonal BD at 
O such that ZCOD = 80° and ZOXA = x*. Find the 80° 


value of x. yf 
eN 


In a rhombus ABCD show that diagonal AC bisects ZA as well as <C 
and diagonal BD bisects Z B as well as 2D. 


> 
x 
wW 


In a parallelogram ABCD, points M and N p N LL 
have been taken on opposite sides AB and CD pos, 
respectively such that AM = CN. Show that AC A 
and MN bisect each other. 

A M B 
In the adjoining figure, ABCD is a parallelogram. D [e 
If P and Q are points on AD and BC respectively Q 
such that AP - AD and CQ - iBC, prove that J 
AQCP is a parallelogram. A B 
In the adjoining figure, ABCD is a parallelogram D F [e 
whose diagonals intersect each other at O. A line Nu) 
segment EOF is drawn to meet AB at E and DC at 
F. Prove that OE - OF. P 

A E B 


The angle between two altitudes of a parallelogram through the vertex 
of an obtuse angle of the parallelogram is 60?. Find the angles of the 
parallelogram. 

ABCD is a rectangle in which diagonal AC bisects ZA as well as ZC. 
Show that (i) ABCD is a square, (ii) diagonal BD bisects ZB as well 
as ZD. 


22. 


23. 


24. 


25. 


26. 


27. 
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In the adjoining figure, ABCD is a 


parallelogram in which AB is produced to E f m | 
so that BE = AB. Prove that ED bisects BC. 9 
A B E 
D [e 
L i = 
A B F 


In the adjoining figure, ABCD is a 
parallelogram and E is the midpoint of side 
BC. If DE and AB when produced meet at F, 
prove that AF = 2AB. 


Two parallel lines / and m are intersected by a transversal t. Show 
that the quadrilateral formed by the bisectors of interior angles is a 
rectangle. 


K, L, M and N are points on the sides AB, BC, CD and DA respectively 
of a square ABCD such that AK = BL = CM = DN. Prove that KLMN isa 
square. 


A AABC is given. If lines are drawn through A, B, qQ A R 
C, parallel respectively to the sides BC, CA and AB, 
forming APQR, as shown in the adjoining figure, show È k 
P 
that BC = 1 QR. 
In the adjoining figure, AABC is a triangle and through aq A R 
A, B, C lines are drawn, parallel respectively to BC, 
CA and AB, intersecting at P, Q and R. Prove that the B c 
P 


perimeter of APQR is double the perimeter of AABC. 


ANSWERS (EXERCISE 10B) 


. ZB = 108, ZC - 72, ZD = 108° 2. ZCDB = 40°, ZADB = 60° 
. (i) ZABO = 40° (ii) ZODC = 40° (iii) ZACB= 40° (iv) CBD = 65° 


x = 32; ZA = 89°, ZB = 91°, ZC = 89° and <D = 91° 


. 80^, 100°, 80°, 100° 8. 70°, 110°, 70°, 110° 


AB = 9.5 cm = DC, BC = 5.5 cm = DA 


.()x-35,y-35 (i)x-50,y-50 (ili) x=31, y=59 
. 15cm 12. 12 cm, 96 cm? 
.()x-55,y-110 (ii)x=55,y=35 14. 60°, 120°, 60°, 120° 
. x = 130 20. 60°, 120°, 60°, 120° 
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14. 


15. 
16. 


17. 
19. 


20. 


22. 


23. 
24. 


HINTS TO SOME SELECTED QUESTIONS 


.ZAMB-ZDAM (- AD||BC) 


> ZAMB-ZBAM > AB- BM > CD-1(8C) > CD - lu) > AD=2CD. 


: ghey = 180°. 


5 


. 2x - 30) + x = 180. 
. (i) AB2 BC > ZBAC- ZBCA = x°. And, x+ x +110 = 180. 


(ii) ZAOB=90° (ii) ZDCB = ZBAD = 62°. So, ZDCO = 31°. 


. (i) Diagonals of a rectangle are equal and bisect each other. 


OA = OB and so ZOAB = ZOBA = 35°. Also, ZABC = 90°. 
DM L AB and AM = MB. D 
AAMD = ABMD 
( AM = MB, ZAMD = ZBMD - 90, DM- DM). X C 

AB - AD - DB => ^ABD is equilateral. Q 
So, ZA=60° > ZB = 120°, ZC = 60°, ZD = 120°. 
ZOBX = 45° and ZBOX = 80°. 
AABC = AADC (~ AD = AB,CD = CB, AC = AC) D 


GRACE Pda 
A C 


AAMOZXACNO (+ ZOAM = ZOCN, AM = CN, ZMOA = ZNOC). 

AODFZAOBE (- OD = OB, ZDOF = ZBOE and ZODF = ZOBE). 
OF = OE. 

ZABM = 90° and ZMBN = 60° > ZABN = 30°. 

In AABN, we have ZA = 60°. 

And so, ZB = 120°, ZC = 60°, ZD = 120°. 


AODC = AOEB (- DC = BE, ZOCD = ZOPE, ZCOD = ZBOE). 
OC = OB. 

ADEC = AFEB. So, BF = DC = AB. 

ZAEF + ZBEF = 180° (linear pair) 


2s + (ZAEF) + 3 (ZBEF) = 90° 

=> ZGEF+ ZFEH=90° > ZGEH=90°. 
Now, ZAEF + ZCFE = 180° (co-interior 4) 
>  4(ZAEF)+5(ZCFE) = 90° 


=>  ZGEF-* ZGFE 790? > ZEGF=90° 
(sum of 4 of a Ais 180°). 
Similarly, ZGFH = ZEHF = 90°. 
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26. BC ||QA and CA||QB > BCAQisa||jgm > BC= QA. 
Similarly, BCRA is a |gm > BC = AR. 
2BC = QA+ AR=QR. 


27. As proved in prev. question: BC = LOR, CA = Lpo, AB = Lpr 


> AB+BC+CA=4(PR+QR+PQ). 


MIDPOINT THEOREM 
THEOREM1 (Midpoint Theorem) The line segment joining the midpoints of any 
two sides of a triangle is parallel to the third side and equal to half of it. 


GIVEN A AABC in which D and E are the A 
midpoints of AB and AC respectively. DE is joined. DS 
E 


TOPROVE DE||BC and DE = BC. í ^x 7 


CONSTRUCTION Draw CF||BA, meeting DE 3 C 
produced in F. 
PROOF In AAED and CEF, we have: 
ZAED=ZCEF (vert. opp. 4) 
AE 7 CE [^ Eis the midpoint of AC] 
ZDAE -ZFCE (alt. interior 4) 
AAED X ACEF  (ASA-criterion). 
And so, AD = CF and DE- EF (c.p.c.t.). 
But, AD = BD [^ Dis the midpoint of AB] 
and BD || CF (by construction) 
- BD = CF and BD || CF 
=  BCFDisa|gm 
> DF||BC and DF = BC 


DE || BC and DE = DF - SBC l- DE = EF] 
Hence, DE || BC and DE = 1.BC. 
THEOREM2 (Converse of Midpoint Theorem) The line drawn through the midpoint 
of one side of a triangle, parallel to another side, bisects the third side. 
GIVEN. A AABC in which D is the midpoint of AB and DE || BC. 


TOPROVE Eis the midpoint of AC. 
CONSTRUCTION. Draw CF || BA, meeting DE produced in F. 
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We have 
DF || BC [- DE|| BC] 
BD || CF [- CF || BA] 


DBCF is a ||gm and so, 
CF=DB=AD  [- Dis the midpoint of AB]. 


Now, in AADE and CFE, we have A 
ZEAD -ZECF (alt. interior 4), 
AD 7 CF (proved) D E r 
and ZADE - ZCFE (alt. interior 4). j H 
AADE= ACFE (ASA-criterion) D d 
and so, AE = CE (c.p.c.t.). 
Hence, E is the midpoint of AC. 
SOME SOLVED PROBLEMS ON MIDPOINT THEOREM " 
ExAMPLE 1 If D, E and F are respectively the midpoints 
of the sides BC, CA and AB of an equilateral 
triangle ABC, prove that ADEF is also an 7 E 
equilateral triangle. 
B D C 


SOLUTION 


Since D and E are the midpoints of sides BC and CA 


respectively, we have DE = FAB (by midpoint theorem). 
€ 1 1 
Similarly, FE = BC and DF = CA. 


AB - BC - CA SAB =5BC=5CA DE = FE = DF. 


Thus, all the sides of ADEF are equal. 


Hence, ADFF is an equilateral triangle. 


EXAMPLE2 In AABC, D, E and F are respectively the midpoints of sides AB, BC 


SOLUTION 


and CA. Show that ^ ABC is divided into four congruent triangles 
by joining D, E and F in pairs. 
D and F are the midpoints of sides AB A 
and AC respectively of AABC. 
DF || BC. 
Similarly, DE || AC and EF || AB. 
Now, DF || BE and EF | BD 
=  DBEFisa|gm 


EXAMPLE 3 


SOLUTION 


EXAMPLE 4 


SOLUTION 
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= AEDB=ADEF [^ DE is a diagonal of gm DBEF]. 


[Note Any diagonal of a ||gm divides it into two congruent 
triangles.] 


Similarly, ACFE = ADEF and AFAD = ADEF. 


Hence, all the four triangles are congruent. 


In the adjoining figure, AABC is an isosceles 
triangle in which AB = AC and D, E, F are the 
midpoints of BC, CA and AB respectively. Show 
that AD L FE and AD is bisected by FE. 


Let AD intersect FE at M. Join DE and DF. B D C 
Now, D and E being the midpoints of the sides BC and CA 


respectively, we have 


DE || AB and DE = AB (by midpoint theorem). 


Similarly, DF || AC and DF = AC. 


AB- AC > laB-lac > DE=DF. Â 
Now, DE||FAand DE=FA_[~ DE|| AB and DE =} AB = FA] 


= JDkEAFisal|gm = DEAF is a rhombus 
[7 DE = DF from (i), DE = FA and DF = EA]. 
But, the diagonals of a rhombus bisect each other at right 
angles. 
AD L FE and AM = MD. 
Hence, AD L FE and AD is bisected by FE. 


Let ABC be a triangle, right-angled at B 
and D be the midpoint of AC. Show that 
DA = DB = DC. 


Through D, draw DE || BC, meeting AB 
at E. 


Now, LAED =ZABC=90° [corres. 4] 

ZBED = Z AED = 90° [^ ZAED + ZBED = 180°]. 
Now, in AABC, it is given that D is the midpoint of AC and 
DE || BC (by construction). 


Cc 
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EXAMPLE 5 


SOLUTION 


EXAMPLE 6 


SOLUTION 
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E must be the midpoint of AB 
(by converse of midpoint theorem). 
AE = BE. 
Now, in A AED and BED, we have 
AE=BE (proved), ED=ED (common), 
ZAED=ZBED (each equal to 90°). 
AAED = ABED 
.. DA-DB. 
But, DA- DC [- Dis the midpoint of AC]. 
Hence, DA = DB = DC. 


ABCD is a parallelogram in which E D F (e 
and F are the midpoints of the sides AB NZ 

and CD respectively. Prove that the 

line segments CE and AF trisect the px 
diagonal BD. A E B 


Let BD be intersected by CE and AF at P and Q respectively. 
AB||DC and AB- DC (opposite sides of a ||gm) 


=> AE||FCand AB = DC => AE|FCand AE = FC 


=  AECFisa|gm > AF||CE > EP|| AQ and FQ||CP. 
In ABAQ, E is the midpoint of AB and EP || AQ, so P is the 
midpoint of BQ. 

BP - PQ. 
Again, in ADPC, F is the midpoint of DC and FQ || CP, so Q is 
the midpoint of DP. 

PQ - QD. 

BP = PQ = QD. 
Hence, CE and AF trisect the diagonal BD. 
Show that the figure formed by joining the midpoints of the adjacent 
sides of a quadrilateral is a parallelogram. 
Let ABCD be a quadrilateralin which p 
P, Q, R, S are the midpoints of AB, BC, 
CD and DA respectively. Join AC. 
In AABC, the points P and Q are the 
midpoints of AB and BC respectively. 


Quadrilaterals 337 


PQ|ACandPQ-2iAC (by midpoint theorem). 


Again, in ADAC, the points S and R are the midpoints of AD 
and DC respectively. 


SR || AC and SR = łac (by midpoint theorem). 
Now, PQ || AC and SR|| AC > PQ||SR. 
Also, PQ=SR_ (each equal to FAC). 

PQ || SR and PQ = SR. 


Hence, PQRS is a parallelogram. 


EXAMPLE7 E and F are respectively the midpoints of the nonparallel sides AD 
and BC of a trapezium ABCD. Prove that 


(i) EF\|AB, (üi) EF = Ż(AB +CD), 


GIVEN A trapezium ABCD in which E and F are midpoints of sides AD 
and BC respectively. 


TOPROVE (i) EF || AB, (ii) EF = l(AB +CD). 


CONSTRUCTION Join DF and produce it to meet AB D c 

produced in P. É ET " 

PRooF In ADCF and PBF we have NC 
ZDFC-ZPFB (vert. opposite 4) A B g P 
CF = BF (^ Fis the midpoint of BC) 


ZDCF -ZPBF (alt. interior 4) 
<. ADCF&APBF (ASA-criterion). 
And so, DF = PF and CD=BP_  (c.p.c.t). 
Now, in ADAP, we have 
E is the midpoint of AD and F is the midpoint of DP. 
[- DF = PF] 


EF || AP and EF = ZAP [by midpoint theorem] 


=> EF|ABand EF = 1(AB + BP). 


Hence, EF || AB and EF - 1 (AB + CD). 
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EXAMPLE 8 


SOLUTION 


EXAMPLE 9 


SOLUTION 
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Let ABCD be a trapezium in which 
AB || DC and let E be the midpoint of AD. 
Let F be a point on BC such that EF || AB. 
Prove that 


(i) F is the midpoint of BC, (ii) EF = 5 (AB +DC). 


Join BD, cutting EF at M. 
Now, in ADAB, E is the midpoint of AD and EM || AB. 
M is the midpoint of BD. 


EM = 5 AB. .. (i) 


Again, in ABDC, M is the midpoint of BD and MF || DC. 
F is the midpoint of BC. 


MF = 1DC. ... (ii) 
EF = EM+ MF - 1 (AB « DC) [from (i) and (ii)]. 
Hence, F is the midpoint of BC and EF = l(AB * DC). 


Prove that the line segment joining the midpoints of the diagonals 
of a trapezium is parallel to the parallel sides and equal to half their 
difference. 


Let ABCD be a trapezium in which D c 
AB||DC, and let M and N be the NN 
midpoints of the diagonals AC and f 

BD respectively. ^ E Š 


Join CN and produce it to meet AB at E. 
In A CDN and EBN, we have: 
DN=BN [- Nis midpoint of BD] 
ZDCN=ZBEN (alt. interior 4) 
ZCDN -ZEBN (alt. interior 4) 
ACDN = AEBN [SAA-criteria]. 
DC-EBandCN-NE (cp.c.t.). 
Thus, i in ACAE, the points M and N are the midpoints of AC 
and CE respectively. 


MN || AE and MN = LAE = MN|AB|DC 


and MN = LAE - LAB EB) = L (AB DC) [- EB- DC]. 
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EXAMPLE 10 ABCD is a trapezium in which AB || DC and E is the midpoint of 
AD. A line is drawn through E parallel to AB intersecting BC at F. 
Show that F is the midpoint of BC. 

GIVEN A trapezium ABCD in which AB || DC. E is the midpoint of side AD. 

A line EF is drawn parallel to AB intersecting BC at F. 


TOPROVE Fisthe midpoint of BC. D le 
CONSTRUCTION Join BD. Let BD intersect EF at G. E : E 
PROOF In ADAB, we have 
E is the midpoint of AD and EG|| AB. ^ B 
Gis the midpoint of BD [by converse of midpoint theorem]. 


Now, in ABCD, we have 
G is the midpoint of BD and GF || DC 
[^ EF || AB and AB||DC > EF|| DC]. 


Hence, F is the midpoint of BC [by converse of midpoint theorem]. 


EXAMPLE 11 ABC is a triangle right angled at C. A line through the midpoint P 
of hypotenuse AB and parallel to BC intersects AC at M. Show that 


(i) M is the midpoint of AC, (ii) MP L AC, (iii) CP = AP = SAB. 


SOLUTION In AACB, we have 
P is the midpoint of AB and PM || BC. 


M is the midpoint of AC. 
[by converse of midpoint theorem]. 


Now, PM || BC. 
ZPMC + ZBCM = 180° (co-interior 4) 
=> ZPMC+90° =180° > ZPMC = 90". 


Thus, MP L AC. 

Join PC. 

In APMA and PMC, we have: 
MA - MC [^ Mis the midpoint of AC] 
ZPMA - ZPMC (each equal to 90°) 
PM = PM (common) 


APMA = APMC (SAS-criterion). 
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EXAMPLE 12 


SOLUTION 


EXAMPLE 13 


SOLUTION 
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And so, AP = CP (c.p.c.t.). 
Now, P is the midpoint of AB. 


CP- AP - lap. 


In the adjoining figure, ABCD is a ||gm in 
which P is the midpoint of DC and Q is a 
point on AC such that CQ = 1AC. Also, 
PQ when produced meets BC at R. Prove 
that R is the midpoint of BC. 

Join BD, intersecting AC at O. 

Then, AO - OC [- diagonals of a ||gm bisect each other]. 


CQ= GAC =4 x (200) = FOC. 


Thus, Q is the midpoint of OC. 


Now, in ACDO, P and Q are the midpoints of CD and CO 
respectively. 


PQ || DO and therefore, QR || OB 
[- PQ||DO => PQR|| DOB]. 
Now, in ACOB, Q is the midpoint of CO and QR || OB. 
R must be the midpoint of BC. 


In the adjoining figure, AD is a median 
of AABC and E is the midpoint of AD. 
Also, BE produced meets AC in F. 


Prove that AF — LAC. 


Draw DP || EF. 

In AADP, E is the midpoint of AD and EF || DP. 
F is the midpoint of AP, i.e., AF = FP. 

In AFBC, D is the midpoint of BC and DP || BF. 
P is the midpoint of FC, i.e., FP = PC. 

Thus, AF = FP = PC. 


Hence, AF = tac. 


EXAMPLE 14 


SOLUTION 


EXAMPLE 15 


SOLUTION 


EXAMPLE 16 
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In the adjoining figure, ABCD is a 
trapezium in which AB||DC and 
AD = BC. If P, Q, R, S be respectively 
the midpoints of BA, BD, CD, CA then 
show that PQRS is a rhombus. 


In ABDC, Qand Rare the midpoints of BD and CD respectively. 


OR | BC and QR = 5BC. 
Similarly, PS || BC and PS = SBC. 


PS||QR and PS- QR (each equal to 1n0. 
PQRS is a parallelogram. 
In AACD,S and R are the midpoints of AC and CD 
respectively. 
SR | AD and SR = SAD = SBC [^ AD = BC] 
PS = QR = SR = PQ. 
Hence, PQRS is a rhombus. 


In the adjoining figure, ABCD and PQRC 
are rectangles, where Q is the midpoint of 
AC. Prove that 


() DP=PC, (ii) PR= Lac. 


ZCRQ = ZCBA = 90° ^ QR|| AB. 
In AABC, Q is the midpoint of AC and QR || AB. 
Ris the midpoint of BC, i.e., BR = RC. 
Similarly, P is the midpoint of DC. 
DP = PC. 
In ACDB, P is the midpoint of DC and R is the midpoint of BC. 


PR || DB and PR = SDB = łac [^ AC - BD]. 


In the adjoining figure, D, E, F are the 
midpoints of the sides BC, CA and AB 
of A ABC. If BE and DF intersect at X 


while CF and DE intersect at Y, prove 
that XY = 1 BC. 


342 


SOLUTION 


THEOREM 3 


GIVEN Three parallel lines /, m and n are cut by 
a transversal p at A, B, C respectively such that 
AB - BC. Also, q is another transversal, cutting 
I, m, n at P, Q, R respectively. 

TOPROVE PQ=QR. 


CONSTRUCTION Join AR. Let AR intersect m at K. 
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In AABC, F and E are the midpoints of AB and AC respectively. 
FE || BC and FE = 5 BC = BD. 


FE||BD and FE = BD. 
So, BDEF is a parallelogram whose diagonals BE and DF 
intersect each other at X. 

X is the midpoint of DF. 
Similarly, Y is the midpoint of DE. 


Thus, in ADEF, X and Y are the midpoints of DF and DE 
respectively. 


alega t algas 
So, XY || FE and XY = 5FE = 5 X 5 BC = 4 BC. 
(Intercept Theorem) If there are three parallel lines and the intercepts 
made by them on one transversal are equal then the intercepts on any 


other transversal are also equal. 


PROOF In AACR, we have 


B is the midpoint of AC and BK || CR [^ m||n]. 

Kis the midpoint of AR (by converse of midpoint theorem). 
Now, in ARPA, we have 

Kis the midpoint of RA and KQ|| AP [^ m]|1]. 


Q is the midpoint of PR (by converse of midpoint theorem). 


Hence, PQ = QR. 


SOME SOLVED PROBLEMS ON INTERCEPT THEOREM 


EXAMPLE 1 


In the adjoining figure, two points ^ Cc 
A and B lie on the same side of a | 

line XY. If AD L XY, BE L XY and | 

C is the midpoint of AB, prove that T 

CD - CE. - Ti - 


SOLUTION 


EXAMPLE 2 


SOLUTION 


EXAMPLE 3 
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Draw CM 1 XY. 
Now, AD L XY, CM L XY and BE L XY > AD|CM || BE. 
Thus, AD, CM, BE are three parallel lines, cut by the transversal 
ACB at A, C and B respectively such that AC = CB. 
These lines AD, CM, BE are also cut by the transversal XY at 
D, M and E respectively. 

DM=ME (by intercept theorem). 
Now, in ACDM and CEM, we have 

DM=ME (proved), CM=CM_ (common), 

ZCMD = ZCME = 90°. 

ACDM = ACEM. 
Hence, CD=CE (epet). 
In the adjoining figure, points M and N x 
divide the side AB of AABC into three 
equal parts. Line segments MP and NQ 
are both parallel to BC and meet AC in P 


and Q respectively. Prove that P and Q 
divide AC into three equal parts. 


Through A, draw XAY || BC. 


Now, XY || MP || NQ are cut by the transversal AB at A, M, N 
respectively such that AM = MN. 


Also, XY || MP || NQ are cut by the transversal AC at A, P, Q 
respectively. 

AP - PQ ... (i) (by intercept theorem). 
Again, MP || NQ || BC are cut by the transversal AB at M, N, B 
respectively such that MN - NB. 

Also, MP || NQ || BC are cut by the transversal AC at P, Q, C 
respectively. 

PQ = QC ... (ii) (by intercept theorem). 
Thus, from (i) and (ii), we get AP = PQ = QC. 

Hence, P and Q divide AC into three equal parts. 


E and F are respectively the midpoints 
of nonparallel sides AD and BC 
of a trapezium ABCD. Prove that 
EF || AB. 
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SOLUTION 


EXAMPLE 4 


SOLUTION 
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Let ABCD be a trapezium in which AB || DC. Let E and F be the 
midpoints of AD and BC respectively. E and F are joined. 
We have to show that EF || AB. 
If possible, let EF be not parallel to AB then draw EG || AB, 
meeting BC at G. 
Now, AB || EG | DC and the transversal AD cuts them at A, E, D 
respectively such that AE = ED. 
Also, BGC is the other transversal cutting AB, EG and DC at B, 
G and C respectively. 

BG-GC (by intercept theorem). 
This shows that G is the midpoint of BC. 
Hence, G must coincide with F [^ Fisthe midpoint of BC]. 
Thus, our supposition is wrong. 


Hence, EF || AB. 


Prove that any line segment drawn P A Q 
from the vertex of a triangle to the base 

is bisected by the line segment joining p 
the midpoints of the other sides of the 
triangle. 


Let AABC be a given triangle in which E and F are the 
midpoints of AB and AC respectively. Let AL be a line 
segment drawn from vertex A to the base BC, meeting BC at L 
and EF at M. 

We have to show that AM = ML. 

Through A, draw PAQ || BC. 

In AABC; E and F being the midpoints of AB and AC 
respectively, we have EF || BC. 


Now, PAQ, EF and BC are three parallel lines such that the 
intercepts AE and EB made by them on transversal AEB 
are equal. 


the intercepts AM and ML made by them on transversal 
AML must be equal. 


Hence, AM = ML. 
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EXAMPLES In the adjoining figure, the side AC 
of AABC is produced to E such that 
CE - 1AC.If D is the midpoint of BC 
and ED produced meets AB at F, and 
CP, DQ are drawn parallel to BA, 


prove that FD = RFE. 


SOLUTION In AABC, D is the midpoint of BC and DQ || BA. 
Q is the midpoint of AC. 
AQ = QC. 
Now, FA|| DQ|| PC, and AQC is the transversal such that 
AQ = QC and FDP is the other transversal on them. 


FD=DP ... (i) (by intercept theorem). 


Now, EC = LAC = QC. 

in AEQD, C is the midpoint of EQ and CP || DQ. 

P must be the midpoint of DE. 

DP = PE. ... (ii) 
Thus, FD = DP = PE [from (i) and (ii)]. 


Hence, FD = Ir. 


EXERCISE 10C 


1. P, Q, R and S are respectively the midpoints of the à R 


sides AB, BC, CD and DA of a quadrilateral ABCD. C 
Show that S A 
(i) PQI AC and PQ = AC LX 


A P B 
(ii) PQ||SR 
(iii) PQRS is a parallelogram. 


2. A square is inscribed in an isosceles right triangle so that the square 
and the triangle have one angle common. Show that the vertex of 
the square opposite the vertex of the common angle bisects the 
hypotenuse. 
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. In the adjoining figure, ABCD is a ||gm in 


. In the adjoining figure, ABCD is a 
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D F C 
which E and F are the midpoints of AB and 
CD respectively. If GH is a line segment M 
that cuts AD, EF and BC at G, P and H 6 P 
respectively, prove that GP = PH. R É : 


. M and N are points on opposite sides AD and BC of a parallelogram 


ABCD such that MN passes through the point of intersection O of its 
diagonals AC and BD. Show that MN is bisected at O. 


. In the adjoining figure, PORS is a trapezium S R 


in which PQ|| SR and M is the midpoint of 
PS. A line segment MN || PQ meets QR at N. M N 
Show that N is the midpoint of OR. 


w 


P Q 


. Ina parallelogram PQRS, PQ = 12 cm and PS = 9 cm. The bisector of ZP 


meets SR in M. PM and QR both when produced meet at T. Find the 
length of RT. 


trapezium in which AB||DC and 
P, Q are the midpoints of AD and 
BC respectively. DQ and AB when 
produced meet at E. Also, AC and PQ 
intersect at R. Prove that (i) DQ = QE, 
(ii) PR || AB and (iii) AR = RC. 


. In the adjoining figure, AD is a median of 


. In the adjoining figure, AD and BE are the 


medians of AABC and DF||BE. Show that 
-1 
CF = 14€ 


A 
AABC and DE|| BA. Show that BE is also a 
median of AABC. E 
B D [e 
A 
E 
F 
B D [o 


Prove that the line segments joining the middle points of the sides of a 
triangle divide it into four congruent triangles. 


In the adjoining figure, D, E, F are the midpoints 
of the sides BC, CA and AB respectively, of 
AABC. Show that ZEDF- ZA, ZDEF = ZB F 
and ZDFE = ZC. 
B 


A 
E 
D C 
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Show that the quadrilateral formed by joining the midpoints of the 
pairs of adjacent sides of a rectangle is a rhombus. 

Show that the quadrilateral formed by joining the midpoints of the 
pairs of adjacent sides of a rhombus is a rectangle. 

Show that the quadrilateral formed by joining the midpoints of the 
pairs of adjacent sides of a square is a square. 

Prove that the line segments joining the midpoints of opposite sides of 
a quadrilateral bisect each other. 

The diagonals of a quadrilateral ABCD are equal. Prove that the 
quadrilateral formed by joining the midpoints of its sides is a rhombus. 
The diagonals of a quadrilateral ABCD are perpendicular to each other. 
Prove that the quadrilateral formed by joining the midpoints of its 
sides is a rectangle. 

The midpoints of the sides AB, BC, CD and DA of a quadrilateral ABCD 
are joined to form a quadrilateral. If AC = BD and AC L BD then prove 
that the quadrilateral formed is a square. 


ANSWERS (EXERCISE 10C) 


.3cm 


HINTS TO SOME SELECTED QUESTIONS 


. In AABC, P and Q are the midpoints of AB and BC respectively. 


PQ|| AC and PQ = FAC. Similarly, SR || AC. 


. AB= AC and AD = AF AB - AD = AC- AF DB - CF. C 


We have AEFC = AEDB 
[ CF = DB, ZEFC = ZEDB = 90°, EF = ED]. 
CE-EB (c.p.c.t.). 


. FC = EB and FC||EB > EBCF isa |gm 


= AD||EF || BC. 
DF-FC — GP=PH (by intercept theorem). 


. AAOM = ACON D C 


[^ ZMAO = ZNCO, AO = CO, ZMOA - ZNOC] M 
[Note Diagonals of a ||gm bisect each other]. 
MO-NO (cp.c.t.). 


z 


A B 


. AB| DC and EF || AB > AB||EF||DC. 


E is the midpoint of AD > F is the midpoint of BC (by intercept theorem). 
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ZQPM - ZSPM-0 (‘. PM is bisector of <P) 
ZQPM = ZPMS - 0 (alt. interior 4) ^ PS = SM -9cm. 
ZRMT = 2PMS=8 (vert. opposite 4) 
ZRTM = ZSPM = 6 (alt. interior 4) 

RT = RM = SR - SM = (12-9) cm=3 cm. 


S 


. AQCD = AQBE. So, DQ = QE. 


PQ|AE > PQ||AB\|DC > AB||PR||DC. 


-— 9 cm — 
M 


Now, AB | PR || DC are cut by AD and AC. Use intercept theorem. 


Let D, E, F be the midpoints of BC, CA and AB. 


Then, DE LAB AF, DF LAC AE. 


AAFE=ADEF [- AF-DE, AE = DF, FE = EF]. 
Similarly, ADEF = AFBD and ADEF = AEDC. 


DE||BAand DE = SBA > DE||FA and DE = FA. 


DEAF is a ||gm. 
So,ZEDF - ZA [opposite 4 of a ||gm]. 
Similarly, ZDEF = ZB and ZDFE = ZC. 


Let ABCD be a rectangle and P, Q, R, 5 be the midpoints of 
AB, BC, CD and DA respectively. We have shown earlier 
that PORS is a gm. 
Now, ASAP = AQBP 
[^ AS- BQ, ZA = ZB - 90^ and AP = BP]. 

PS = PQ. 
Hence, PQRS is a rhombus. 
Let ABCD be a rhombus and P, Q, R, S be the midpoints 
of AB, BC, CD and DA respectively. Then, PQRS is a 
gm [prove it]. 
Diagonals of a rhombus bisect each other at right angles. 

Z EOF = 90*. 
Now, RQ||DB > RE||FO,SR\|| AC => FR||OE. 

OERF is a |gm. So, ZFRE = ZEOF = 90°. 
Thus, PQRS is a ||gm with ZR = 90°. 
Hence, PQRS is a rectangle. 
The diagonals of a ||gm bisect each other. 


[Note PQRS is a ||gm.] 
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alae. zl 
16. SR- 5 AC; PQ-5AC; 


SP = TBD and QR - 1 BD. 


Since AC = BD; we have PQ = QR = RS = SP. 


17. P,Q, Rand S are midpoints of sides AB, BC, CD and DA respectively. C 
PS || BD and PQ|| AC 


. R 

> " 
=>  PE|FO and PF | EO, ie, EPFO isa |gm. A 
And so, ZEPF = ZEOF = 90°, i.e., ZSPQ = 90°. 5 


Now, PQRS is a ||gm with ZSPQ = 90°. 
PQRS is a rectangle. A P B 


18. Solve using the solutions of Question Nos. 16 and 17. 


MULTIPLE-CHOICE QUESTIONS (MCQ) 
Choose the correct answer in each of the following questions: 
1. Three angles of a quadrilateral are 80°, 95° and 112°. Its fourth angle is 
(a) 78° (b) 73° (c) 85° (d) 100° 


2. The angles of a quadrilateral are in the ratio 3 : 4 : 5 : 6. The smallest of 
these angles is 
(a) 45° (b) 60° (c) 36° (d) 48° 
3. In the adjoining figure, ABCD is a parallelogram D c 
in which ZBAD=75° and ZCBD = 60°. Then, 
ZBDC =? 
o o A S, 
(a) 60 (b) 75 4 
(c) 45° (d) 50° 
4. ABCD is a rhombus such that ZACB = 50°. Then, ZADB =? 
(a) 40° (b) 25? (c) 65? (d) 130* 
5. In which of the following figures are the diagonals equal? 
(a) Parallelogram (b) Rhombus 
(c) Trapezium (d) Rectangle 


[en] 


. If the diagonals of a quadrilateral bisect each other at right angles then 
the figure is a 
(a) trapezium (b) parallelogram 
(c) rectangle (d) rhombus 
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The lengths of the diagonals of a rhombus are 16 cm and 12 cm. The 
length of each side of the rhombus is 


(a) 10 cm (b) 12 cm (c) 9 cm (d) 8 cm 


. The length of each side of a rhombus is 10 cm and one of its diagonals 


is of length 16 cm. The length of the other diagonal is 
(a) 13 cm (b) 12 cm (c) 2/39cm (d) 6cm 


. A diagonal of a rectangle is inclined to one side of the rectangle at 35°. 


The acute angle between the diagonals is 

(a) 55? (b) 70° (c) 45? (d) 50° 
If ABCD is a parallelogram with two adjacent angles 7A = ZB then the 
parallelogram is a 

(a) rhombus (b) trapezium (c) rectangle (d) none of these 


In a quadrilateral ABCD, AO and BO are the bisectors of ZA and ZB 
respectively, ZC = 70° and <D = 30°. Then, ZAOB =? 


(a) 40° (b) 50° (c) 80° (d) 100° 
The bisectors of any two adjacent angles of a parallelogram intersect at 
(a) 30° (b) 45° (c) 60° (d) 90° 


The bisectors of the angles of a parallelogram enclose a 

(a) rhombus (b) square (c) rectangle (d) parallelogram 
If bisectors of 7A and ZB of a quadrilateral ABCD intersect each other 
at P, of ZB and ZC at Q, of ZC and ZD at R and of ZD and ZA at S then 
PQRS isa 

(a) rectangle 

(b) parallelogram 

(c) rhombus 

(d) quadrilateral whose opposite angles are supplementary 
The figure formed by joining the midpoints of the adjacent sides of a 
quadrilateral is a 

(a) rhombus (b) square (c) rectangle (d) parallelogram 
The figure formed by joining the midpoints of the adjacent sides of a 
square is a 

(a) rhombus (b) square (c) rectangle (d) parallelogram 
The figure formed by joining the midpoints of the adjacent sides of a 
parallelogram is a 

(a) rhombus (b) square (c) rectangle (d) parallelogram 
The figure formed by joining the midpoints of the adjacent sides of a 
rectangle is a 


(a) rhombus (b) square (c) rectangle (d) parallelogram 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


Quadrilaterals 351 


The figure formed by joining the midpoints of the adjacent sides of a 
rhombus is a 

(a) rhombus (b) square (c) rectangle (d) parallelogram 
The quadrilateral formed by joining the midpoints of the sides of a 
quadrilateral ABCD, taken in order, is a rectangle, if 

(a) ABCD is a parallelogram 

(b) ABCD is a rectangle 

(c) diagonals of ABCD are equal 

(d) diagonals of ABCD are perpendicular to each other 
The quadrilateral formed by joining the midpoints of the sides of a 
quadrilateral ABCD, taken in order, is a rhombus, if 

(a) ABCD is a parallelogram 

(b) ABCD is a rhombus 

(c) diagonals of ABCD are equal 

(d) diagonals of ABCD are perpendicular to each other 
The figure formed by joining the midpoints of the sides of a 
quadrilateral ABCD, taken in order, is a square, only if 

(a) ABCD is a rhombus 

(b) diagonals of ABCD are equal 

(c) diagonals of ABCD are perpendicular 

(d) diagonals of ABCD are equal and perpendicular 
If an angle of a parallelogram is two thirds of its adjacent angle, the 
smallest angle of the parallelogram is 

(a) 108? (b) 54° (c) 72° (d) 81° 
If one angle of a parallelogram is 24? less than twice the smallest angle 
then the largest angle of the parallelogram is 

(a) 68? (b) 102° (c) 112° (d) 136? 
If ZA, ZB, ZC and ZD of a quadrilateral ABCD, taken in order, are in 
the ratio 3 : 7 : 6 : 4 then ABCD isa 

(a) rhombus (b) kite (c) trapezium (d) parallelogram 


Which of the following is not true for a parallelogram? 

(a) Opposite sides are equal. 

(b) Opposite angles are equal. 

(c) Opposite angles are bisected by the diagonals. 

(d) Diagonals bisect each other. 
If APB and CQD are two parallel lines then the bisectors of ZAPQ, 
ZBPQ, ZCQP and Z PQD enclose a 

(a) square (b) rhombus (c) rectangle (d) kite 
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28. 


29. 


30. 


31. 


33. 


34. 


35. 
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In the given figure, ABCD is a parallelogram in D 


[6] 
SI 
which ZBDC = 45° and ZBAD = 75°. Then, ZCBD = ? 
(a) 45? (b) 55? K 


(c) 60° (d) 75° A B 
If area of a || gm with sides a and b is A and that of a rectangle with sides 
a and b is B then 

(a) A» B (b) A=B (c) A<B (d) AZ B 
In the given figure, ABCD is a ||gm and E is D C 


the midpoint of BC. Also, DE and AB when 
produced meet at F. Then, E 


(a) AF - 2AB 


(b) AF = 2AB 

(c) AF - 3AB 

(d) AF? = 2AB? 
Pis any point on the side BC of a AABC. P is joined to A. If D and E are 
the midpoints of the sides AB and AC respectively and M and N are the 
midpoints of BP and CP respectively then quadrilateral DENM is 


(a) a trapezium (b) a parallelogram 
(c) a rectangle (d) a rhombus 


. The parallel sides of a trapezium are a and b respectively. The line 


joining the midpoints of its nonparallel sides will be 


()36-D za ogy ab 
In a trapezium ABCD, E and F be the midpoints D c 
of the diagonals AC and BD respectively. Then, 
EF =? 

(a) 34B (b) 5D A b 

2 2 
(c) l(AB +CD) (d) l(AB - CD) 
D [e 


In the given figure, ABCD is a parallelogram, M is 
the midpoint of BD and BD bisects Z B as well as Z D. 
Then, LAMB =? 


(a) 45° (b) 60° 
(c) 90° (d) 30° A B 
In the given figure, ABCD is a rhombus. Then, D c 


(a) AC? + BD? = AB? 

(b) AC*+ BD? =2AB? 
(c) AC*+ BD? = 4AB? 
(d) 2(AC* + BD’) = 3AB? 


xX 


36. 


37. 


38. 


39. 


40. 


41. 
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In a trapezium ABCD, if AB || CD then (AC? + BD’) =? D C 


(a) BC? - AD x 2BC- AD 
(b) AB! + CD +2AB-CD 

(c) AB’ - CD! +2AD -BC 
(d) BC^- AD? x 2AB- CD 
Two parallelograms stand on equal bases and between the same 
parallels. The ratio of their areas is 


(a) 1:2 (b) 2:1 (6) 1:9 (d) 1:1 
In the given figure, AD is a median of AABC and E A 
is the midpoint of AD. If BE is joined and produced 
to meet AC in F then AF =? F 
1 1 
(a) 34C (b) 3AC 
2 3 B D c 
(c) ZAC (d) ZAC 
The diagonals AC and BD of a parallelogram D c 
ABCD intersect each other at the point O such that No] 
ZDAC = 30? and ZAOB = 70°. Then, ZDBC =? A 
(a) 40° (b) 35? d 
(c) 45° (d) 50* E 5 


Three statements are given below: 


I. In a ||gm, the angle bisectors of two adjacent angles enclose a right 
angle. 


II. The angle bisectors of a ||gm form a rectangle. 

III. The triangle formed by joining the midpoints of the sides of an 
isosceles triangle is not necessarily an isosceles triangle. 

Which is true? 

(a) Lonly (b) ILonly (c) Land II (d) II and III 
Three statements are given below: 

I. Ina rectangle ABCD, the diagonal AC bisects <A as well as <C. 

II. In a square ABCD, the diagonal AC bisects <A as well as <C. 
III. In a rhombus ABCD, the diagonal AC bisects ŻA as well as <C. 
Which is true? 

(a) I only (b) I and III (c) Land III (d) Land II 


Short-Answer Questions 


42. 


In a quadrilateral PORS, opposite angles are equal. If SR - 2 cm and 
PR =5 cm then determine PQ. 
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43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 
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Diagonals of a parallelogram are perpendicular to each other. Is this 
statement true? Give reasons for your answer. 

What special name can be given to a quadrilateral PQRS if 
ZP + ZS = 180°? 

All the angles of a quadrilateral can be acute. Is this statement true? 
Give reasons for your answer. 

All the angles of a quadrilateral can be right angles. Is this statement 
true? Give reasons for your answer. 

All the angles of a quadrilateral can be obtuse. Is this statement true? 
Give reasons for your answer. 

Can we form a quadrilateral whose angles are 70°, 115°, 60° and 120°? 
Give reasons for your answer. 

What special name can be given to a quadrilateral whose all angles are 
equal? 

If D and E are respectively the midpoints of the sides AB and BC 
of AABC in which AB=7.2cm, BC=9.8cm and AC =3.6cm then 
determine the length of DE. 

In a quadrilateral PORS, the diagonals PR and QS bisect each other. If 
ZQ = 56°, determine ZR. 

In the adjoining figure, BDEF and AFDE are ^ 
parallelograms. Is AF = FB? Why or why not? 


Data-Sufficiency-Based MCQ 


53. 


In each of such questions, one question is followed by two statements 
I and IL The answer is 


(a) if the question can be answered by one of the given statements 
alone and not by the other; 


(b) if the question can be answered by either statement alone; 


(c) if the question can be answered by both the statements together 
but not by any one of the two; 


(d) if the question cannot be answered by using both the statements 
together. 


Is quadrilateral ABCD a |gm? 
I. Diagonals AC and BD bisect each other. 
II. Diagonals AC and BD are equal. 

The correct answer is: (a)/ (b)/(c)/ (d). 
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54. Is quadrilateral ABCD a rhombus? 
I. Quadrilateral ABCD is a ||gm. 
II. Diagonals AC and BD are perpendicular to each other. 
The correct answer is: (a)/(b)/(c)/(d). 
55. Is |gm ABCD a square? 
I. Diagonals of ||gm ABCD are equal. 
II. Diagonals of ||gm ABCD intersect at right angles. 
The correct answer is: (a)/ (b)/(c)/ (d). 
56. Is quadrilateral ABCD a parallelogram? 
I. Its opposite sides are equal. 
II. Its opposite angles are equal. 
The correct answer is: (a)/ (b)/(c)/ (d). 


Assertion-and-Reason Type MCQ 
Each question consists of two statements, namely, Assertion (A) and 
Reason (R). For selecting the correct answer, use the following code: 
(a) Both Assertion (A) and Reason (R) are true and Reason (R) is a 
correct explanation of Assertion (A). 


(b) Both Assertion (A) and Reason (R) are true but Reason (R) is nota 
correct explanation of Assertion (A). 


(c) Assertion (A) is true and Reason (R) is false. 
(d) Assertion (A) is false and Reason (R) is true. 


Assertion (A) Reason (R) 


If three angles of a quadrilateral 


The sum of all the angle of a 
are 130°, 70° and 60° then the |quadrilateral is 360°. 
fourth angle is 100°. 


The correct answer is: (a)/(b)/(c)/(d). 


57. 


58. Assertion (A) Reason (R) 


59. 


ABCD is a quadrilateral in which 


P, Q, Rand S are the midpoints of 
AB, BC, CD and DA respectively. 
Then, PQRS is a parallelogram. 


The line segment joining the 
midpoints of any two sides of a 
triangle is parallel to the third side 
and equal to half of it. 


d) 


The correct answer is: (a)/(b)/(c)/(d). 


Assertion (A) 


Reason (R) 


In a rhombus ABCD, the diagonal 


AC bisects ZA as well as ZC. 


The diagonals of a rhombus bisect 
each other at right angles. 


d). 
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60. Assertion (A) Reason (R) 


Every parallelogram is a rectangle. |The angle bisectors of a 
parallelogram form a rectangle. 


The correct answer is: (a)/(b)/(c)/(d). 


61. Assertion (A) Reason (R) 
The diagonals of a ||gm bisect each |If the diagonals of a ||gm are equal 
other. and intersect at right angles then 


the parallelogram is a square. 


The correct answer is: (a)/ (b)/(c)/(d). 


Matching of Columns 
62. Match the following columns: 


Column I Column II 

(a) Angle bisectors of a parallelogram forma | (p) parallelogram 

(b) The quadrilateral formed by joining the 

midpoints of the pairs of adjacent sides of 
asquare isa 


(q) rectangle 


(c) The quadrilateral formed by joining the 
midpoints of the pairs of adjacent sides of 
a rectangle is a 


(r) square 


(d) The figure formed by joining the mid- | (s) rhombus 
8 y J 8 
points of the pairs of adjacent sides of a 


quadrilateral is a 


The correct answer is: 


(a)—......, (b)—......, (c) —...... (d)—...... 
63. Match the following columns: 


Column I Column II 


(a) In the given figure, ABCD is a | (p) equal 
trapezium in which AB - 10 cm 
and CD - 7 cm. If P and Q are 
the midpoints of AD and BC 
respectively then PQ = 


D 7cm C 
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(b) In the given figure, PQRS is a | (q) at right angles 
llgm whose diagonals intersect 
at O. If PR = 13 cm, then QR = 


P Q 


(c) The diagonals of a square are (r) 8.5 cm 


(d) The diagonals of a rhombus | (s) 6.5 cm 
bisect each other 


The correct answer is: 


ANSWERS (MCQ) 


1(b 2(b 3 () 4(a 5s5(d 6(d) 7(a 8 (b) 
9. (b) 10.(c)) 11. (b) 12. (d) 13.(c) 14. (d) 15.(d) 16. (b) 
17. (d) 18. (a) 19. (c) 20. (d) 21. (c) 22. (d) 23. (c) 24. (c) 


25. (c) 26. (c) 27. (c) 28. (c) 29. (c) 30. (b) 31. (b) 32. (b) 

33. (d) 34. (c) 35. (c) 36. (d) 37. (d) 38. (b) 39. (a) 40. (c) 

41. (b) 42. 2cm 

43. No; the only property of the diagonals of a parallelogram is that they 
bisect each other. 

44. Trapezium 


45. No; in that case, the sum of the angles of the quadrilateral will be less 
than 360°. 


46. Yes; in that case, the sum of the angles will be equal to 360°, e.g., square, 
rectangle. 


47. No; in that case, the sum of the angles will be greater than 360°. 
48. No; the sum of the given angles is not 360°. 
49. Rectangle 50. 1.8 cm 51. 124° 
52. Yes; AF = ED and FB = ED and so, AF = FB 
[7 opposite sides of a ||gm are equal]. 
53. (a) 54. (c) 55. (c) 56. (b) 57. (a) 58. (a) 59. (b) 60. (d) 
61. (d) 62. (a)—(q), (b)—(r), (c)—(s), (d)—(p) 
63. (a)—(r), (b)—(s), (c)—(p), (d)—(q) 
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HINTS TO SOME SELECTED QUESTIONS 


3. ZC =ZA=75° (opposite 4 of a |gm). 
In ABCD, ZCBD + ZBCD + ZBDC = 180° 
=> 60°+75° + ZBDC = 180° = 135° + BDC = 180° = ZBDC = 45°. 

4. ZCAD = ZACB=50° (alt. interior 4). D C 
ZAOD = 90° (diagonals of a rhombus intersect at 90°). 


ZADO = 180° - (50° + 90°) = 40^ (sum of A of a A is 180°). y 
PAN 


Thus, ZADB = ZADO = 40°. 


7. We know that the diagonals of a rhombus bisect each other at 


AB? = (OA? + OB’) = (8° + 6°) cm? = (64 + 36) cm? = 100 cm? 
=> AB=¥7100 cm = 10 cm. 
So, each side = 10 cm. 


B 
D 
right angles. n 
<. OA = 8 cm, OB = 6 cm and ZAOB = 90°. 
es 


8. In the given rhombus, we have 


AB = 10 cm and OA = 8 cm. I" 
[^ N 


OB? = AB? - OA’ = (10)? - 8°} cm? = 36 cm? 
=> OB=736 cm= 6cm. 
BD =2 X OB = (2 X 6) cm = 12cm. A 10cm B 


9. LOAD = 90° - (ZOAB) = 90° - 35° = 55°. D [e 


Now, ZODA = ZOAD = 55° EM 
[^ OA = OD since diagonals of a rectangles 
are equal and bisect each other]. P Am 
ZAOD = 180° - (LOAD + ZODA) = 180° - (55° + 55°) = 70°. A 
10. ZA + ZB = 180 and ZA- ZB ^ ZA=2B=90° 


ive} 


ABCD is a rectangle. 
11. Sum of the angles of a quadrilateral is 360°. 
ZA + ZB+30° + 70° = 360° 


>  ZA*ZB-260 1 ZA+ 14B =130°. 
>  ZAOB- (180° - 130°) = 50°. 


12. ZA + ZB =180° ; ZA* i ZB - 90". 


12A +328 + ZAOB = 180° > 90° + ZAOB = 180°. 
ZAOB = 90°. 


14. 
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ZAPB = 180° -(54A+528): C 


ZCRD = 180° - (iac " 2D): D 


SPQ + ZSRQ =ZAPB+ZCRD <7 
R 


-36* -l(zA* ZB* ZC * ZD) 


= 360° - 180^ = 180°. 
Now, ZPSR + ZPQR = 360° - (SPQ + ZSRQ) 
= 360° — 180° = 180°. 


15-19. The figures formed by joining the midpoints of the adjacent sides of different 


20. 


21. 


22. 


28. 


29. 


30. 


types of quadrilaterals are: 


Quadrilateral Square ||gm Rectangle Rhombus 
l l 4 4 4 


gm square |gm Rhombus Rectangle 


(d) PQRS is always a parallelogram. 
By midpoint theorem, 
PS || BD and PQ || AC 
> LP||OM and PM||LO > LPMO is a |gm. 
> ZLPM=ZLOM=90° [- AC.LBD (given)]. 
Now, PQRS is a |gm with one angle <P = 90°. 
PQRS is a rectangle if AC L BD. 


Em. 1 1 1 
(c) PQ =54C, QR = 5 BD, SR = 34C, PS = 5 BD. 


If AC = BD then PQ = QR = SR = PS, 
i.e., PQRS will be a rhombus. 


(d) If diagonals of a quadrilateral are both equal and perpendicular then the 
quadrilateral formed by joining the midpoints of sides will be both a rectangle 
and a rhombus, i.e., it will be a square. 


ZABD =ZCDB=45° (alt. interior 4). 
In AADB, ZBAD + ZABD + ZADB = 180°. 
75° + 45^ + ZADB = 180° > ZADB = 60°. 
ZCBD = ZADB = 60° (alt. interior 4). 
Let h be the height of the ||gm. 
Then, h < b. b 
A-axh«axb- B. /^ 
Hence, A « B. a a 
In AEDC and AEFB, we have 
ZDCE-7ZEBF (alt. interior 4), 
ZDEC-ZFEB (vert. opp. 4) 


o 
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31. 


34. 


35. 


36. 


37. 


38. 


39. 


and EC - EB. 
AEDC = AEFB and therefore, BF = DC. 
AF = (AB + BF) = (AB * DC) = 2AB. 
D and E are midpoints of AB and AC respectively. 


A 
- DE || BC and DE = SBC (midpoint theorem). aN 
1 1 1 1 D . 
MN = MP + PN =4BP+4PC = (BP +PC) = Lac. << 


DE| MN and DE= MN (each equal to teo) B M P N C 
^ DENM is a |gm. 
B D 1 B 1 D ADB ABD. 


AABD is isosceles and M is the midpoint of BD. 
AM L BD and hence ZAMB = 90°. 
We know that the diagonals of a rhombus bisect each other at D [e 


right angles. N 


OA- SAC, OB = BD and ZAOB = 90°. 


AB? = OA?+ OB? = lac + tep 


> 
UJ 


>  AAP'- (AC * BD). 
In AABC, ZB is acute. D Ç 
AC? = BC’ + AB! -2AB AE. 
In AABD, ZA is acute. 
BD’ = AD’ + AB’ - 2AB: BF 
(AC? + BD?) = (BC? + AD^) + 2AB(AB - AE - BF) 
= BC’+ AD’ + 2AB- EF = BC’ + AD^ + 2AB:CD. 
Two parallelograms on equal bases and between the same parallels are equal in area. 
So, the ratio of their areas is 1 : 1. 
Let G be the midpoint of FC. Join DG. 
In ABCF, D is the midpoint of BC and G is the midpoint of FC. 
DG||BF > DG|EF. 
In AADG, E is the midpoint of AD and EF || DG. 
So, F is the midpoint of AG. 
AF-FG-GC [^ Gis the midpoint of FC]. 


Z 


> 
m 
+ 
w 


> 
Gi 
[9] 


UJ 
[s] 
O 


al 
AF = AC. 


ZAOC = ZDAC = 30° (alt. interior 4) 

> ZOCB=30°. 

ZAOB + ZBOC = 180° => 70° + ZBOC = 180° => ZBOC = 110°. 
In AOBC, ZBOC + ZOCB + ZOBC = 180° 

=>  110°+30°+ ZOBC = 180° > ZOBC = 40°. 
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42. Opposite angles are equal = PQRSisa|gm = PQ=SR=2cm. 


50. DE is the line joining the midpoints of sides AB and BC of AABC. So, by midpoint 
theorem, 


DE-lAC- G x 3.6) cm 2 1.8 em. 


51. PORS is a ||gm since its diagonals bisect each other. Therefore, its adjacent angles are 
supplementary. 
53. We know that if the diagonals of a quadrilateral bisect each other then it is a ||gm. 
I gives the answer. 
If the diagonals of a quadrilateral are equal then it is not necessarily a ||gm. 
II does not give the answer. 
Hence, the correct answer is (a). 
54. Clearly, I alone is not sufficient to answer the given question. 
Also, II alone is not sufficient to answer the given question. 
But, both I and II together will give the answer. 
the correct answer is (c). 
55. When the diagonals of a |gm are equal, it is either a rectangle or a square. 
Also, if the diagonals intersect at right angles then out of rectangle and square, it is 
a square. 
both I and II will give the answer. 
Hence, the correct answer is (c). 
56. We know that a quadrilateral ABCD is a parallelogram when either of I and II holds. 


So, the correct answer is (b). 


REVIEW OF FACTS AND FORMULAE 
1. (i) QUADRILATERAL A plane figure bounded by four line segments AB, BC, CD 
and DA is called a quadrilateral ABCD. 
(i) The sum of all the angles of a quadrilateral is 360°. 


2. (i) PARALLELOGRAM A quadrilateral in which the opposite sides are parallel, is 
called a parallelogram. 


(i) RECTANGLE A parallelogram one of whose angles is 90°, is called a rectangle. 


(iii) TRAPEZIUM A quadrilateral having one pair of opposite sides parallel is called 
a trapezium. 


(iv) RHOMBUS A parallelogram having all sides equal is called a rhombus. 


(v) SQUARE A quadrilateral in which all sides are equal and the diagonals are 
equal, is a square. 
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3. RESULTS ON PARALLELOGRAM 


I. Ina parallelogram 
(i) opposite sides are equal; 
(ii) opposite angles are equal; 
(iii) diagonals bisect each other but need not be equal; 
(iv) sum of adjacent angles is 180°. 
II. Two parallelograms on the same base and between the same parallels are 
equal in area. 


4. RESULTS ON RHOMBUS 


L Ina rhombus D x 
(i) all sides are equal; Nu 
(ii) the diagonals bisect each other at right angles; $ 
(iii) in a rhombus ABCD, we have pé 
AB’ + BC + CD^ + DA* = AC*+ BD’. A B 


5. A quadrilateral is a ||gm: 
(i) if both pairs of opposite sides are equal, 
or (ii) if both pairs of opposite angles are equal, 
or (iii) if the diagonals bisect each other, 
or (iv) if a pair of opposite sides are equal and parallel. 
6. (i) The diagonals of a rectangle are equal and bisect each other. 
(ii) If the diagonals of a ||gm are equal then it is a rectangle. 
7. (i) The diagonals of a rhombus bisect each other at right angles. 
(ii) If the diagonals of a ||gm are perpendicular to each other then it is a 
rhombus. 
8. (i) The diagonals of a square are equal and bisect each other at right 
angles. 
(ii) If the diagonals of a ||gm are equal and intersect at right angles then 
the ||gm is a square. 
9. The quadrilateral formed by joining the midpoints of the pairs of 
adjacent sides of 
(i) a quadrilateral is a ||gm; (ii) a rectangle is a rhombus; 
(iii) a rhombus is a rectangle; (iv) a square is a square. 
10. MIDPOINT THEOREM The line segments joining the midpoints of any two 
sides of a triangle is parallel to the third side and equal to half of it. 
11. INTERCEPT THEOREM If there are three parallel lines and the intercepts 
made by them on one transversal are equal then the intercepts on any other 
transversal are equal. 


Ù 


Areas of Parallelograms 


_ 11 
$ and Triangles 


PLANAR REGION The planar region corresponding to a simple closed figure 
is the part of the plane enclosed within the boundary of the figure. 


AREA The magnitude or measure of the planar region enclosed by a closed 
figure is called the area of that figure. 
CONGRUENT FIGURES Two figures are said to be congruent, if they have the 
same shape and the same size. 

If two congruent figures are cut and one of them is superposed on the 
other then each figure covers the other completely. 


EUCLIDEAN AREA AXIOMS 

1. EXISTENCE POSTULATE Corresponding to each polygon P lying in a plane, 
there exists a real number ar(P) = 0, called its area. 

2. DOMINANCE POSTULATE For regions R} and R, in a plane, if R, € R, i.e., if R, 
is a part of R, then ar(R,) < ar(R,). 

3.POSTULATE OF ADDITIVITY For any two plane C 

regions R, and R, such that ar(R, O R,) 2 0 i.e., 

if Ry and R, are nonoverlapping regions then 


ar(R, U R,) = ar(R,) + ar(R,). D 
In the adjoining figure, if R represents the total oN 
region of a polygon ABCD then ar(R) is equal to 


the sum of the areas of regions R, and R,, i.e., A P 
ar(R) = ar(R,) + ar(R,). 

4. CONGRUENCE POSTULATE If R, and R, are two congruent figures then they 
have equal areas. 

Thus, R, = R, > ar(R,) = ar(R;). 

However, the converse is not true. Two figures having equal areas 
need not be congruent. 
EXAMPLE A square of side 4 cm has the same area as a rectangle 

8 cm X 2 cm. But they are not congruent. 


4 cm 


A 4cm B P 8 cm Q 
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FIGURES ON THE SAME BASE AND BETWEEN THE SAME PARALLELS 


Two figures are said to be on the same base and between the same parallels if they 
have a common side (taken as the base) and the vertices (or the vertex) opposite to 
the common base of each figure lie (lies) on a line parallel to the base. 


Observe the following figures: 
X, C D Y DF CE D c N 
A B A B A B 
(i) (ii) (iii) 
In Fig. (i), AABC and AABD are on the same base AB and between the 
same parallels (AB and XY). 


In Fig. (ii), ||gm ABCD and ||ABEF are on the same base AB and between 
the same parallels (AB and DE). 


In Fig. (iii), trapezium ABCD and AABN are on the same base AB and 
between the same parallels (AB and DN). 


Observe the following figures: 

x C E UY D Q [e D N C a 

A B D A P B A P B Q 
(iv) (v) (vi) 


In Fig. (iv) AABC and AADE are between the same parallels 
(AD and XY) but not on the same base. 


In Fig. (v), |gm ABCD and APBQ are between the same parallels 
(AB and DC) but not on the same base. 


In Fig. (vi), |gm ABCD and ||gm PORS are between the same parallels 
(AQ and DR) but not on the same base. 


Observe the following figures: 
C 


(vii) (viii) (ix) 


In Fig. (vii), AABC and AABP are on the same base AB but not between 
the same parallels. 
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In Fig. (viii), ||gm PQRS and trapezium POMN are on the same base PQ 
but not between the same parallels. 


In Fig. (ix), square RSTV and |gm RSPQ are on the same base RS but 
not between the same parallels. 


PARALLELOGRAMS ON THE SAME BASE AND BETWEEN THE SAME PARALLELS 


Parallelograms on the same base and between the same parallels are equal in area. 
We shall verify this result through a simple activity. 


Activity 1. On a drawing sheet, construct a DE c 


parallelogram ABCD. Draw a line segment 
AE as shown in Fig. (i). On a separate sheet, 
construct AA'D'E' congruent to AADE using a 


tracing paper. Cut AA’D’E’ and place it in such 
a way that A’D’ coincides with side BC of the 
parallelogram ABCD as shown in Fig. (ii). We DE C(D) E 


thus have two parallelograms ABCD and ABE'E 
which are on the same base AB and between the same 
parallels AB and DE'. 


Now, AADE = AA'D'E' (ii) 
=> ar(AADE) » ar(AA'D'E)). 
Also, ar(ABCD) = ar(AADE) + ar(quad. ABCE) 
= ar(AA’D’E’) + ar(quad. ABCE) 
— ar(ABE'E). 
Thus, the two parallelograms ABCD and ABE’E are equal in area. 
THEOREM 1  Parallelograms on the same base and between the same parallels are 
equal in area. 


GIVEN. Two |gms ABCD and ABEF on the same base AB and between the 
same parallels AB and FC. 


TOPROVE ar(||gm ABCD) = ar(||gm ABEF). 


PROOF In AADF and ABCE, we have: 
AD - BC (opp. sides of a ||gm) 


ZADF -ZBCE (corresponding 4) A B 
DF=CE " DC = FE (each equal to AB) 
> DC-FC=FE-FC > DF=CE 


AADF X ABCE (SAS-criterion). 
n so, ar(A ADF) = ar(ABCE) 
(congruent figures have equal areas). 
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Now, ar(|gm ABCD) = ar(A ADF) + ar(quad. ABCF) 
= ar(ABCE) + ar(quad. ABCF) 
= ar(||gm ABEF). 

Hence, ar(||gm ABCD) = ar(||gm ABEF). 


Corollary A parallelogram and a rectangle on the same base and between 
the same parallels are equal in area. 


HINT A rectangle is also a parallelogram. 


BASE AND ALTITUDE OF A PARALLELOGRAM 
BASE Any side of a parallelogram can be called its base. 


ALTITUDE The length of the line segment which is perpendicular to the base from 
the opposite side is called the altitude or height of the parallelogram corresponding 
to the given base. 


In the adjoining figure 


(i) DL is the altitude of |gm ABCD, —— e 
corresponding to the base AB. ee 
l M 
(ii) DM is the altitude of |gm ABCD, L 
corresponding to the base BC. A L B 


THEOREM2 The area of a parallelogram is equal to the product of its any side and 
the corresponding altitude. 


GIVEN A ||gm ABCD in which AB is the base and , p M C 
AL is the corresponding height. 
TOPROVE area(|gm ABCD) = AB X AL. 
CONSTRUCTION Draw BM L DC so that rect. ABML 
is formed. 
PROOF ||gm ABCD and rect. ABML are on the same base AB and between 
the same parallel lines AB and LC. 
ar(||gm ABCD) = ar(rect. ABML) = AB X AL. 
area of a ||gm = base X height. 


Een 
j 
i 
j 
| 
l 
| 
A B 


THEOREM 3  Parallelograms on equal bases and between the same parallels are 
equal in area. 

GIVEN. Two |gms ABCD and PQRS with equal bases AB and PQ and 

between the same parallels, AQ and DR. 


DL C M S R 
TOPROVE ar(||gm ABCD) = ar(|gm PQRS). | Herne 
CONSTRUCTION Draw AL.L DRand PM L DR. |! | 

I I 
PROOF AB||DR, AL- DR and PM LDR. L ___4 

A B P Q 
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AL = PM. 
Now, ar(|gm ABCD) = AB X AL 
= PQX PM [^ AB = PQ and AL = PM] 
= ar(|gm PQRS). 


THEOREM4 (Converse) Parallelograms on the same base and having equal areas 
lie between the same parallels. 


GIVEN. Two ||gms ABCD and ABMN p C N M 
on the same base AB such that X! 
ar(|gm ABCD) = ar(||gm ABMN). | | 
n H 
TO PROVE DCNM is a straight line A P Q B 


parallel to AB, i.e., CN || AB. 
CONSTRUCTION Draw CP L AB and NQ L AB. 
PROOF Since CP L AB and NQ L AB, we have 
CP||NQ (lines perpendicular to the same line are parallel). 
Now, ar(|gm ABCD) = ar(||gm ABMN) 
=>  ABXCP=ABXNQ (area of a ||gm = base X height) 
> CP=NQ. 
Now, CP | NQ and CP = NQ = CPQN isa |gm 
>  CN|PQ = CN||AB. 
Thus, parallelograms ABCD and ABMN lie between the same 
parallels. 
THEOREM5 A diagonal of a parallelogram divides it into two triangles of 
equal area. 
GIVEN Allgm ABCD in which BD is a diagonal. 
TOPROVE ar(AABD) = ar(ACDB). 
PROOF In AABD and CDB, we have: 
AB=CD  (oppositesidesofa|lgm) P - s 


AD-CB (opposite sides of a ||gm) 

BD-DB (common) 

AABD=ACDB (SSS-criterion). — 4 zi B 
-rA ar(A ABD) = ar(ACDB). 


THEOREM6 Triangles on the same base and between the same parallels are equal 
in area. 


GIVEN Two AABC and DBC on the same base BC and between the same 
parallel lines BC and AD. 
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TOPROVE ar(AABC) = ar(ADBC). Ecce A De ll F 
CONSTRUCTION Through B, draw Te P 
BE||CA, meeting DA produced in bw "i 

E. And, through C, draw CF|| BD, B c 

meeting AD produced in F. 


PROOF BE||CAand EA|BC = BCAE is a |gm. 
CF || BD and DF ||BC = BCFD is a |gm. 


Clearly, the ||gms BCAE and BCFD are on the same base BC and 
between the same parallel lines BC and EF. 


ar(|gm BCAE) = ar(|gm BCFD). iss) 
But, a diagonal of a ||gm divides it into two triangles of equal areas. 


ar(AABC) = 1ar(|gm BCAE) ... (ii) 
and ar(ADBC) = Lar(|[gm BCFD). ; ii) 
Thus, from (i), (ii) and (iii), we get 


ar(A ABC) = ar(ADBC). 


THEOREM? Area of a triangle = i X base X height. 


is the corresponding height. 


GIVEN. A AABC in which BC is the base and AL A D 
| 
l 
TOPROVE ar(AABC) = i x BC X AL. | 
| 
L 


CONSTRUCTION Through A and C, draw AD||BC B 

and CD || BA, intersecting each other at D. 

PROOF AD||BC and CD||BA > BCDAisa||gm. 
Thus, BCDA is a |gm whose diagonal AC divides it into two 
triangles of equal areas. 


ar(A ABC) = È x ar(\\gm BCDA) 
-IXBCXAL [V ar(gm BCDA) = BC x AL]. 


area of a triangle = i X base X height. 


THEOREM8 Ifa triangle and a parallelogram are on the same base, and between 
the same parallels then the area of the triangle is equal to half the area 
of the parallelogram. 

GIVEN. A AABC and a ||gm BCDE on the same base BC and between the 

same parallel lines BC and AD. 
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1 A E D 
TOPROVE ar(AABC) = 7 ar(||gm BCDE). 

CONSTRUCTION Draw AL L BC, meeting BC in L, and 

DM L BC, meeting BC produced in M. £n x i 


PROOF Since BC | AD, we have AL = DM. 
ar(A ABC) = i x BCX AL= i xBCxDM [- AL-DM] 
=$ x ar(|gm BCDE). 
THEOREM9 Two triangles having the same base (or equal bases) and equal areas 


lie between the same parallels. 


GIVEN Two triangles AABC and AABD have the c D 
same base AB and ar(A ABC) = ar(AABD). 


TOPROVE CD|| AB. 
CONSTRUCTION Draw CP L AB and DQ L AB. A P Q B 
PROOF Since CP L AB and DQ L AB, we have 
CP|DQ [F lines perpendicular to same line are parallel]. 
Now, ar(AABC) = ar(AABD) 


> ixaBxcP-lxABxDQ 


[^ area ofa A= I X base X height] 
> CP-DQ. 
Now, CP | DQ and CP = DQ 
^  CPQDisa|gm 
^  CD|PQ => CD| AB. 
Thus, the two triangles lie between the same parallels. 
THEOREM 10 lf two triangles have equal areas and one side of the one triangle 


is equal to one side of the other then their corresponding altitudes 
are equal. 


GIVEN Two AABC and DEF such that ar(A ABC) = ar(ADEF) and BC = EF. 
TOPROVE Altitude AL - altitude DM. 


PROOF ar(AABC) - x BC X AL k ar(A) = 5 X base X height 
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and ar(ADEF) = i x EF X DM. 
Now, ar(A ABC) = ar(ADEF) 
5 5 BCX AL = XEFXDM > AL=DM [- BC = EF] 
Hence, altitude AL = altitude DM. 
THEOREM 11 Area of a trapezium 
= i X (sum of the parallel sides) X (distance between them). 


GIVEN A trapezium ABCD in which LP 2 


| 
AB | DC and CM L AB. Let CM =h. h 


TOPROVE ar(trap. ABCD) = 4 X (AB + DC) X h. 


CONSTRUCTION Draw AL | DC, meeting CD produced at L. Join AC. 
PROOF ar(trap. ABCD) = ar(AABC) + ar(AACD) 


(1 1 
=(łx4BxcM])+(3 X DC x AL) 
-Ix(AB*DO)Xh [^ CM- AL- h]. 


area of a trapezium = I X (sum of the parallel sides) 


X (distance between them). 


THEOREM 12 Area of a rhombus = i X product of the diagonals. 


GIVEN. A rhombus ABCD whose diagonals AC and BD D [e 
intersect at a point O. I. 
TO PROVE ar(rhombus ABCD) = 5 X AC x BD. ‘6 
PROOF Since the diagonals of a rhombus intersect each 4 B 
other at right angles, we have 
BO L AC and DO L AC. 


ar(rhombus ABCD) = ar(A ABC) + ar(A ACD) 
E 1 
=(3x AC x BO)+(% x AC x DO) 


p 


== X AC X (BO + DO) 
x AC X BD 


N|= Nje N 


X (product of diagonals). 


area of a rhombus = i X (product of the diagonals). 


EXAMPLE 
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SOLVED EXAMPLES 


1 Show that the line segment joining the midpoints of a pair of opposite 
sides of a parallelogram divides it into two equal parallelograms. 


GIVEN A|gm ABCD in which E and F are the midpoints of AB and DC 
respectively. E and F are joined. D F C 


TOPROVE ar(LIAEFD) = ar(LIEBCF). 
PROOF Since ABCD is a |gm, we have AB || DC 


and AB = DC. A E B 
AE || DF and AE = DF 


D AB - DC AB - ipc AE = pr. 


AEFD is a |gm. 
Again, EB | FC and EB = FC 


k AB=DC FAB = pc EB = zc] 


EBCF is a |gm. 
Now, AEFD and EBCF being two parallelograms with equal bases 
and between the same parallels, they must have equal areas. 
ar(|gm AEFD) = ar(J|gm EBCF). 


EXAMPLE2 In the adjoining figure, ABCD is a ||gm D Q Ç 


SOLUTION 


whose diagonals AC and BD intersect at A 
O. A line segment through O meets AB at 
P and DC at Q. Prove that EN ~~. 


a(GAPQD)-la(|gnagcD. ^ P E 


Diagonal AC of ||gm ABCD divides it into two triangles of 
equal area. 

ar(AACD) = Żar(|gm ABCD). = 
In A OAP and OCQ, we have: 


OA -OC (diagonals of a ||gm bisect each other) 
ZAOP -ZCOQ (vert. opp. 4) 
ZPAO=2ZQCO (alt. interior 4) 
AOAP = AOCQ. 
ar(AOAP) = ar(AOCQ) 
=  ar(AOAP) + ar(quad. AOQD) 
= ar(AOCQ) + ar(quad. AOQD) 
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=  ar(quad. APQD) = ar(AACD) 


= Far(\igm ABCD) [using (i)]. 


ar(CIAPQD) = Far(igm ABCD). 


EXAMPLE 3 Show that a median of a triangle divides it into two triangles of equal 
area. 


GIVEN A AABC in which AD is a median. 
TOPROVE ar(AABD) = ar(AADC). 
CONSTRUCTION Draw AL L BC. 


A 
| 
| 
| 
PROOF Since D is the midpoint of BC, we have L 
BD = DC. B L 
Now, BD = DC 


= 4BDx AL=$DC% AL > ar(AABD) = ar(AADC). 


Hence, a median of a triangle divides it into two triangles of 


equal area. 
EXAMPLE4 In the adjoining figure, AD is one of the A 
medians of a \ABC and P is a point on AD. 
Prove that (i) ar(ABDP) = ar(ACDP), Vv 
(ii) ar(A ABP) = ar(AACP). 5 D © 


GIVEN A AABC in which AD is a median. P is any point on AD. BP and CP 
are joined. 
TOPROVE (i)ar(ABDP) = ar(ACDP), 
(ii) ar(A ABP) = ar(A ACP). 
PROOF AD is a median of AABC 
=>  ar(AABD) = ar(AACD) tent) 
[^ a median divides a A into two A of equal area]. 
Now, D is the midpoints of BC 
= PD is a median of APBC 
=  ar(ABDP) = ar(ACDP) ... (ii) 
[^ a median divides a A into two A of equal area]. 
Subtracting (ii) from (i), we get 
ar(A ABD) — ar(ABDP) = ar(AACD) — ar(ACDP) 
=  ar(AABP) =ar(AACP). 


Areas of Parallelograms and Triangles 373 


EXAMPLES ABC is a triangle in which D is the midpoint of A 
BC and E is the midpoint of AD. 
Prove that ar(ABED) = Tar(^ABC). 
B D [o 
GIVEN. A AABC in which D is the midpoint of BC and E is the midpoint 
of AD. 
TOPROVE ar(ABED) = Lar(AABC). 
PROOF D isthe midpoint of BC > AD is a median of AABC 
>  ar(AABD) = ar(^ ACD) 
[^ median divides a A into two A of equal area] 
=> ar(AABD) = Tar(AABC). eli) 
Eis the midpoint of AD > BE isa median of AABD 
= . ar(ABED) = ar(ABEA) 
[^ median divides a A into two A of equal area] 
= ar(ABED) = Lar(AABD) = 917 ar(SABC)| [using (1)] 


=  ar(ABED) = Far(A ABC). 


EXAMPLE6 In a quadrilateral ABCD, it is being given that 
M is the midpoint of AC. Prove that D 


ar(LJABMD)= ar(LIDMBC). 


A B 
SOLUTION Median BM divides AABC into two A of equal area. 

ar(A ABM) = ar(ABMC). vas (i) 
Median DM divides ADAC into two A of equal area. 

ar(AAMD) = ar(ADMC). ... (ii) 
From (i) and (ii), we get 

ar(A ABM) + ar(AAMD) = ar(ABMC) + ar(ADMC) 
>  ar(LIABMD) = ar(DMBC). 


EXAMPLE7 Ifthe medians of a A ABC intersect at G, show that A 
ar(A AGB) = ar(A AGC) = ar(ABGC) 


= Tar(^ ABC). 
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GIVEN. A AABC. Its medians AD, BE and CF intersect at G. 
TOPROVE ar(AAGB) = ar(AAGC) = ar(ABGC) = Lar(AABC). 


PROOF We know that a median of a triangle divides it into two triangles 
of equal area. 


In AABC, AD is the median. 

ar(A ABD) = ar(A^ ACD). (i) 
In AGBC, GD is the median. 

ar(AGBD) = ar(AGCD). se (ii) 


From (i) and (ii), we get 

ar(A ABD) - ar(AGBD) = ar(AACD) — ar(AGCD) 
>  ar(AAGB) = ar(AAGC). 
Similarly, ar(A AGB) = ar(ABGC). 


ar(A AGB) = ar(A AGC) = ar(ABGC). ... (iii) 
But, ar(A ABC) = ar(A AGB) + ar(A AGC) + ar(ABGC) 
= 3ar(A AGB) [using (iii)]. 


ar(A AGB) = ar(A ABC). 
Hence, ar(A AGB) = ar(A AGC) = ar(ABGC) = Tar((AABO). 


EXAMPLE8 Show that the diagonals of a parallelogram divides it into four 
triangles of equal area. 


GIVEN. A |gm ABCD. Its diagonals AC and BD T 

intersect at O. 

TOPROVE ar(AOAB) = ar(AOBC) 9 
=ar(AOCD)=ar(AOAD). A 4 


PROOF Since the diagonals of a ||gm bisect each other, we have 
OA = OC and OB = OD. 
Also, a median of a triangle divides it into two A of equal area. 
Now, in AABC, BO is the median. 


ar(AOAB) = ar(AOBC). w(i) 
In AABD, AO is the median. 

ar(AOAB) = ar(^OAD). ... (ii) 
In AACD, DO is the median. 

ar(AOAD) = ar(AOCD). ... (iii) 


From (i), (ii) and (iii), we get 
ar(AOAB) = ar(AOBC) = ar(AOCD) = ar(AOAD). 


EXAMPLE 9 


SOLUTION 


EXAMPLE 10 
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In the adjoining figure, ABCD is a B 
quadrilateral. BE is drawn parallel to AC 4 
and it meets DC produced in E. Show that 
the area of A ADE is equal to the area of the 
quadrilateral ABCD. 
We have 
ar(AABC) = ar(A AEC) 
[- A on the same base and between the 
same parallels are equal in area]. 
And so, ar(A ABC) + ar(AADC) = ar(AAEC) + ar(AADC) 
[adding same areas on both sides] 


=  ar(quad. ABCD) = ar(AADE). 


In the adjoining figure, D is the midpoint 
of side AB of AABC and P is any point on 
BC. If CQ|| PD meets AB in Q, prove that 


ar(ABPQ) = Far(AABC) 


GIVEN D is the midpoint of side AB of AABC and P 
is any point on BC. CQ|| PD meets AB in Q. 


TOPROVE ar(ABPQ) = Sar(A ABC). 


CONSTRUCTION Join CD and PQ. 


PROOF We know that a median of a triangle divides it into two triangles 
of equal area. 


And, in AABC, CD is a median. 


ar(ABCD) = 5ar(A ABC) 


> ar(ABPD) +ar(ADPC) = Far(AABC). oli) 


But, ADPC and DPQ being on the same base DP and between the 
same parallels DP and CQ, we have 


ar(ADPC) = ar(ADPQ). ... (ii) 


Using (ii) in (1), we get 


ar(ABPD) + ar(ADPQ) = 5 ar(AABC). 


ar(ABPQ) = 5ar(A ABC). 
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EXAMPLE ^1 A point O inside a rectangle ABCD is joined to the vertices. Prove 
that the sum of the areas of a pair of opposite triangles so formed is 
equal to the sum of the areas of the other pair of triangles. 


GIVEN A rect. ABCD and O is a point inside it. OA, OB, OC and OD have 
been joined. 


TOPROVE ar(AAOD) + ar(ABOC) = ar(AAOB) + ar(ACOD). 
CONSTRUCTION Draw EOF || AB and LOM || AD. 


D M 
PROOF EOF || AB and DA cuts them. 
z. ZDEO=ZEAB=90° (corres. 4). E 
> OEL AD. a 


Similarly, OF L BC; OL L ABandOM LDC. A L B 
ar(A AOD) + ar(ABOC) 


= (5x AD x OE)+(5 BC x OF) 
i 


= AD X (OE OF) [ BC = AD] 
=ÅxADXEF=}xADX AB [ EF = AB] 
-ix ar(rect. ABCD). 


Again, ar(AAOB) + ar(ACOD) 


= (5x ABx ot)» G X DC X OM) = 5 x ABX (OL +OM) 
[l DC = AB] 
= 5% ABX LM = > ABX AD [LM = AD] 
- i X ar(rect. ABCD). 


ar(A AOD) + ar(ABOC) = ar(AAOB) + ar(ACOD). 


EXAMPLE 12 ABCD is a parallelogram and O isa point D__G C 


in its interior. Prove that re 
(i) ar(AAOB) + ar(ACOD) E F 
d 72 RN 


- 5ar(|gm ABCD). A H B 
(ii) ar(A AOB) + ar(ACOD) = ar(AAOD) +ar(ABOC). 
GIVEN. A||gm ABCD and O is a point in its interior. 
TOPROVE (i) ar(AAOB) +ar(ACOD) = Żar(|gm ABCD), 
(ii) ar(AAOB) + ar(ACOD) = ar(A AOD) + ar(ABOC). 
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CONSTRUCTION Draw EOF || AB || DC and GOH || AD || BC. 


PROOF AAOB and ||gm EABF being on the same base AB and between the 
same parallels AB and EF, we have 


ar(^AOB) = 5 ar(\igm EABP). i) 
Similarly, ar(ACOD) = Far(igm EFCD), ... (ii) 
ar(A AOD) = Far(igm AHGD) ... (iii) 

and ar(ABOC) = lar(lgm BCGH). ... (iv) 


Adding (i) and (ii), we get 
ar(A AOB) + ar(ACOD) = Żar(|gm EABF) + Lar(|gm EFCD) 


-lar(|gm ABCD). se 


Adding (iii) and (iv), we get 
ar(A AOD) + ar(ABOC) = Yar(|gm AHGD) + Tar(|gm BCGH) 


= lar gm ABCD). ... (vi) 


ar(A AOB) + ar(ACOD) = ar(A AOD) + ar(ABOC) 
[from (v) and (vi)]. 
EXAMPLE 13 If each diagonal of a quadrilateral separates it into two triangles of 
equal area then show that the quadrilateral is a parallelogram. 
GIVEN A quad. ABCD in which diagonals AC and BD are p C 
such that 
ar(A ABD) = ar(ACDB) and ar(A ABC) = ar(^ ACD). 
TOPROVE ABCD isa parallelogram. 


A B 
PROOF ar(quad. ABCD) = ar(A ABC) + ar(AACD) 
= 2ar(AABC) [4^ ar(A ACD) = ar(AABC)]. 
ar(A ABC) = Zar(quad. ABCD). sat 


Again, ar(quad. ABCD) = ar(A ABD) + ar(ACDB) = 2ar(A ABD) 
[4^ ar(ACDB) = ar(AABD)]. 


ar(A ABD) = Tar(quad. ABCD). sas (ii) 


From (i) and (ii), we get 
ar(A ABC) = ar(A ABD). 
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Also, AABC and AABD have the same base AB. 
they lie between the same parallels AB and DC [Theorem 9] 
ie, AB|DC. 
Similarly, AD || BC. 
Hence, ABCD is a |gm. 


EXAMPLE 14 If the diagonals AC and BD of a quadrilateral ABCD intersect at 
O and separate the quadrilateral ABCD into four triangles of equal 
area, show that the quadrilateral is a parallelogram. 

GIVEN A quad. ABCD whose diagonals AC and BD D [e 

intersect at O in such a way that 

ar(A AOB) = ar(ABOC) = ar(AAOD) = ar(ACOD). e 
TOPROVE ABCD is a |gm. 
PROOF ar(AAOD) = ar(ABOC) 
= . ar(AAOD) + ar(AAOB) = ar(ABOC) + ar(AAOB) 
=  ar(AABD) =ar(AABC). 
Also, AABD and AABC have the same base. 
they lie between the same parallels AB and DC, i.e., AB || DC 
[Theorem 9]. 


A B 


Similarly, AD || BC. 
Hence, ABCD is a parallelogram. 


EXAMPLE 15 D, E, F are the midpoints of the sides BC, CA and AB respectively of 
AABC. Prove that 


A 
(i) BDEF is a ||gm, 
(ii) ar(ADEF) = ar(^ ABC) and 7 £ 
(iii) ar(|gm BDEF) = 5 ar(A ABC). E b S 


SOLUTION By midpoint theorem, DE || BA and FE || BC. 

DE || BF and FE | BD. 
BDEF is a ||gm. 

Similarly, AFDE is a ||gm. 

And, DCEF is ||gm. 

Diagonal DF of |gm BDEF divides it into two A of equal area. 
ar(ADEF) = ar(ABDF). 

Similarly, ar(ADEF) = ar(ADCE). 


EXAMPLE 16 


SOLUTION 


EXAMPLE 17 


SOLUTION 
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And, ar(ADEF) = ar(AAFE). 
ar(ADEF) = ar(ABDF) = ar(ADCE) = ar(AAFE) 


ar(ADEF) = yar(AABC). 
ar(||gm BDEF) = 2 X ar(ADEF) 


= 2x lx ar(AABC) = 5 Xar(AABC). 


In the adjoining figure, ABCDE is a À B 
pentagon. A line through B parallel to AC 
meets DC produced at F. Show that 


(i) ar(A ACB) = ar(A ACF), 
(ii) ar(AEDF) = ar(ABCDE). 


D fo F 
Join AF. 
AACB and AACE have the same base AC and lie between the 
same parallels AC and BF. 


ar(AACB) = ar(AACF). 
And so, ar(A ACB) + ar(ACDE) = ar(A ACF) + ar(ACDE) 
=  ar(ABCDE) = ar(AEDF). 
In the adjoining figure, PQRS and PABC are 


two parallelograms of equal area. Prove that 
QC || BR. 


Let BC and QR intersect at O. 
Join BQ, QC, CR and RB. 
Now, ar(||gm PQRS) = ar(||gm PABC) (given) 
> ar(||gm PQRS) - ar(||gm QOCP) 

= ar(||gm PABC) - ar(||gm QOCP) 
ar(||gm ORSC) = ar(||gm ABOQ) 
2 X ar(AORC) = 2 X ar(AOBQ) => ar(AORC) = ar(AOBQ) 
ar(AORC) + ar(AOBR) = ar(AOBQ) + ar(AOBR) 
ar(ABRC) = ar(ABRQ). 
Now, ABRC and ABRQ being on the same base BR and equal 
in area, they must be between the same parallels. 


QC || BR. 


U 4 y 
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EXAMPLE 18 In the adjoining figure, PQ is a 
line parallel to side BC of AABC. If 
BX ||CA and CY | BA meet the line 
PQ produced in X and Y respectively, 
show that ar(AABX) =ar(AACY). 

GIVEN A AABC, PQ || BC; BX | CA and CY || BA. 

TOPROVE ar(AABX)=ar(AACY). 

PROOF ||gm XBCQ and AABX being on the same base XB and between the 

same parallels XB and CA, we have 


ar(AABX) = Tar(|gm XBCQ). (i) 


Again, |pgm BCYP and AACY being on the same base CY and 
between the same parallels CY and BA, we have 


ar(AACY) = lar(|gm BCYP). ici 


But, ||gm XBCQ and ||gm BCYP being on the same base BC and 
between the same parallels BC and XY, we have 


ar(|gm XBCQ) = ar(|gm BCYP). ... (iii) 
from (i), (ii) and (iii), we get 
ar(AABX) = ar(AACY). 


EXAMPLE 19 In the adjoining figure, ABCD is a parallelogram c 
and P is any point on BC. Prove that 
ar(A ABP) + ar(ADPC) = ar(APDA). P 
SOLUTION Draw AL L BC and PM L AD. : 
Since BC | AD, so distance between them 4 L 
remains the same. 
AL = PM. 
ar(A^ABP) + ar(ADPC) 
= 4x BPX AL+4 X PCX AL =4X AL x (BP + PC) 
-IXALXBC-IXPMXAD [- AL- PM and BC - AD] 
=ar(APDA). 
[e] 
EXAMPLE20 In the adjoining figure, ABCD is a 
parallelogram. If P and Q are any two 
Q 


points on the sides AB and BC respectively, 
prove that ar(ACPD) = ar(AAQD). 


SOLUTION 


EXAMPLE 21 


SOLUTION 


EXAMPLE 22 


SOLUTION 
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ACPD and ||gm ABCD are on the same base DC and between 
the same parallels CD and AB. 


ar(ACPD) = Žar(|gm ABCD). 


Similarly, ar(A AQD) = lar(|gm ABCD). 
ar(ACPD) = ar(AAQD). 

In the adjoining figure, the side AB of ||gm 

ABCD is produced to a point P and a line 

through A, parallel to CP, meets CB produced 

in Q and the |gm BQRP is completed. 


Prove that 
ar(||gm ABCD) = ar(||gm BORP). 


Join AC, CP, PQ and QA. 


Now, AAQC and AAQP being on the same base AQ and 
between the same parallels AQ and CP, we have 


ar(AAQC) = ar(AAQP) 
=>  ar(AAQC) - ar(^ AQB) = ar(A AQP) - ar(A AQB) 
>  ar(AABC) = ar(ABQP) 


=> lar|gm ABCD) = Yar(|gm BQRP) 


[^ AC divides ||gm ABCD into two A of equal area 
and QP divides |gm BORP into two A of equal area] 
>  ar(|gm ABCD) = ar(|gm BORD). 
Hence, ar(|gm ABCD) = ar(|gm BQRP). 


Let P, Q, R, S be respectively the midpoints of C 
the sides AB, BC, CD and DA of quad. ABCD. n 
Show that PQRS is a parallelogram such that D à 
1 
ar(|gm PQRS) = 5 ar(quad. ABCD). 2. / 
Join AC and AR. A P B 


In AABC, P and Q are midpoints of AB and BC respectively. 
PQ|| AC and PQ - 1 AC. 

In ADAC, S and R are midpoints of AD and DC respectively. 
SR || AC and SR = 1C. 
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EXAMPLE 23 


SOLUTION 
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Thus, PQ || SR and PQ = SR. 
PQRS is a ||gm. 
Now, median AR divides AACD into two A of equal area. 


ar(AARD) = Sar(A ACD). ... (i) 
Median RS divides AARD into two A of equal area. 
ar(ADSR) = Tar(AARD). ... (ii) 
From (i) and (ii), we get ar(ADSR) = Tar(^ACD) 
Similarly, ar(A BQP) = Lar(AABC). 


ar(ADSR) + ar(ABQP) = 1lar(AACD) +ar(AABC)] 


=>  ar(ADSR) + ar(ABQP) = Lar[quad. ABCD]. ... (iii) 


Similarly, ar( ACRQ) + ar(A ASP) = T ar(quad. ABCD). ...(iv) 


Adding (iii) and (iv), we get 
ar(ADSR) + ar(ABQP) + ar(ACRQ) + ar(A ASP) 


= Tar(quad. ABCD). (v) 
But, ar(ADSR) + ar(ABQP) + ar(ACRQ) + ar(A ASP) 
+ ar(||gm PQRS) = ar(quad. ABCD). ... (vi) 


Subtracting (v) from E we get 
ar(|gm PQRS) = Far(quad. ABCD). 


In the adjoining figure, ABDC, CDFE A B 
and ABFE are parallelograms. Show that 
ar (A ACE) = ar(ABDF). R 
We have: NON 
AC-BD (opp. sides of |gm ABDC) : 


CE=DF (opp. sides of gm CDFE) 
AE=BF (opp. sides of |gm ABFE) 
AACE = ABDF [SSS-criterion]. 
And so, ar(A ACE) = ar(ABDF) 
[^ congruent figures have equal areas]. 


EXAMPLE 24 


SOLUTION 


EXAMPLE 25 


SOLUTION 


EXAMPLE 26 


SOLUTION 
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In the adjoining figure, two parallelograms 
ABCD and AEFB are drawn on opposite 
sides of AB. Prove that 


ar(||gm ABCD) + ar(||gm AEFB) 
= ar(||gm EFCD). 

In AAED and ABFC, we have 

AD = BC, AE = BF and DE- CF (opp. sides of a |gm). 

AAED = ABFC. 
So, ar(A AED) = ar(ABFC). ... (i) 
ar(||gm ABCD) + ar(||gm AEFB) 

= ar(||gm DEFC) + ar(AAED) — ar(ABFC) 

=ar(|gmEFCD) [using (i)]. 


In the adjoining figure, ABCD is a parallelogram A B 
and a line through A cuts DC at P and BC produced 
at Q. Prove that 5 A 
ar(ABPC) = ar(ADPQ). Y 
Q 
Join AC. 


Now, AADC and AADQ being on the same 
base AD and between the same parallels AD IJ 


and BC, are equal in area. D NT C 


ar(AADC) = ar(A ADQ) Q 
>  ar(AADC) - ar(AADP) = ar(AADQ) - ar(AADP) 
>  ar(AAPC) = ar(ADPQ). ... (i) 


Also, AAPC and ABPC being on the same base PC and between 
the same parallels PC and AB, are equal in area. 

ar(AAPC) = ar(ABPC). ... (ii) 
From (i) and (ii), we get ar(ABPC) = ar(ADPQ). 
Prove that of all the parallelograms of given sides, the parallelogram 
which is a rectangle has the greatest area. 


Let us consider all parallelograms of sides a and b. 


D c D [e 
| 
b/ ih b 
| 
A B A a B 


=> a —_> 
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EXAMPLE 27 


SOLUTION 


EXAMPLE 28 


SOLUTION 


EXAMPLE 29 
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In ||gm ABCD of sides a and b, let h be the height corresponding 
to the base a. 
Then, h X b. 
Now,h <b > ah € ab. 

ar(|gm ABCD) < ar(rect. ABCD). 
|gm ABCD and rect. ABEF have the e D E C 
same base AB and equal area. Show 


that the perimeter of the ||gm is greater 
than that of the rectangle. 


We have 

AB = EF and CD - AB ^ AB-* CD -= AB « EF. (1) 
We know that, of all the line segments to a given line from a 
point, outside it, the perpendicular is the least. 

BE « BC and AF « AD. 

BC AD > BE AF. ... (ii) 
From (i) and (ii), we get 

AB * BC - CD* AD > AB * BE + EF + AF. 
Hence, the perimeter of the |gm is greater than the perimeter 
of the rectangle. 


A B 


M and N are points on the side P 

PR of the triangle PQR such that M 

PM - MN - NR. Through M, a line is N 

drawn parallel to PQ to meet QR at S, as 

shown in the adjoining figure. Prove that 
ar(APSN) = ar(QSNM). 

APSM and AQSM have the same base SM and lie between the 

same parallels PQ and MS. 


ar(A PSM) = ar(AQSM) 
=>  ar(APSM) +ar(AMSN) = ar(AQSM) + ar(AMSN) 
=>  ar(APSN) = ar(QSNM). 


In the adjoining figure, ABCD is a A D 
parallelogram. Points P and Q on BC 

trisect BC. Prove that 

ar(A APQ) = ar(ADPQ) = Lar(ABCD). B P Q C 


6 


SOLUTION 


EXAMPLE 30 


SOLUTION 
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Through P and Q, we draw PM and A M N D 


QN parallel to AB. Parallelograms 
ABPM, MPQN and NQCD have 
equal areas since they have equal i d 


: B 
bases and lie between the same 


parallels [Theorem 3]. 
ar(||gm ABPM) = ar(gm MPQN) 
= ar(|gm NQCD) = Żar (|gm ABCD). ... (i) 
Now, ar(AAPQ) = ar(ADPQ) 
-jar(lgm MPQN) 
[^ AAPQ, ADPQ and |pgm MPQN have 


the same base PQ and lie between 
the same parallels AD and BC] 


= ar(AAPQ)=ar(ADPQ) = 2 [sar (lgm ABCD)| [using (i)]. 


Hence, ar(A APQ) = ar(ADPQ) = Lar(|gm ABCD). 


In the adjoining figure, ABC and BDE are two equilateral triangles 
such that D is the midpoint of BC. If AE intersects BC at F, 
show that 

A 


(i) ar(ABDE) = ar(A ABC) 
(ii) ar(ABDE) = par ABAE) 
(iii) ar(A ABC) = 2ar(A BEC) 


B [e 
(iv) ar( ABFE) = ar(^AAFD) ay 
E 


(v) ar( ABFE) = 2ar(A FED) 
(vi) ar(AFED) = Tar(AAFC). 


Join AD and EC. 
We have ZABC = ZDBE = 60° > DE| AB 
(alt. interior 4) 
and ZACB = ZDBE = 60° > BE|| AC 
[^ AABC and ABDE are eq. A]. 
Now, let each side of ABDE - a. 
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3 
Then, ar(ABDE) = D .. (i) 
Each side of AABC = 2a [- BC = 2BD]. 


ar(A ABC) = Doy = (s) : .. (ii) 


From (i) and (ii), we get 


ar(ABDE) = yar(A ABC). ... (iii) 
Now, AD is a median of AABC 
=> ar(AABD) = Lar(^ABO). ... (iv) 
But, ar(ABAE) = ar(A ABD) ... (v) 


[^ same base AB and same parallels AB and DE]. 


From (iv) and (v), we get 


ar(ABAE) = Tar(AABC). ... (vi) 
From (iii) and (vi), we get 

ar(ABDE) = Tar(ABAE). NS 
Now, ar(ABDE) = lar(ABEC) NU 


[^ ED is a median of ABEC]. 
From (iii) and (viii), we get 
ar(A ABC) = 2ar(ABEC). ... (ix) 
Now, ar(A AED) = ar(ABDE) 
[^ same base DE and same parallels AB and DE] 
>  ar(AAED) - ar(AFED) = ar(ABDE) - ar(AFED) 
>  ar(AAFD) = ar(ABFE). as (X) 


oj) - /3a 


/3 E: H. 


and height of AFED - height of ABDE = h = 2 (a) = 75 


Now, height of AAFD = height of AABC = H= 


ar(AAFD) => Ix FD X H and ar(AFED) => Ix FD X H 


>  ar(AAFD) = 2ar(AFED) ... (xi) 
>  ar(ABFE) = 2ar(AFED) ... (xii) [using (x)]. 
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Now, ar(AAFC) = ar(AAFD) + ar(A ADC) 


= 2ar(AFED) 4 - T ar(^ABO)) [using (xi)] 
= 2ar(AFED) d - T dar(ABDE)] [using (iii)] 


= 2ar(AFED) + 2{ar(ABFE) + ar(AFED)} 
= 2ar(AFED) + 2 {ar(AFED) + ar(AFED)} 
[using (xii)] 


= 8ar(AFED) 


=> ar(AFED) = Łar(AAFC). 


EXERCISE 11 


1. Which of the following figures lie on the same base and between the 
same parallels. In such a case, write the common base and the two 
ps 


Di zn TA 
= 


(ii) (iii) 


D 
P 
A 
[e 
Q 
B 
(iv) (v) (vi) 
2. In the adjoining figure, show that ABCD is D 3em _¢ 
a parallelogram. 
Calculate the area of ||gm ABCD. 5 
A 5cm B 


3. In a parallelogram ABCD, it is being 
given that AB=10 cm and the altitudes 
corresponding to the sides AB and AD are M 
DL=6 cm and BM =8 cm, respectively. 
Find AD. Fs 
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4. 


ol 


[en] 


N 


ioe) 


10. 


11. 
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Find the area of a figure formed by joining the midpoints of the adjacent 
sides of a rhombus with diagonals 12 cm and 16 cm. 


. Find the area of a trapezium whose parallel sides are 9 cm and 6 cm 


respectively and the distance between these sides is 8 cm. 


. (i) Calculate the area of quad. ABCD, given in Fig. (i). 


(ii) Calculate the area of trap. PORS, given in Fig. (ii). 


D 17 cm c PEAR 
l 
l 
$ | 
$ d | 
oO l 
B i 
i 
A P 8 cm T 
(i) (i) 
. In the adjoining figure, ABCD isa trapezium p L M C 


in which AB | DC; AB = 7 cm; AD = BC = 5cm 

and the distance between AB and DC is 4 cm. € 
Find the length of DC and hence, find the area P 
of trap. ABCD. A 7™m B 


4 cm 
4 cm 


. BD is one of the diagonals of a quad. ABCD. If D 


AL L BD and CM L BD, show that 
ar(quad. ABCD) = 1 x BD X (AL + CM). 


A B 
. Mis the midpoint of the side AB of a parallelogram ABCD. If ar(AMCD) 
= 24 cm’, find ar(A ABC). 
In the adjoining figure, ABCD is a D 


quadrilateral in which diag. BD =14 cm. If 
AL LBD and CM L BD such that AL =8 cm 
and CM = 6 cm, find the area of quad. ABCD. 


A B 


If P and Q are any two points lying respectively on the sides 
DC and AD of a parallelogram ABCD then show that 


ar(A APB) = ar(ABQC). 


13. 


14. 


15. 
16. 


17. 


18. 


19. 


20. 


21. 


oo 
NO 
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UJ 


. In the adjoining figure, MNPQ and ABPQ are M A N 
parallelograms and T is any point on the side 
BP. Prove that 


(i) ar(MNPQ) = ar(ABPQ) 


4 


(ii) ar(AATQ) = lar(MNPQ). 


In the adjoining figure, ABCD is a trapezium D c 
in which AB || DC and its diagonals AC and BD 
intersect at O. o 


Prove that ar(AAOD) = ar(ABOC). 


> 
ies] 


In the adjoining figure, DE || BC. 


A 
Prove that : o» - 
(i) ar(A ACD) = ar(A ABE) LT 


(ii) ar(AOCE) = ar(AOBD). B C 


Prove that a median divides a triangle into two triangles of equal area. 
Show that a diagonal divides a parallelogram into two triangles of 
equal area. 

In the adjoining figure, ABC and ABD are two 

triangles on the same base AB. If line segment 

CD is bisected by AB at O, show that 


ar(A ABC) = ar(^ ABD). E 
D 


D and E are points on sides AB and AC respectively of AABC such that 
ar(ABCD) = ar(ABCE). Prove that DE || BC. 


P is any point on the diagonal AC of a parallelogram ABCD. Prove that 
ar(A ADP) = ar(AABP). 


In the adjoining figure, the diagonals AC and D i 

BD of a quadrilateral ABCD intersect at O. DU 

If BO = OD, prove that Vx 
ar(A ABC) = ar(AADC). A a 


The vertex A of AABC is joined to a point D on ^ 
the side BC. The midpoint of AD is E. l ; : 
Prove that ar(ABEC)- Sar(A ABC). 


wW 
[s] 
[e] 
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22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 
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D is the midpoint of side BC of AABC and E is A 
the midpoint of BD. If O is the midpoint of AE, 
provethat ar(ABOE)- Lar(AABO). A 

B ED c 
In a trapezium ABCD, AB||DC and M is the D c Q 
midpoint of BC. Through M, a line PQ || AD 
has been drawn which meets AB in P and DC M 
produced in Q, as shown in the adjoining figure. A P B 
Prove that ar(ABCD) = ar(APQD). 
In the adjoining figure, ABCD is a quadrilateral. » 
A line through D, parallel to AC, meets BC n a 
produced in P. FE M. 
Prove that ar(AABP) = ar(quad. ABCD). R nap £ 

ge 
A B 
In the adjoining figure, AABC and ADBC are A [e 
on the same base BC with A and D on opposite 
sides of BC such that ar(A ABC) = ar(ADBC). 
Show that BC bisects AD. 
B D 

ABCD is a parallelogram in which BC is A B 


produced to P such that CP = BC, as shown in 

the adjoining figure. AP intersects CD at M. If 

ar(DMB) = 7 cm”, find the area of parallelogram D M C 
2 V 


In a parallelogram ABCD, any point E is taken on the side BC. AE and 
DC when produced meet at a point M. Prove that 


ar(A ADM) = ar(ABMC) 


P, Q, R, S are respectively the midpoints of the D R c 

sides AB, BC, CD and DA of ||gm ABCD. Show r SE 

that PORS is a parallelogram and also show that [>< 2] 
ar([gm PORS) = $ x ar(\|gm ABCD). 


Ina triangle ABC, the medians BE and CF intersect at G. Prove that 
ar(ABCG) = ar(AFGE). 
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. The base BC of AABC is divided at D such that BD = SDC. Prove that 
ar(A ABD) = i x ar(AABC). 


. Inthe adjoining figure, BD || CA, Eis the midpoint A 
of CA and BD = Ica. Prove that D E 
ar(A ABC) = 2ar(ADBC). 


. The given figure shows a pentagon ABCDE. EG, 


D 
drawn parallel to DA, meets BA produced at G, E C 
and CF, drawn parallel to DB, meets AB produced 

at F. Show that 


ar(pentagon ABCDE) = ar(ADGF). 


. Inthe adjoining figure, CE | AD and CF | BA. B 
Prove that ar(ACBG) = ar(AAEG). VX 


In the adjoining figure, the point D divides the 


D 
, A 
side BC of AABC in the ratio m:n. Prove that 
ar(AABD):ar(AADC) 2^ m :n. 


. In a trapezium ABCD, AB || DC, AB =a cm, and D bom C 
DC - b cm. If M and N are the midpoints of the — "i " 
nonparallel sides, AD and BC respectively then / 
find the ratio of ar(DCNM) and ar(MNBA). P = B 


. ABCD is a trapezium in which AB || DC, AB = 16 cm and DC = 24 cm. 
If E and F are respectively the midpoints of AD and BC, prove that 


ar(ABFE) = 2 ar(EFCD). 


. In the adjoining figure, D and E are P 


A 
respectively the midpoints of sides " "Am 
AB and AC of AABC. If PQ|| BC and 


——— 
CDP and BEQ are straight lines then JEN. 


prove that ar(AABQ) = ar(AACP). B C 


o 


392 Secondary School Mathematics for Class 9 


38. In the adjoining figure, ABCD and BQSC are two S 
parallelograms. Prove that ar(ARSC) = ar(APQB). D R m 


PS 
/. ^w 


A P B 
ANSWERS (EXERCISE 11) 
1. (i) No (ii) No (iii) Yes; AB; AB and DE (iv) No 
(v) Yes; BC; BC and AD (vi) Yes; CD; CD and BP 
2. 35 cm? 8. 7.5 cm 4. 48 cm? 5. 60 cm? 
6. (i)114cm* (ii) 180 cm? 7. DC = 18 cm, area = 40 cm? 


9. 36 cm? 10. 98 cm? 26. 28 cm? 85. (a+ 3b) : (3a +b) 


HINTS TO SOME SELECTED QUESTIONS 


2. ZABD = ZBDC =90° (corresponding 4). 
AB|| DC. Also, AB = DC. 
3. ar(|gm ABCD) = AB X DL= AD X BM. 


4. Area of rhombus = i X product of diagonals = e X12X 16) cm? = 96 cm’. 


Area of figure formed by joining the midpoints = $ X area of rhombus = 48 cm’. 


9. ar(AACD) = ar(AABC) = Żar (|gm ABCD), D c 


ar(AAMC) = ar(AMBC) = ar(AABO). 
ar(AMCD) = 3ar(AAMC) => 24 = 3ar( AAMC) A M B 
> ar(AAMC) = 8 cm’. 
And so, ar(A ABC) = 2ar(A AMC) = 16 cm’. 


D P C 
11. ar(AAPB) = Tar(ABCD) and ar(ABQC) = 1 ar(ABCD) 
Q 
[^ A and |gm have same base 
and lie between same parallels]. 
A B 


ar(A APB) = ar(ABQC). 
12. ar(MNPQ) = ar(ABPQ) (they have same base and lie between same parallels). 
ar(AATQ) = Tar(ABPQ) (they have same base and lie between same parallels). 
13. ar(ACDA) = ar(ACDB) (A on the same base and between the same parallels) 
=>  ar(ACDA) - ar(AOCD) = ar(ACDB) - ar(AOCD). 
14. ar(ADEC) = ar(ADEB) (A on the same base and between the same parallels). 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
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(i) Add ar(AADE) on both sides. 
(ii) Subtract ar(AODE) from both sides. 


AO is the median of ACAD > ar(ACOA) = ar(ADOA). 

BO is the median of ACBD = ar(ACOB) = ar(ADOB). 
ar(ACOA) + ar(ACOB) = ar(ADOA) + ar(ADOB) = ar(AABC) = ar(A ABD). 

ABCE and ABCD are on the same base BC and have equal A 

area. So, their corresponding altitudes must be equal. 
DE | BC. 


Draw diagonal BD. Let AC and BD intersect at O. Then, O is D Cc 
the midpoint of BD. So] 
ar(ADPO) = ar(ABPO) [^ PO is a median of ABPD]. 
ar(A ADO) = ar(AABO) [^ AO is a median of AABD]. 

ar(ADPO) + ar(^ADO) = ar(ABPO) + ar(AABO) A B 
=>  ar(AADP) =ar(AABP). 
CO is a median of ABCD => ar(ACOD) = ar(ACOB). 


AO is a median of AABD > ar(AAOD) = ar(AAOB). 
ar(ACOD) + ar(A AOD) = ar(ACOB) + ar(AAOB). 


ar(ADBE) = $ar(A ABD) and ar(ACDE) = Far(AADC). 
ar(A ABD) = 5ar(A ABC); ar(A ABE) = 5ar(AABD) = Lar(AABC). 
ar(ABOE) = Tar(AABE) = Tar(^ ABC). 


AMQC = AMPB [^ CM = BM, ZCMQ = ZBMP, ZMCQ = ZMBP]. 
ar(AMQC) = ar(AMPB) 

=  ar(AMQO) + ar(APCD) = ar(A MPB) + ar(APCD) 

=  ar(APQD) = ar(ABCD). 

AACD and AACP are on the same base and between the same parallels. 
ar(A ACP) = ar(AACD) 

=> ar(AACP) + ar(AABC) = ar(AACD) + ar(A ABC). 


Draw AL L BC and DM L BC. A C 
Since AABC and ADBC have the same base BC and WM M7 
are equal in area, their altitudes must be equal. So, 

Let AD and BC intersect at O. B D 


Now, AALO = ADMO. Therefore, OA = OD. 
AMDAZAMCP [- ZDMA = ZCMP; ZMDA = ZMCP; 
AD = CP since AD = BC and CP = BC] 
DM=MC (c.p.c.t.) and so BM is a median of ABDC. 


Thus, ar(DMB) = lar(BDO). 
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27. 


29. 


30. 


31. 


32. 


33. 


34. 


But, ar(BDC) = Tar(ABCD) [^ BD is a diagonal of |gm ABCD]. 


ar(DMB) = Lar(ABCD) and so ar(ABCD) = 28 cm’. 


Join BM and AC. We have 


ar(AADC) = > Ix DCXh 


and ar(AABM) = IxABXh-lXDCXh 


[^ AB» DC in|gm ABCD]. ^ B 
ar(AADC) = ar(AABM) 
=  ar(AADC) + ar(AAMC) = ar(AABM) + ar(A AMC) 
=  ar(AADM) = ar(ABMC). 
Cc 
CF is a median of AABC > ar(ABCF) = Far(A ABC), 
BE isa median of AABC = ar(AABE) = Sar(A ABC). 
ar(ABCF) = ar(AABE) A F 
=>  ar(ABCF) - ar(ABFG) = ar(A^ ABE) - ar(ABFG) 
=> ar(ABCG) = ar(AFGE). 
Let E be the midpoint of DC. Then, A 
BD = DE = EC = Isc. 
Join AD and AE. 
In AABE, AD is a median and so ar(AABD) = ar(A ADE). B D 


In AADC, AE is a median and so iu = ar(A AEC). 


ar(A ABD) = ar(AADE) = ar(AAEC) = Tar(AABC). 


BD = 1 CA and E is the midpoint of CA > BD = CE. 
Now, BD || CE and BD = »s > BCED is a ||gm. 
ar(ADBC) = ar(ABCE) = 5ar(A ABC) [^ BE is a median of AABC] 


> ar(AABC) = 2ar(ADBC). 

ar(ADBC) = ar(ADBF) 

ar(A ADE) = ar(AADG) 

ar(ADBC) + ar(AADE) + ar(AABD) = ar(ADBF) + ar(A ADG) + ar(AABD) 
ar(pentagon ABCDE) = ar(ADGF). 

ar(ACFA) = ar(ACFB) [^ same base CF and same parallels BA and CF] 

= ar(ACFA) - ar(ACFG) = ar(ACFB) - ar(ACFG) 

=>  ar(AAFG) = ar(ACBG). 


1 
ar(AABD) > * BDX AL BD m 
ar(AADC) 1 DC n 
2 


XDCXAL 
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35. M and N are midpoints of AD and BC respectively D bcm C 
cat: (ab. 
= MN|AB|DCand MN - 3 AB* DO) - (^77) v s 
Draw DQ L AB. Let DQ cut MN at P. 


Then, P is the midpoint of DQ, A Q acm B 
ie, DP=PQ=h (say). 


Now, ar(DCNM) = 5 x (DC & MN) x DP= 5 (b+ 25") xh = 4 x (a+ 30) 

and ar(MNBA) =4 x (MN + AB) x PQ=4 x (£23 +a) xh=4x a+b), 
ar(DCNM) : ar(MNBA) = (a * 3b): (3a * D). 

ar(ABFE) 24+3x16 72 9 A 16cm B 


36. 


ar(EFCD) 3X24+16 88 11. 


37. In APAC, we have PA || DE and E is the midpoint of AC. 
Dis the midpoint of PC (by converse of midpoint theorem). 
And so, DE = PA, i.e., PA = 2(DE). 
Similarly, AQ = 2(DE) and so, PA = AQ. 
Now, ar(A ABQ) = ar(A ACP) 
[^ AABQ and AACP have equal bases and lie between the same parallels]. 
38. In ARSC and APQB, we have: 
ZCRS-ZBPQ (corres. 4) 
ZCSR=ZBQP (corres. 4) 
SC = QB (opp. sides of a ||gm) 
ARSC = APQB_  (AAS-criterion). 
And so, ar(ARSC) = ar(APQB). 


MULTIPLE-CHOICE QUESTIONS (MCQ) 


Choose the correct answer in each of the following questions: 


1. Out of the following given figures, which are on the same base but not 
between the same parallels? 


P 
S Oo P N Q D P C 
D 1 px VV 
—= des 
B C Q R L M A B 


(a) (b) (c) (d) 
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2. 


o 


ol 


[22 


N 


oe) 
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In which of the following figures, you find polygons on the same base 
and between the same parallels? 


D C D C D C Q P ^ 
D 
E 
P] D YY PS 
A B A B A B B G 
(b) (c) (d) 


(a) 


. The median of a triangle divides it into two 


(a) triangles of equal area (b) congruent triangles 
(c) isosceles triangles (d) right triangles 
. The area of quadrilateral ABCD in the given — 4 
figure is 17 cm 
(a) 57 cm? E D 
(b) 108 cm? o A 
o 
(c) 114 cm? * 
B C 
(d) 195 cm? 
. The area of trapezium ABCD in the given figure is 
P & 8 
(a) 62 cm? D 8cm C 
(b) 93 cm? es 
(c) 124 cm? 
(d) 155 cm? A 8cm E 15 cm B 
. In the given figure, ABCD is a ||gm in which D5cmC 
AB=CD=5cm and BDLDC such that 
BD = 6.8 cm. Then, the area of ABCD =? S 
(a) 17 cm? (b) 25 cm? i 
(c) 34 cm? (d) 68 cm? 
Ab5cmB 
. In the given figure, ABCD is a |gm in which D [e 
& 8 8 


diagonals AC and BD intersect at O. If IT 
ar(|gm ABCD) is 52 cm’ then the ar(AAOB) =? Í 


(a) 26 cm? (b) 18.5 cm? 
(c) 39 cm? (d) 13 cm? i B 
. In the given figure, ABCD is a ||gm in which D [o 
DL L AB. If AB = 10 cm and DL = 4 cm then the 
ar(|gm ABCD) =? 
(a) 40 cm? (b) 80 cm? 
A L B 


(c) 20 cm? (d) 196 cm? 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


. The area of ||gm ABCD is 
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(a) ABX BM (b) BC X BN 
(c) DC X DL (d) ADX DL 


Two parallelograms are on equal bases and between the same parallels. 
The ratio of their areas is 


(a) 1:2 (b) 1:1 (c) 2:1 (d) 3:1 
In the given figure, ABCD and ABPQ are two Da C P 


parallelograms and M is a point on AQ and BMP 
is a triangle. 


Then, ar(ABMP) = J ar(|gm ABCD) is / / 


(a) true (b) false 
The midpoints of the sides of a triangle along with any of the vertices 
as the fourth point makes a parallelogram of area equal to 

(a) 5 (ar ABC) A 

(b) Lar AABC) E 


(c) Lar AABO) 
(d) ar(A ABC) B p 9 


The lengths of the diagonals of a rhombus are 12 cm and 16 cm. The 
area of the rhombus is 


(a) 192 cm? (b) 96 cm? (c) 64 cm? (d) 80 cm? 
Two parallel sides of a trapezium are 12 cm and 8 cm long and the 
distance between them is 6.5 cm. The area of the trapezium is 


(a) 74 cm? (b) 32.5 cm? (c) 65 cm? (d) 130 cm? 
In the given figure, ABCD is a trapezium such p L M C 
that AL.L DC and BM LDC. If AB=7 cm, lE E 
BC-AD-5 cm and AL-BM-4 cm then 9.5 —— 5| 8 
ar(trap. ABCD) =? A EE - 

(a) 24 cm? (b) 40 cm? 

(c) 55 cm? (d) 27.5 cm? D 
In a quadrilateral ABCD, it is given that BD = 16 cm. 
If AL BD and CM L BD such that AL ^9 cm and 
CM =7 cm then ar(quad. ABCD) = ? A L 

(a) 256 cm? (b) 128 cm? M c 


(c) 64 cm? (d) 96 cm? B 
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17. 


18. 


19. 


20. 


21. 


22. 
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ABCD is a rhombus in which ZC = 60°. 


G 
Then, AC: BD =? 
(a) /3:1 (b) /8:/2 T 
(c) 3:1 (d) 3:2 ; 
° 
A 


In the given figure, ABCD and ABFE are D E C F 
parallelograms such that ar(quad. EABC) 
= 17 cm’ and ar(|gm ABCD) = 25 cm’. Then, 
ar(ABCF) =? 
(a) 4 cm? (b) 4.8 cm? es B 
(c) 6 cm? (d) 8 cm? 


AABC and ABDE are two equilateral triangles 


A 
such that D is the midpoint of BC. Then, 
ar(ABDE):ar(A ABC) =? E 

(a) 1:2 (b) 1:4 
(o) 43:2 (d) 3:4 


B D C 
In a |gm ABCD, if P and Q are midpoints of D Q [o 
AB and CD respectively and ar(||gm ABCD) 
= 16 cm’ then ar(|gm APQD) =? 
(a) 8 cm? (b) 12 cm? A P B 
(c) 6 cm? (d) 9 cm? 
The figure formed by joining the midpoints of D R [o 
the adjacent sides of a rectangle of sides 8 cm 
and 6 cmisa S Q 
(a) rectangle of area 24 cm? h L i 
(b) square of area 24 cm? 
(c) trapezium of area 24 cm? 
(d) rhombus of area 24 cm? 
In AABC, if D is the midpoint of BC and E is the A 
midpoint of AD then ar(ABED) =? 
(a) 5ar(A ABC) (b) Tar(AABC) 
(c) Gar(A ABC) (d) Zar(AABC) i i E 


NO 
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23. The vertex A of AABC is joined to a point D on BC. A 
If E is the midpoint of AD then ar(ABEC) =? 
(a) iar(A ABC) (b) Tar(AABC) 
(c) lar(AABC) (d) Lar(AABC) T 5 E 


24. In AABC, it is given that D is the midpoint of BC; A 


E is the midpoint of BD and O is the midpoint of 
AE. Then, ar(ABOE) =? 
(a) Lar(AABC) (b) Tar(AABC) / 


(c) Lar(AABC) (d) Tar(AABO) EE D C 


25. If a triangle and a parallelogram are on the same base and between the 
same parallels then the ratio of the area of the triangle to the area of the 
parallelogram is 


(a) 1:2 (b) 1:3 (c) 1:4 (d) 3:4 
26. In the given figure, ABCD is a trapezium D b C 
in which AB||DC such that AB -a cm and 
DC - b cm. If E and F are the midpoints of AD E F 
and BC respectively then ar(ABFE) : ar(EFCD) = ? 
(a) a:b (b) (a+3b):(3a+b) ^ 3 B 
(c) (3a * b) : (a + 3b) (d) (2a+b):(3a+b) 


27. ABCD is a quadrilateral whose diagonal AC divides it into two parts, 
equal in area. Then, ABCD is 


(a) a rectangle (b) a ||gm (c) arhombus (d) all of these 
28. In the given figure, a ||gm ABCD and a rectangle F D E C 
ABEF are of equal area. Then, E 
(a) perimeter of ABCD = perimeter of ABEF / Vv 
(b) perimeter of ABCD « perimeter of ABEF ^ : 


(c) perimeter of ABCD > perimeter of ABEF 
(d) perimeter of ABCD = i (perimeter of ABEF) 


Ed 


29. In the given figure, ABCD is a rectangle inscribed 
in a quadrant of a circle of radius 10 cm. If 


AD = 24/5 cm then area of the rectangle is D C 
(a) 32 cm? (b) 40 cm? 5 
[te] 
(c) 44 cm? (d) 48 cm? E 


> 
w 
m 
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30. Which of the following is a false statement? 
(a) A median of a triangle divides it into two triangles of equal area. 


(b) The diagonals of a ||gm divide it into four A 
triangles of equal area. 


(c) Ina AABC, if E is the midpoint of median AD 


E 
then ar(ABED) = Tar(A ABC). 
B D c 
(d) In a trap. ABCD, it is given that AB || DC D G 
and the diagonals AC and BD intersect at O. 
Then, ar(AAOB) = ar(ACOD). 
A B 


31. Which of the following is a false statement? 
(a) If the diagonals of a rhombus are 18 cm and 14 cm then its area is 
126 cm’. 
(b) Area of a ||gm = i X base X corresponding height. 
(c) A parallelogram and a rectangle on the same base and between the 
same parallels are equal in area. 
(d) If the area of a |gm with one side 24 cm and corresponding height 
h cm is 192 cm? then h = 8 cm. 
Based on Synthesis 
32. Look at the statements given below: 


I. A parallelogram and a rectangle on the same base and between the 
same parallels are equal in area. 


II. In a ||gm ABCD, it is given that AB = 10 cm. 
The altitudes DE on AB and BF on AD 
being 6 cm and 8 cm respectively, then 
AD - 7.5 cm. 


Ill. Area of a |gm = i X base X altitude. 
Which is true? 


(a) I only (b) I only (c) Land II (d) II and III 
Assertion-and-Reason Type 


Each question consists of two statements, namely, Assertion (A) and 
Reason (R). For selecting the correct answer, use the following code: 
(a) Both Assertion (A) and Reason (R) are true and Reason (R) is a 
correct explanation of Assertion (A). 
(b) Both Assertion (A) and Reason (R) are true but Reason (R) is not a 
correct explanation of Assertion (A). 


33. 


34. 


35. 


36. 


37. 
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(c) Assertion (A) is true and Reason (R) is false. 
(d) Assertion (A) is false and Reason (R) is true. 


Assertion (A) 


In a trapezium ABCD, we have 
AB || DC and the diagonals AC and 
BD intersect at O. 


Then, ar(A AOD) = ar(ABOC). 


BA 


The correct answer is: (a) /(b)/(c)/( 


Assertion (A) 


If ABCD is a rhombus whose one 
angle is 60° then the ratio of the 
lengths of its diagonals is /3 :1. 


The correct answer is: (a) /(b)/(c)/( 


Assertion (A) 


The diagonals of a ||gm divide it 
into four triangles of equal area. 


The correct answer is: (a) /(b)/(c)/( 


Assertion (A) 


The area of a trapezium whose 
parallel sides measure 25 cm and 
15 cm respectively and the distance 
between them is 6 cm, is 120 cm’. 


The correct answer is: (a)/(b)/(c)/( 


Assertion (A) 


In the given figure, ABCD is a ||gm 
in which DE L AB and BF L AD. 
If AB=16cm, DE=8cm and 
BF = 10 cm then AD is 12 cm. 

D C 


FAJ 


T 
~~ 


d). 


d). 


A E B 


Reason (R) 


Triangles on the same base and 
between the same parallels are 
equal in area. 


— 


Reason (R) 


Median of a triangle divides it 
into two triangles of equal area. 


d). 


Reason (R) 


A diagonal of a ||gm divides it into 
two triangles of equal area. 


d). 


Reason (R) 


The area of an equilateral triangle 
of side 8 cm is 16/3 cm’. 


— 


Reason (R) 
Area of a ||gm = base X height. 


The correct answer is: (a)/ (b)/(c)/(d). 
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2.(c) 3. (a) 
10. (D) 11. (a) 
18. (d) 19. (b) 
26. (c) 27. (d) 
34. (D) 35. (a) 


HINTS TO SOME SELECTED QUESTIONS 


ANSWERS (MCQ) 


4. (c) 5. (c) 6. (c) 
12. (a) 13. (b) 14. (c) 
20. (a) 21. (d) 22. (c) 
28. (c) 29. (b) 30. (d) 


36. (D) 37. (d) 


7. (d) 
15. (b) 
23. (a) 
31. (b) 


4. In right AACD, AC! = (AD? - CD”) = (17)? - (8)? = (289 - 64) = 225. 


In right AABC, BC? = AC? - AP? = (15)? - (9)? = (225 - 81) 


AC = 4225 = 15cm. 


BC = 4144 = 12cm. 


ar(quad. ABCD) = ar(AACD) + ar(A^ ABC) 


1 
2 


5. ar(trap. ABCD) = ar(sq. AECD) + ar(ACEB) 


7. ar(AOAB) = lar(gm ABCD) = G x 52) cm? = 13 cm’. 


144. 


(5 x8x15)+(5 12s] cm? = (60 +54) cm? = 114 cm?. 


(8x8) +(5 x15 x s)| cm? = (64+ 60) cm? = 124 cm?. 


8. ar(||gm ABCD) = (base X height) = AB X DL = (10 X 4) cm? = 40 cm’. 


11. ar(ABMP) = Far(igm ABPQ) = Tar(|gm ABCD). 


12. AABC has been divided into 4 triangles of equal area. 
ar(|gm AFDE) = ar(AAFE) + ar(AFED) 


13. Area of the rhombus = G xd X à) - G x12 X 16) cm! - 96 cm’. 


14. Area of the trapezium = Ix sum of parallel sides X distance between them 


15. CM? 


= 2ar(AAFE) 2 2X Tar(AABO) 


- i X ar(AABC). 


2 


2 


= {5 x (12-+8)x >t om? = 65cm’. 


13 
2 


BC'- BM? = (5 - (4 29 > CM=3cm. 


Similarly, DL = 3 cm. 
CD = DL- LM * CM = (3*7 *3) cm = 13 cm. 


ar(trap. ABCD) =|} x (7 +13) x 4| cm? = 40 cm?. 
P 2 


8. (a) 
16. (b) 
24. (d) 
32. (c) 


B 
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16. ar(quad. ABCD) = ar(AABD) + ar(ABCD) 


= (5x BD x AL)+(5 x BD x CM} 


«(bases (oes 


= (72 +56) = 128 cm? 


17. ABCD is a rhombus. So, its all sides are equal. 
Now, BC = DC 


ZBDC = ZDBC = x^ (say). 
Also, ZBCD = 60° (given). 

x° +x° + 60° = 180° 2x = 120 x — 60. 
ZBDC = ZDBC = ZBCD = 60°. 


So, ABCD is an equilateral triangle. 
<- BD = BC - a (say). 


AB! = OA! + OB? 


2 2 2.23 (Q0 2 gd 3@ 
OA? = AB! - OB! =a (5) t-72 
OA E AC (ox 34) = vss. 
AC :BD=3a:a=¥73:1. 
18. 


gm ABCD and ||gm ABFE being on the same base and between the same parallels, 
we have: 


ar(|gm ABFE) = ar(|gm ABCD) = 25 cm’. 


Let BC =a. Then, BD 


ar(ABCF) = ar(|gm ABFE) — ar(quad. EABC) = (25 - 17) cm? = 8 cm. 
19. 7 
y3 (ay 
a(ABDE 4) i l 
ar(AABC) 3 4 


EOE pp 


4 
So, the required ratio is 1 : 4. 


20. Let the distance between AB and CD be h cm. 


Then, ar(|gm APQD) = AP X h= x ABX h= Łar(|gm ABCD) 


_/1 2. 2 
=(5 x16) cm =8cm’. 
Clearly, PQRS is a rhombus whose area is 


+ x PRX SQ = 


2]. 


(5 <6 x8) em? - 24 cm? 
2 
22. Median AD divides A ABC into two triangles of equal area. 


ar(A ABD) = ar(AADC) = Tar(A ABC). 
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In AABD, median BE divides it into two A of equal area. 
ar(ABED) = ar(A ABE) = }ar(A ABD) = jar(A ABC). 
23. Median BE in AABD divides it into two A of equal area. 
ar(ABED) = Far(A ABD). 
Median CE in AACD divides it into two A of equal area. 


ar(ACED) = a 
ar(ABED) + ar(ACED) = + {ar(A ABD) +ar(AACD)} = Sar(A ABC) 


> ar(ABEC) = Far(A ABC). 
24. Median AD divides A ABC into two A of equal area. 
ar(AABD) = Zar(AABC). 
Median AE divides AABD into two A of equal area. 
ar(A ABE) = Tar(AABD) = 4ar(A ABC). 
Median OB divides AABE into two A of equal area. 
ar(ABOE) = Tar(AABE) = gar(A ABC). 


25. Area of triangle = + (area of ||gm) 


= (area of triangle) : (area of ||gm) = 1 : 2. 
27. Since in all the quadrilaterals mentioned a diagonal divides them into two triangles 
of equal area, the answer is (d). 
29. AB? = AC! - BC? = (AC? - AD”) = ((10)? - 2(/5)?) = (100 - 20) = 80 
AB = ¥80 = ¥16 X5 = 44/5 cm. 
ar(rect. ABCD) = (AB X AD) = (4/5 X 2/5) cm? = 40 cm’. 
32. Clearly I is true. 
AB X DE = (10 X 6) = 60 and (AD X BF) = (7.5 X 8) = 60. 
ILis true. 


But, III is clearly false, as we know that 
area of a |gm = base X altitude. 
33. Clearly, Reason (R) is true. 


In trapezium ABCD, we find that AABC and AABD are on the same base and between 
the same parallels. 
<. ar(AABC) = ar(A ABD) 
=>  ar(AABC) - ar(A^ AOB) = ar(A ABD) — ar(AAOB) 
>  ar(ABOC) = ar(AAOD). 
n Assertion (A) is true. And, clearly Reason (R) gives Assertion (A). 
Hence, the correct answer is (a). 


36. 


37. 
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Reason (R): Let AABC be an equilateral triangle having each side 8 cm. 
Let AD L BC. Then, D is the midpoint of BC. A 
AD? = AB’ - BD’ = (8 - 4°) = (64-16) = 48 

AD = /48 = /16 X3 = A43 cm. 8 8 


ar(A ABC) = G x8X 4/3) cm? = 1643 cm’. 
Thus, Reason (R) is true. B 4 D 4 C 
Assertion (A): Area of the trapezium = E (25 + 15) x 6} cm? = 120 cm’. 


Assertion (A) is true. 
But, Reason (R) does not give Assertion (A). 
So, the correct answer is (b). 
Reason (R) is clearly true. 
Area of gm = AB X DE = AD X BF. 
Let AD = x cm. Then, 


16X8=xxX10 > x 16X8 12.8 cm. 


But, AD is 12 cm. 

Assertion (A) is false. 
Thus, Assertion (A) is false and Reason (R) is true. 
So, the correct answer is (d). 


REVIEW OF FACTS AND FORMULAE 
(i) Area of a ||gm = (base X height). 
(ii) Area of a triangle = (5 X base X height) à 
(iii) Area of a trapezium 


= I X (sum of parallel sides) X (distance between them). 


(iv) Area of a rhombus = 1 x product of diagonals. 


(i) Parallelograms on the same base and between the same parallels 
are equal in area. 


(ii) A parallelogram and a rectangle on the same base and between the 
same parallels are equal in area. 


(i) Triangles on the same base and between the same parallels are 
equal in area. 


(ii) If a triangle and a ||gm are on the same base and between the same 
parallels then 


(area of triangle) — 1 X (area of the || gm). 
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4. 


5. 
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(i) A diagonal of a ||gm divides it into two triangles D Ç 
of equal area. 
In ||gm ABCD, we have 
ar(AABC) = ar(AACD). A 


(ii) The diagonals of a ||gm divide it into four triangles 
of equal area. Therefore, 


D 


ar(A AOB) = ar(ACOD) = ar(A AOD) = ar(^BOC). [X1 


(i) A median AD of a AABC divides it into two 
triangles of equal area. Therefore, 
ar(^ ABD) = ar(A ACD). 


(ii) If the medians of a AABC intersect at G then 


A 
ar(A AGB) = ar(^AGC) = ar(ABGC) = Lar(^ABO. | | 
F E 


Circles 


NG 


CIRCLE A circle is the locus of a point which moves in a 
plane in such a way that its distance from a given fixed 
point is always constant. 


The fixed point is called the centre and the 
constant distance is called the radius of the circle. 


A circle with centre O and radius r is denoted by 
C(O, r). 
TERMS RELATED TO A CIRCLE 


RADIUS A line segment joining the centre and a point on 
the circle is called its radius. 


The plural of radius is radii. 


In the given figure, OA and OB are radii of circle 
C(O, r). 


CIRCUMFERENCE The perimeter of a circle is called its circumference. 


Circumference = 2nr. 


CHORD A chord of a circle is a line segment joining any 
two points on the circle. 

In the given figure, PQ, RS and AOB are the 
chords of a circle with centre O. 


DIAMETER A diameter is a chord of a circle passing 
through the centre of the circle. 


Thus, AOB is a diameter of a circle with centre O. 
A diameter is the longest chord of a circle. 
Diameter = 2 X radius. 


SECANT A line which intersects a circle in 
two distinct points is called a secant of 


the circle. 

In the given figure, the line / cuts B 
the circle in two points A and B. So, l is a kt 
secant of the circle. l 
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TANGENT A line that intersects the circle 
in exactly one point is called a tangent to 


the circle. 
O° 
The point at which the tangent meets 
the circle is called its point of contact. 
In the given figure, SPT is the tangent «— -— 
S P T 


to the circle at the point P. 


POSITION OF A POINT WITH RESPECT TO A CIRCLE 
A point P is said to lie 
(i) inside the circle C(O, r) if OP <r, 
(ii) on the circle C(O, r) if OP =r, 
(iii) outside the circle C(O, r) if OP >r. 


GOGO 


(ii) (iii) 

INTERIOR OFACIRCLE The region consisting of all points lying on the circumference 
of a circle and inside it is called the interior of the circle. 

Thus, a point P lies in the interior of a circle C(O, r) if OP € r. 
EXTERIOR OF ACIRCLE The region consisting of all points lying outside a circle is 
called the exterior of the circle. 

Thus, a point P lies in the exterior of a circle 
C(O, r) if OP » r. 


CIRCULAR REGION The region consisting of all points 
which are either on the circle or lie inside the circle is 
called the circular region or circular disc. 


CONCENTRIC CIRCLES Circles which have the same B 
centre and different radii are called concentric circles. 
In the given figure, C(O, r) and C(O, R) are PX 
A 


concentric circles having the same centre O but 
different radii r and R respectively. 
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ARC OFACIRCLE A continuous piece of a circle is called an 
arc of the circle. 


Let A, B be two points on a circle C(O, r). Here, the 
whole circle has been divided into two pieces, namely, 
arc ACB and arc BDA. 


We may denote them by ACB and BDA 
respectively or simply by BA and BA respectively. 
DEGREE MEASURE OF AN ARC 
Let AB be an arc of a circle with centre O. If ZAOB = 0° 
then degree measure of AB-60* And, we write, 
m(AB) = 0°. 

Thus, m(AB) = 6° > ZAOB = 6°. 

If m(AB) = 0° then m(BA) = (360 - 6)’. 

Degree measure of a circle is 360°. 

CONGRUENT ARCS Two arcs AB and CD of a circle are said 
to be congruent if they have the same degree measures. 
AB =CD > m(AB)=m(CD) 
= ZABO - ZCOD. 


SEMICIRCLE A diameter of a circle divides it into two 


lE 
[e 
equal arcs. Each of these two arcs is called a semicircle. 
In the given figure, BCA and BDA are two 
semicircles. A B 
The degree measure of a semicircle is 180°. 
D 


MINOR AND MAJOR ARCS OF A CIRCLE 


If the length of an arc is less Major arc 
than the length of the arc of the Q 
semicircle then it is called a minor 
arc. Otherwise, it is a major arc. o: 

In Fig. (i), APB is a minor 
arc, since (APB) is less than à E ^H B 
the length of the semicircle. In Seea 
Fig. (ii), AQB is a major arc, 
its length being more than the 
length of the semicircle. 


Minor arc 


(i) (ii) 
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SEGMENT OF A CIRCLE The part of the circular region Q 
bounded by an arc and a chord, including the arc and the 
chord, is called a segment of the circle. 


Major segment 


The segment containing the minor arc is called 
the minor segment. Thus, APBA is the minor segment 
of the circle C(O, r). The segment containing the 
major arc is called the major segment. p 


Minor segment 


ALTERNATE SEGMENTS OF A CIRCLE The minor and major segments of a circle are 
called the alternate segments of the circle. 


SECTOR OF ACIRCLE The region enclosed by an arc of a 
circle and its two bounding radii is called a sector of the 
circle. 

Thus, in the adjoining figure, OABO is the 
sector of the circle C(O, r). N 4 
QUADRANT OF A CIRCLE One fourth of a circle is called a 
quadrant. 

Thus, in the adjoining figure, OBCO is a O r jg 
quadrant of the circle C(O, r). 

r 


CONGRUENT CIRCLES Two circles C(O, r) and C(O’, s) are said to be congruent 
only when r =s. 


CYCLIC QUADRILATERAL A quadrilateral ABCD is said to 
be cyclic if all its vertices lie on a circle. Points lying on a 
circle are said to be concyclic. 


In the given figure, ABCD is a cyclic 
quadrilateral and hence the points A, B, C, D are 
concyclic. 


CONGRUENCY OF CIRCLES 


D 
Je 
in. 
THEOREM! Two circles are 
congruent if and 
only if they have 
equal radii. 
PROOF Let C(O, r) and C(O’, s) 
be two circles. 


[um 
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Let the circle C(O’, s) be placed on the circle C(O, r) so that O’ 
coincides with O. 


Then, clearly C(O’, s) will cover C(O, r) completely only when r = s. 


Hence, the two circles will be congruent if and only if they have 
equal radii. 


CHORD PROPERTIES OF CIRCLES 

THEOREM2 Equal chords of a circle subtend equal angles at the centre. 
GIVEN A circle C(O, r) in which chord AB = chord CD. 

TOPROVE ZAOB = ZCOD. 

PROOF In AAOB and ACOD, we have A 


OA-OC [each equal tor] 
OB-OD [each equal tor] 


AB=CD [given] c pue 2 
AAOB=ACOD [by SSS-congruence]. Sess 


Hence, ZAOB = ZCOD. 
THEOREM3 (Converse of Theorem 2) If the angles subtended by two chords at 
the centre of a circle are equal then the chords are equal. 
GIVEN A circle C(O, r) in which AB and CD are the chords such that 
ZAOB = ZCOD. 


TOPROVE AB=CD. 
PROOF In AAOB and ACOD, we have DY 
OA=OC _ [each equal tor] Aw 
OB-OD [each equal tor] C VN 
ZAOB -ZCOD [given] Ss 
AAOB = ACOD [by SAS-congruence]. 
Hence, AB- CD  [c.p.c.t.]. 
THEOREM4 If two arcs of a circle are congruent then the corresponding chords 
are equal. 
GIVEN A circle C(O, r) in which AB =CD. 
TOPROVE Chord AB = chord CD. 
PROOF Case! When AB and CD are minor arcs 
Join OA, OB, OC and OD. 
In AAOB and ACOD, we have 
OA-OC [each equal tor] 
OB-OD [each equal tor] 
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ZAOB = ZCOD 
[- AB ZCD > m(AB)=m(CD) > ZAOB=ZCOD] 
AAOBZACOD [by SAS-congruence]. 
Hence, AB = CD [c.p.c.t.]. 


Casell When AB and CD are major arcs 
In this case, BA and DC are minor arcs. 
AB =CD > BA=DC > BA-DC  [Casel] 
> AB=CD. 
Hence, in both the cases, we have AB = CD. 


THEOREM5 (Converse of Theorem 4) If two chords of a circle are equal then their 


corresponding arcs (semicircular, minor or major) are congruent. 


GIVEN. A circle C(O, r) in which chord AB = chord CD. 


To PRovE AB X CD, where both AB and CD are D 


either semicircular, minor or major arcs. 


PROOF 


> 


Casel When AB and CD are diameters 
In this case, AB and CD are semicircles with 
the same radii. So, AB = CD. 


Thus, AB = CD > AB = CD. 


Casell When chord AB = chord CD, where AB and CD are minor arcs 
Join OA, OB, OC and OD. 
In AAOB and ACOD, we have 
AB = CD [given] 
OA=OC [each equal tor] 
OB=OD [each equal tor] 
^«^ | AAOB = ACOD. 
So, AOB = ZCOD. 
Now, ZAOB=ZCOD > m(AB) » m(CD) 
> ABD. 


Caselll When chord AB = chord CD, where AB and CD are major arcs 


In this case, BA and DC are minor arcs. 
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AB=CD > BASDC 
> BA =DC 
> m(BA) = m(DC) 
> 360° -m(AB) = 360° - m(DC) 
> m(AB)=m(CD) 
> AB =CD. 
Hence, in all the cases, AB = CD > AB x CD. 


THEOREM6 The perpendicular from the centre of a circle to a chord bisects 
the chord. 
GIVEN. A chord AB of a circle C(O, r) and OL L AB. 
TOPROVE LA =LB. 
CONSTRUCTION Join OA and OB. 
PROOF In the right AOLA and OLB, we have 
OA = OB [each equal to r] 
OL = OL [common] 
AOLA = AOLB [by RHS-congruence]. 
Hence, LA = LB. 


THEOREM7 (Converse of Theorem 6) The line drawn through the centre of a 
circle to bisect a chord is perpendicular to the chord. 


GIVEN. M is the midpoint of the chord AB of a circle C(O, r). 
TOPROVE OM L AB. 
CONSTRUCTION Join OA and OB. 
PROOF In AOMA and AOMB, we have 
OA = OB [each equal to r] 
OM=OM__ [common] à A 
MA-MB [given] DES 
AOMA X ^OMB [by SSS-congruence]. 
à ZOMA = ZOMB  [c.p.c.t.]. 
But, LOMA + ZOMB = 180° [linear-pair axiom]. 
«^ OMA = ZOMB = 90°. 
Hence, OM AB. 
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COROLLARY The perpendicular bisectors of two chords of a circle intersect at 
its centre. 


GIVEN AB and CD are two chords of a circle C(O, r) 
and let the perpendicular bisectors O' E and O'F of AB 
and CD respectively meet at O’. 


TOPROVE O’ coincides with O. 
CONSTRUCTION join OE and OF. 


PROOF E is the midpoint of chord AB 
^ OELAB 
= OE is the perpendicular bisector of AB 
= OE as well as O'E is the perpendicular bisector of AB 
=  O’Elies along OE. 
Similarly, F is the midpoint of chord CD 
= OFLCD 
= OF is the perpendicular bisector of CD 
= OF as well as O'F is the perpendicular bisector of CD 
=  O’'F lies along OF. 
Thus, O’E lies along OE and O’F lies along OF 


= the point of intersection of O'E and O’F coincides with the 
point of intersection of OE and OF 


> O coincides with O. 
Hence, the perpendicular bisectors of AB and CD intersect at O. 
THEOREM8 Equal chords of a circle are equidistant from the centre. 


GIVEN A circle C(O, r) in which chord AB = chord CD, OL L AB and 
OM LCD. 


TOPROVE OL=OM. 
CONSTRUCTION Join OA and OC. 


PROOF We know that the perpendicular from the 
centre of a circle to a chord bisects the chord. 


AL=5AB and cM=5CD 


AB-CD > 5AB=4CD > AL=CM. (i) 


Now, in the right AOLA and OMC, we have 
AL=CM [from (i)] 
OA=OC _ [each equal tor] 
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AOLA = AOMC [by RHS-congruence]. 

So, OL=OM. 

Hence, AB and CD are equidistant from O. 
THEOREM 9 The chords of a circle which are equidistant from the centre are equal. 
GIVEN AB and CD are two chords of a circle C(O, r); OL L AB and 

OM 1 CD such that OL = OM. 
TOPROVE AB=CD. 
CONSTRUCTION Join OA and OC. 


PROOF We know that the perpendicular from the 
centre of a circle to a chord bisects the chord. 


AL = SAB and CM= tcp. 


Now, in the right A OLA and OMC, we have 
OA-OC  [eachequal tor] 
OL-OM [given] 
AOLA = AOMC [by RHS-congruence]. 
AL - CM > 2AL=2CM 
> AB-CD [- AL= LAB, CM- 1c]. 
Hence, AB = CD. 
THEOREM 10 There is one and only one circle passing through three given 
noncollinear points. 


GIVEN Three noncollinear points A, B, C. 


TOPROVE There is one and only one circle 
passing through A, B, C. 

CONSTRUCTION Join AB and BC. Draw the 
perpendicular bisectors PQ and RS of AB and BC 
respectively. Let PQ and RS intersect at O. 

Join OA, OB and OC. 


PROOF Since O lies on the perpendicular bisector of AB, we have 


OA - OB. e (i) 
Again, O lies on the perpendicular bisector of BC. 
OB - OC. «= (ii) 


Thus, OA = OB = OC =r (say) [from (i) and (ii)]. 


With O as centre and radius r draw a circle C(O, r). 
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Clearly, C(O, r) passes through A, B and C. 
We shall show that this is the only circle passing through A, B, C. 


If possible, let there be another circle C(O’, s), passing through the 
points A, B, C. 


Then, O’ will lie on the perpendicular bisectors PQ and RS of AB 
and BC respectively. Also, PQ and RS intersect at O. 


Since two lines cannot intersect at more than one point, so O' must 
coincide with O. 


Since OA = r, O'A = s and O coincides with O’, we must have r = s. 
C(O, r) = C(O', s). 


Hence, there is one and only one circle, passing through three 
noncollinear points A, B, C. 


THEOREM 11 Of any two chords of a circle, show that the one which is larger is 


GIVEN AB and CD are two chords of a circle C(O, r) 
such that AB > CD. Also, OE L AB and OF L CD. 


TOPROVE OE « OF. 
CONSTRUCTION join OA and OC. 


PROOF 


nearer to the centre. 


We know that the perpendicular from the 
centre of a circle to a chord bisects the chord. 


AE= JAB 
.. (i) 

and CF= 5 CD. 
Also, OA = OC = r. ... (ii) 


And, AB» CD > CD« AB > 1CD «TAB 
> CF«AE ... (iii) [from (1)]. 
Now, from the right A OEA and OFC, we have 
OA? = OE?+AE* and OC?- OP?« CP? 


>  OEF?+ AE* = OF*+CF? [- OA=OC = OA?=O0C’] 
> OE? + AE? < OF? + AE? [using (iii)] 
=> OF?<OF 

> OE<OF 
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= (distance of AB from O) < (distance of CD from O) 
= AB is nearer to the centre. 
THEOREM 12. Of any two chords of a circle, show that the one which is nearer to the 
centre is longer. 


GIVEN Two chords AB and CD of a circle C(O, r), 
OE L AB and OF L CD such that OE < OF. 


TOPROVE AB» CD. 
CONSTRUCTION Join OA and OC. 


PROOF We know that the perpendicular from 
the centre of a circle to a chord bisects 


the chord. 

AE = AB 

1 .. (i) 

and CF= 5 CD. 
Also, OA = OC = r. ... (ii) 
And, OE < OF > OF > OE => OF > OE’. ss (iii) 
Now, from the right A OEA and OFC, we have 

OA? = OEF?+ AE? and OC? = OF*+CF* 
=> OE? +AE? = OF?+ CF [* OA = OC =r] 
=>  OEF?+ AE? = OF? +CF > OE? + CP? [using (iii)] 


>  AE?>CF 


y 


1 ? [1 2 ; 
(545) +(5CD) [from (i)] 
=> AB?» CD? > AB>CD. 
Hence, AB > CD. 


SOME RESULTS ON CONGRUENT CIRCLES 


THEOREM 13 If two arcs of congruent circles are congruent then the corresponding 
chords are equal. 

GIVEN Two congruent circles 

C(O, r) and C(O',r) in which 

AB = CD. 

TOPROVE AB=CD. 
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CONSTRUCTION Draw line segments OA, OB, O’C and O'D. 
PROOF Casel When AB and CD are minor arcs 
In AAOB and ACO’D, we have 
OA =O’C=r 
OB-O'D-r 


ZAOB-ZCO'D [- AB=CD > ZAOB-ZCO'D] 


à AAOB = ACO'D [by SAS-congruence]. 
Hence, AB = CD. 


Casell When AB and CD are major arcs 


In this case, BA and DC are minor arcs. 


AB =CD > BA=DC > BA=DC [from Case I] 


=> AB=CD. 
Hence, AB = CD. 


THEOREM 14 If two chords of congruent circles are equal then the corresponding 


arcs (minor, major or semicircular) are congruent. 
GIVEN. Two congruent circles C(O, r) and C(O’, r) in which 
chord AB = chord CD. 


TopROvVE AB=CD , Where both AB and CD are either minor arcs, major 


arcs or semicircles. 


CONSTRUCTION If AB and CD are not diameters, draw line segments OA, 


OB, O'C and O'D. 


PROOF Casel When AB and CD are minor arcs 


A B os ge D 

In AAOB and ACO’D, we have 

OA -O'C [each equal tor] 

OB-O'D [each equal tor] 

AB = CD [given] 

AAOB = ACO’D [by SSS-congruence]. 
a ZAOB-ZCO'D  [cp.ct.] 
2  m(AB)zm(CD) 
> ABCD, 
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Casell When AB and CD are major arcs 


In this case, BA and DC will be minor arcs. 
AB=CD  BA-DC 


> m(BA)=m(DC) 

=> 360° - m(BA) = 360° - m(DC) 
> m(AB)=m(DC) 

> AB =CD, 


Caselll When AB and CD are semicircles 


In this case, AB and CD are semicircles of equal radii and so they 
are congruent. 


Hence, in all the cases, we have AB x CD. 


THEOREM 15 Equal chords of congruent circles are equidistant from the 


corresponding centres. 


GIVEN. Two congruent circles C(O, r) and C(O’, r) in which 


chord AB = chord CD; OL L AB and O'M L CD. 


TOPROVE OL-O'M. 
CONSTRUCTION Join OA and O’C. 


PROOF 


We know that the 
perpendicular from the "d a 
centre of a circle to a , 4 B œ a 5 
chord bisects the chord. DL. Neo Mer 
AL-lAB, and 
zd 
CM = 2 CD. 
Now, AB- CD > $AB-iCD 


> AL=CM. .. (i) 
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From the right A OLA and O'MC, we have 
OA -O'C [each equal to r] 
AL=CM [from (i)] 
AOLA = AO’MC [by RHS-congruence]. 
Hence, OL- O'M |[c.p.c..]. 
Thus, AB and CD are equidistant from O and O' respectively. 
THEOREM 16 Chords of congruent circles which are equidistant from the 
corresponding centres are equal. 


GIVEN Two congruent circles C(O, r) and C(O’, r), having chords AB and 
CD respectively; OL L AB and O'M 1 CD such that OL = O'M. 


TOPROVE AB - CD. 
CONSTRUCTION Join OA and O’C. 
PROOF From AOLA and AO'MC, we have 
OL-O'M [given] 
OA-O'C [each equal tor] 
ZOLA = ZO’ MC = 90° 
AOLA = AO'MC [by RHS-congruence]. 
AL-CM — [c.p.c.t.] 


> 2AL=2CM > AB=CD [* AL - iAB, CM - CD]. 


THEOREM 17 Equal chords of congruent circles subtend equal angles at the centre. 


GIVEN Two congruent circles C(O, r) and C(O’, r) which have chords AB 
and CD respectively such that AB = CD. 
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TOPROVE ZAOB - ZCO'D. 
PROOF From AAOB and ACO'D, we have 
AB = CD [given] 
OA-O'C [each equal tor] 
OB-O'D [each equal to r] 
ne AAOB = ACO'D. [by SSS-congruence] 
^  ZAOB-ZCO'D |[cpct]. 
THEOREM 18 If the angles subtended by the two chords of congruent circles at the 
corresponding centres are equal then the chords are equal. 


GIVEN. Two congruent circles C(O, r) and C(O’, r) which have chords AB 
and CD respectively such that ZAOB = ZCO'D. 


TOPROVE AB - CD. 
PROOF In AAOB and ACO’D, we have 
OA-O'C [each equal tor] 
OB-O'D [each equal to r] 
ZAOB -ZCO'D [given] 
AAOBZACO'D [by SAS-congruence]. 
Hence, AB = CD [c.p.c.t.]. 


SOLVED EXAMPLES 


EXAMPLE 1 The radius of a circle is 18 cm and the length of one of its chords is 
10 cm. Find the distance of the chord from the centre. 


SOLUTION Let AB bea chord of the given circle with centre O and radius 


13 cm. 
Then, OA = 13 cm and AB = 10 cm. 
From O, draw OL AB. 


We know that the perpendicular from 
the centre of a circle to a chord bisects 
the chord. “A 


AL = 5 AB =(5 x 10) em - 5 cm. A" B UP 
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EXAMPLE 2 


SOLUTION 


EXAMPLE 3 


SOLUTION 
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From the right AOLA, we have 

OA? = OL? + AL? 

OP? = OA? - AP? = [(13)*— (5?] cm? = 144 cm’. 
2 OL=/144 cm =12 cm. 


Hence, the distance of the chord from the centre is 12 cm. 


Find the length of a chord which is at a distance of 8 cm from the 
centre of a circle of radius 17 cm. 


Let AB be a chord of a circle with centre O 
and radius 17 cm. 


Draw OL L AB. Join OA. 
Then, OL = 8 cm and OA = 17 cm. 
From the right AOLA, we have 
OA? = OL’ + AL? 
> AL’ =OA?-OL =[(17)?-(8)7] cm? 
= (17 + 8)(17 - 8) cm? = 225 cm? 
> AL = /225 cm = 15cm. 


Since the perpendicular from the centre of a circle to a chord 
bisects the chord, we have 


AB =2X AL = (2X15) cm = 30 cm. 


AB and CD are two parallel chords of a circle which are on opposite 
sides of the centre such that AB — 10 cm, CD - 24 cm and the 
distance between AB and CD is 17 cm. Find the radius of the circle. 


Let AB and CD be two chords of a circle C(O, r) such that 
AB || CD. Also, AB = 10 cm and CD = 24 cm. 

Draw OL L AB and OM L CD. 

Join OA and OC. 

Then, OA = OC =r cm. 

Since OL.LAB and OM LCD and 
AB || CD, the points L, O, M are collinear. 


LM = 17 cm. 
Let OL 7 x cm. Then, OM - (17 - x) cm. 


Since the perpendicular from the centre of a circle to a chord 
bisects the chord, we have 


AL= SAB = (5 x10) ines d 
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2lep.(l = 
CM=5CD =(5%24)cm 12 cm. 


From the right AOLA, we have 


OA? =OP +AP > 7? =x?+(5)?. s) 
From the right AOMC, we have 
OC? = OM? + CM? > r =(17 - x)? +(12}°. ... (ii) 


From (i) and (ii), we get 
x? + (5)? = (17 - x)? + (12)? 
e 7x74+25=x7-34x + 433 
34x = 408 x=12. 
Putting x = 12 in (i), we get 7? 2 169 > r=13. 


Hence, the radius of the circle is 13 cm. 


EXAMPLE 4 In the given figure, AB and CD are two 
parallel chords of a circle with centre O 
and radius 5 cm such that AB = 8 cm and = 
CD=6 cm. If OP L AB and OQ 1 CD, zl 
determine the length PQ. d 


SOLUTION We know that the perpendicular from 
the centre of a circle to a chord bisects 
the chord. 


21 4p-(l = 
AP - AB (5 <8)cm 4cm, 


CQ - $CD =(5 x 6) cm - 3 cm. 


Join OA and OC. 
Then, OA = OC = 5cm. 
From the right-angled AOPA, we have 

OP? = OA? - AP? = [(5)? - (4)7] cm? = 9 cm? 
> OP=3cm. 
From the right-angled AOQC, we have 

OQ? = OC? - CQ? = [(5)? - (3)?] cm? = 16 cm? 
=> OQ=4cm. 


Since OP L AB, OQ L CD and AB||CD, the points P, O, Q are 
collinear. 


PQ-OP-*OQ-(3-*4)cm =7 cm. 
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EXAMPLE 5 


SOLUTION 


EXAMPLE 6 


SOLUTION 
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In the given figure, AB and CD are two 
parallel chords of a circle with centre O 
and radius 5 cm such that AB — 6 cm and 
CD = 8 cm. 

If OP L AB and OQ LCD, determine the 
length of PQ. 

Since OP L AB, OQ L CD and AB ||CD, 
the points O, Q, P are collinear. 


We know that the perpendicular from the centre of a circle to 
a chord bisects the chord. 


elamell Z 
AP - 5AB - (5 x 6) cm 3cm, 


CQ - $CD =(5 x8) cm - 4 cm. 
Join OA and OC. 
Then, OA = OC 2» 5 cm. 
From the right AOPA, we have 
OP? = OA? - AP? = [(5)? - (3?] cm? = 16 cm? 
=> OP=4cm. 
From the right AOQC, we have 
OQ? = OC? - CQ? = [(5)? - (4)?] cm? = 9 cm? 
> OQ=3cm. 
PQ=OP-OQ=(4-3)cm=1cm. 


Two chords AB and AC of a circle are equal. Prove that the centre of 
the circle lies on the angle bisector of ZBAC. 

GIVEN AB and AC are two equal chords of a circle C(O, r) and 
AD is the bisector of ZBAC. B 

TOPROVE O lies on AD. 

CONSTRUCTION Join BC, meeting AD at M. 

PROOF In ABAM and ACAM, we have 


AB-AC [given] A 
ZBAM = ZCAM [given] Ar 
AM =AM_ [common] G 
ABAM = ACAM [by SAS-congruence] 
> BM=CM and ZBMA-ZCMA [c.p.c.t.] 
> BM=CM and ZBMA = ZCMA = 90° 
[^ ZBMA + ZCMA = 180° and ZBMA = ZCMA 
> ZBMA=ZCMA = 90°] 
= AM is the perpendicular bisector of chord BC 


EXAMPLE 7 


SOLUTION 


EXAMPLE 8 


SOLUTION 
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= AD is the perpendicular bisector of the chord BC. 
But, the perpendicular bisector of a chord always passes 
through the centre of the circle. 

AD passes through the centre O of the circle 
= O lies on AD. 
If two circles intersect in two points, prove that the line through their 
centres is the perpendicular bisector of the common chord. 


GIVEN Two circles C(O, r) and C(O’, s) intersecting at points 
A and B. 


TO PROVE OO?’ is the perpendicular A 

bisector of AB. 4) 

CONSTRUCTION Draw line 

segments OA, OB, O'A and O'B. V 
B 


Let OO' and AB intersect at M. 
PROOF In AOAO’ and AOBO’, we have 
OA = OB [each equal to r] 
O'A - O'B [each equal to s] 
OO’ = OC" [common] 
AOAO’ = AOBO’ [by SSS-congruence] 


> ZAOO'-ZBOO' 

=> ZAOM=2ZBOM ... (i) 
[^ ZAOO’ = ZAOM and ZBOO' = ZBOM]. 

In AAOM and ABOM, we have 


OA -OB [each equal tor] 

ZAOM = ZBOM [from (i)] 

OM =OM_ [common] 
«^  AAOM = ABOM [by SAS-congruence] 
= AM=BM and ZAMO-zBMO 
> AM=BM and ZAMO=2ZBMO = 90° 

[^ ZAMO + ZBMO = 180° and ZAMO = ZBMO] 

= OO’ is the perpendicular bisector of AB. 
Two chords AB and CD of a circle are parallel $ 
and a line l is the perpendicular bisector of 
AB. Show that I bisects CD. 
We know that the perpendicular bisector 
of any chord of a circle always passes o 
through its centre. 


O 
[e] 


> 
[v] 


Since | is the perpendicular bisector of 
AB, | passes through the centre O of the 
circle. 
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EXAMPLE 9 


SOLUTION 


EXAMPLE 10 


SOLUTION 
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Now, lL AB and AB||CD > 1 LCD. 
Thus, | -L CD and passes through the centre of the circle. 


But, the perpendicular from the centre of a circle to a chord 
bisects the chord. 


1 must bisect the chord CD. 


If a diameter of a circle bisects each of the two chords of the circle, 
prove that the chords are parallel. 


Let AB and CD be two chords of a circle P 
C(O, r). 
A B 
Let PQ be a diameter, bisecting chords L 
AB and CD at L and M respectively. o 
Since PQ is a diameter of the circle, it M 
passes through the centre O. 9 p 
Now, L is the midpoint of AB. Q 


We know that the line joining the centre of a circle to the 
midpoint of a chord is perpendicular to the chord. 


OL L AB 

=> ZALO=90°. 

Similarly, ZDMO = 90°. 
ZALO = ZDMO. 

But, these are alternate angles. 
AB | CD. 


Prove that the line joining the midpoints of two parallel chords of a 
circle passes through the centre of the circle. 


GIVEN. Land M are the midpoints of two 


parallel chords AB and CD respectively — C M D 
of a circle C(O, r). 

TOPROVE LOM is a straight line. EON is 
CONSTRUCTION Join OL, OM and draw 2 i B 


OE | AB||CD. 


PROOF We know that the line joining the centre of a circle to 
the midpoint of a chord is perpendicular to the chord. 


OLL AB and OM LCD. 
Now, OL | AB and AB||OE > OL L OE 
> ZEOL = 90°. 
OM 1 CD and CD||OE > OM LOE 
=> ZEOM = 90°. 
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ZEOL * ZEOM = 180°. 


Hence, LOM is a straight line. 


EXAMPLE 11 


SOLUTION 


EXAMPLE 12 


SOLUTION 


Prove that the perpendicular bisector of the chord of a circle always 
passes through its centre. 


Let DE be the perpendicular bisector of E 
the given chord AB of a circle C(O, r). 
Then, AD = DB and ZADE = 90°. ... (i) 


Now, we have to show that DE passes 
through O. 


If possible, suppose DE does not pass ~~ MU 


through O. Join OD. 
We know that the line joining the centre of a circle to the 
midpoint of a chord is always perpendicular to the chord. 

OD L AB > ZADO - 90*. s (ii) 
From (i) and (ii), we get ZADE = ZADO. 
This is a contradiction, since ZADO is a part of LADE. 
The contradiction arises by assuming that DE does not pass 
through O. 
Hence, DE must pass through O. 
Prove that the right bisector of a chord of a circle bisects the 
corresponding minor arc of the circle. 
Let AB be a chord of a circle C(O, r). 
Let PQ be the right bisector of a chord AB, intersecting it at L 
and the circle at P and Q. 
Since the right bisector of a chord always passes through the 
centre of the circle, PO must pass through O. 
Join OA and OB. 
In AOLA and AOLB, we have 
OA = OB [each equal to r] 
ZALO=ZBLO [each equal to 90°] 
OL = OL [common] 
AOLA = AOLB 
ZAOL = ZBOL 
ZAOP = ZBOP P 


m(AP ) =m(BP) 

AP = BP. 

NOTE The right bisector of a chord also bisects the 
corresponding major arc. 


Vou vd: 
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EXAMPLE 13 


SOLUTION 


EXAMPLE 14 


SOLUTION 
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The given figure shows two 
concentric circles whose common 
centre is O. l is a line intersecting 
these circles at the points A, B, C 
and D. Show that AB = CD. ANB 


Draw OL L1. 

We know that the perpendicular from the centre of a circle to 
a chord bisects the chord. 

Now, BC is a chord of the smaller circle and OL L BC. 


tro 


>| 


C/D 


BL=LC. ^ (i) 
Again, AD is a chord of the bigger circle and OL AD. 
AL =LD. -.. (ii) 


Subtracting (i) from (ii), we get 
(AL- BL) - (LD- LC) ^ AB=CD. 


In the given figure, two equal 
chords AB and CD of a circle 
C(O, r) when produced meet 


A 


at a point E. F 
Prove that (i) BE = DE 
(ii) AE = CE. 

Join OE. 
Draw OL L AB and OM | CD. 
We know that equal chords of a circle are equidistant from 
the centre. 

OL = OM. 
In the right A OLE and OME, we have 

OL = OM 

OE = OE [common] 

AOLE = AOME [by RHS-congruence] 
> LE=ME ..() lepeti 
Also, AB- CD > 1AB- iCD 


> BL=DM. ... (ii) 
On subtracting (ii) from (i), we get 
LE- BL- ME- DM => BE- DE. [Part (i) proved] 
Now, AB = CD and BE = DE 
> AB+BE=CD+DE 


EXAMPLE 15 


SOLUTION 


EXAMPLE 16 


SOLUTION 


EXAMPLE 17 


SOLUTION 
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> AE=CE. 
Hence,BE=DE and AE=CE. 
Two circles whose centres are O and O' intersect at P. Through P, a 


line | parallel to OO’, intersecting the circles at C and D, is drawn. 
Prove that CD = 200’. 


Draw OA Ll and O'B L1. 
OA LI 
> OALCP 
> CA=AP 
=> CP=2AP. ... (i) 
Again, O'B L1 
> O’BLPD 
> PB=BD 
=> PD=2PB. ... (ii) 
« CD=CP+PD=2(AP + PB) = 2AB = 20Q' 


[from (i) and (ii)]. 


If two chords of a circle are equally inclined to the diameter through 

their point of intersection, prove that the chords are equal. 

GIVEN Two chords AB and AC of a circle C(O, r) and AOD isa 

diameter such that ZOAB = ZOAC. 

TOPROVE AB=AC. 

CONSTRUCTION. Draw OL | AB and OM L AC. 

PROOF In AOLA and AOMA, we have 
ZOLA = ZOMA [each equal to 90°] 


OA=OA [common] 
ZOAL = ZOAM [given]. 
<. AOLA & AOMA 
= OL-OM 
= chords AB and AC are equidistant from O 
> AB=AC. 


Prove that a diameter is the longest chord in a circle. 

GIVEN. A circle C(O, r) in which AB is a diameter and CD is 
any other chord. 

TOPROVE AB>CD. 


PROOF Clearly, the diameter AB is nearer to the centre than 
any other chord CD. 
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EXAMPLE 18 


SOLUTION 


EXAMPLE 19 


SOLUTION 
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But, of any two chords of a circle, the one D 

which is nearer to the centre is longer. B 
AB » CD. 

Thus, AB is longer than every other 6 

chord. 

Hence, a diameter is the longest chord in ^ 

a circle. C 


Prove that of all chords of a circle through a given point within it, the 
shortest is the one which is bisected at that point. 
GIVEN A circle C(O, r) and a point M 
within it; AB is a chord with midpoint 
M and CD is another chord through M. D 
ToPROVE AB «CD. 
CONSTRUCTION Join OM and draw AU 
ON LCD. c 

PROOF In the right AONM, OM is the hypotenuse. 

ON < OM 
= chord CD is nearer to O than chord AB. 
We know that, of any two chords of a circle, the one which is 
nearer to the centre is longer. 

CD » AB. 
Hence, AB « CD. 
Thus, of all chords through M, the shortest is the one which is 
bisected at M. 


Prove that the line joining the midpoints of two equal chords of a 
circle subtends equal angles with the chords. 
GIVEN. Two equal chords AB and CD of 
a circle C(O, r) which have E and F as 
their midpoints respectively. 
TOPROVE ZAEF -ZCFE, and 
ZBEF = ZDFE. 

CONSTRUCTION join OE and OF. 
PROOF We know that the line joining the centre of a circle to 
the midpoint of a chord is perpendicular to the chord. 

OELAB and OF.CD. 
Now, since AB and CD are equal chords, they must be 
equidistant from the centre. 

OE - OF. 


EXAMPLE 20 


SOLUTION 


EXAMPLE 21 


SOLUTION 


EXAMPLE 22 
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Now, in AOEF, we have 
OE=OF => ZOEF = ZOFE 
=> 90° —- ZOEF = 90° - ZOFE 
and 90° + ZOEF = 90° + ZOFE 
=> ZAEF=ZCFE and ZBEF = ZDFE. 


In the given figure, L and M are the midpoints 
of two equal chords AB and CD of a circle 
C(O, r). 
Prove that (i) ZOLM = ZOML 
(ii) LALM = ZCML. 
PROOF Since L is the midpoint of chord 
AB, we have OL L AB. 
Again, M is the midpoint of chord CD. 
OM LCD. 
But, equal chords of a circle are equidistant from the centre. 
AB=CD > OL=OM 
= ZOLM = ZOML. s (i) 
Now, ZALM = ZOLA - ZOLM = 90° - ZOLM 
ZCML = ZOMC - ZOML = 90° - ZOML. 
But, ZOLM = ZOML [from (i)]. 
ZALM = ZCML. 


In the given figure, O is the centre of a circle 
C(O, r) and PO bisects ZAPC. Prove that 


AB =CD. A c 
Draw OE L AB and OF L CD. 
Now, in AOEP and AOFP, we have x s 
ZOEP -ZOFP [each equal to 90°] VARS 
ZOPE-ZOPF [given] 
OP = OP [common] 
.. AOEPZX AOFP  [AAS-congruence] 
= OE=OF [c.p.c.t.] 


= chords AB and CD are equidistant from the centre O 
= AB=CD [chords equidistant from the centre are equal]. 
Hence, AB = CD. 


In the given figure, equal chords AB and 
CD of a circle C(O, r) cut at right angles 
at E. If M and N are the midpoints of AB 
and CD respectively, prove that OMEN is 
a square. 


432 


SOLUTION 


EXAMPLE 23 


SOLUTION 
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GIVEN A circle C(O, r) in which chord AB = chord CD, and M, 
N are the midpoints of AB and CD respectively. 
TOPROVE OMEN is a square. 
CONSTRUCTION Join OE. 
PROOF Since the line joining the centre of a circle to the 
midpoint of a chord is perpendicular to the chord, we have 
OM LAB and ON LCD 
^ ZOMB=90° and ZOND -90* 
> ZOME=90° and ZONE -90*. 
Also, equal chords of a circle are equidistant from the centre. 
OM = ON. w (i) 
Now, in AOME and AONE, we have 
OM*-0ON [from (i)] 
ZOME = ZONE [each equal to 90°] 
OE-OE [common] 
“. AOME= AONE. [by SAS-congruence] 
= ME=NE [cepet]. 
Thus, in quad. OMEN, we have 
OM = ON, ME = NE and ZOME = AONE = 90°. 
Hence, OMEN is a square. 
Show that if two chords of a circle bisect each other, they must be 
diameters of the circle. 
GIVEN AB and CD are two chords of a circle, intersecting at O 
such that OA = OB and OC = OD. 
TOPROVE AB and CD are diameters of the circle. 
CONSTRUCTION join AC, AD, and BC, BD. 
PROOF In AAOC and ABOD, we have 
OA = OB [given] 
OC = OD [given] 
ZAOC = ZBOD [vert. opp. 4] 
^«^ AAOC = ABOD 
> AC=BD 


> AC=BD. ... (i) 


EXAMPLE 24 


SOLUTION 
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In AAOD and ABOC, we have 
OA-OB [given] 
OD-OC [given] 
ZAOD -ZBOC  [vert. opp. 4] 


^. AAOD = ABOC 
> AD=BC 
> AD=BC. ... (ii) 


From (i) and (ii), we get 

AC +AD - BD+BC 
= CAD=CBD 
= CD divides the circle into two semicircles 
= CDisa diameter. 
Similarly, AB is a diameter. 
In an equilateral triangle, prove that the centroid and the 
circumcentre coincide. 
The point of intersection of the medians of a triangle is called 
its centroid. The centroid of a triangle is the point located at 4 
of the distance from a vertex along a median. The centre of the 
circumcircle of this triangle is called the circumcentre. 
Let AABC be the given equilateral triangle and let its medians 
AD, BE and CF intersect at G. 
Then G is the centroid of AABC. 
In ABCE and ACBF we have 

BC-CB [common] 


A 
ZB-ZC [each equal to 60°] AN 
UA 


CE=BE [AC=AB > FAC = 5 AB] B 


.. ABCE=ACBF [by SAS-congruence] 
> BE=CF. 
Similarly, AD = BE. 


2 2 2 
Thus, AD = BE = CF 34D = 3 BE = 3 
=> GA = GB = GC. 
This shows that G is the circumcentre of A ABC. 
Hence, G is the centroid as well as circumcentre of A ABC. 


CF 
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EXAMPLE 26 


SOLUTION 


EXAMPLE 27 


SOLUTION 
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Give a method to find the centre of a given circle. 


Take any three distinct points A, B, C on 
the given circle. 


A 

Oe 
Join AB and BC. S 
Draw the perpendicular bisectors PQ B 
and RS of AB and BC respectively to " 

ZA 

C 


meet at a point O. 
Then, O is the required centre of the 
circle. 


Show how to complete a circle if an arc of the circle is given. 


Let AB be the given arc. 
Take a point C on AB. 
Join AC and CB. 


Draw the perpendicular bisectors 
PQ and RS of AC and CB 
respectively, meeting each other at a 
point O. 


With O as centre and OA as radius, draw the required circle. 


Prove that the line joining the midpoint of a chord to the centre of a 
circle passes through the midpoint of the corresponding minor arc. 


GIVEN. Mis the midpoint of a chord AB of a circle C(O, r), and 
OM is produced to meet the circle at Q. 


ToPRovE AQ =BQ. 

CONSTRUCTION join OA and OB. 

PROOF In AOMA and AOMB, we have 
OA=OB [each equal tor] 
OM-70OM [common] 

AM-BM  [- Mis the midpoint of AB] 
AOMA = AOMB [by SSS-congruence] 

= ZAOM-ZzBOM [c.p.c.t.] 

= m(AQ)=m(BQ) > AQ =BQ. 

NOTE MO when produced to P also passes through the 

midpoint of the corresponding major arc. 


P 


10 


TN 
2 B 


A M B 
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EXAMPLE 29 


SOLUTION 
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In a circle of radius 5 cm, AB and AC are 
two equal chords such that AB = AC = 6 cm. 
Find the length of the chord BC. 


Let AD be the bisector of ZBAC. > 
Then, AD is the perpendicular bisector P dn 
of BC and passes through the centre O. A 
Join CO. 
Let AD meet BC in M. Then, BM = CM. 
From the right AAMC, we have 

MC? = AC? - AM? = 36 cm? - AM. ... (i) 
From the right AOMC, we have 
MC? = OC? - OM? = 25 cm? - (OA - AM)? 

725 cm? - (5 cm - AM)?. ss (ii) 

36cm?- AM? = 25 cm?- (bcm - AM)? [from (i) and (ii)] 
36 cm? - AM? = 25 cm? - (25 cm? + AM? - 10 cm x AM) 
36 cm? - AM? = 25 cm? - 25 cm? - AM? +10 cm x AM 
36 cm? = 10 cm x AM 
AM = 3.6 cm. 
MC = 4/36 - (8.6)? cm = 723.04 cm = 4.8 cm. 
BC =2 X MC =9.6 cm. 


[e] 


Vu ud: 


A circular park of radius 20 m is situated in a colony. Three boys 
Ankur, Brijesh and Chirag are sitting at equal distances on its 
boundary, each having a toy telephone in his hands to talk to each other. 
Find the length of the string of each phone. 
Let A, B and C be the positions of Ankur, A 
Brijesh and Chirag respectively. 
Now, AB = BC = CA /\\ 
= chord AB = chord BC = chord CA lc. 
=  AABC is an equilateral triangle. À ai E 
Let AD, BE and CF be the medians of DN. 
AABC and let G be its centroid. 
Since, in an equilateral triangle, the centroid coincides with its 
circumcentre, we have 

GA = GB = GC = 20 m. 
Since the centroid of a triangle divides a median in the ratio 


2:1, we have 


GA _2 20m 2 
GD 1 GD 1 


GD - 10 m. 
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. In the given figure, the diameter CD of a circle 
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In right ABDG, we have 
BG’? = BD? + GD? 
> (Q0m)-BD?-(10m) 
=> BD’? = (400-100) m? = 300 m? 
> BD-4300m-10/3 m. 
4 BC=2*BD=(2X10/3)m=20/3 m. 
Hence, the length of each telephone string is 20/3 m. 


EXERCISE 12A 


. A chord of length 16 cm is drawn in a circle of radius 10 cm. Find the 


distance of the chord from the centre of the circle. 


. Find the length of a chord which is at a distance of 3 cm from the centre 


of a circle of radius 5 cm. 


. A chord of length 30 cm is drawn at a distance of 8 cm from the centre 


of a circle. Find out the radius of the circle. 


. In a circle of radius 5 cm, AB and CD are two parallel chords of lengths 


8 cm and 6 cm respectively. Calculate the distance between the chords 
if they are 

(i) on the same side of the centre, 

(ii) on the opposite sides of the centre. 


. Two parallel chords of lengths 30 cm and 16 cm are drawn on the 


opposite sides of the centre of a circle of radius 17 cm. Find the distance 
between the chords. 

D 

with centre O is perpendicular to chord AB. If 
AB = 12 cm and CE = 3 cm, calculate the radius 
of the circle. lo 


In the given figure, a circle with centre O is D 
given in which a diameter AB bisects the chord 
CD at a point E such that CE = ED = 8 cm and 
EB = 4 cm. Find the radius of the circle. A Ó B 


oo 


Kel 


10. 


11. 


12. 


13. 


14. 


15. 


. In the adjoining figure, OD is perpendicular to 
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the chord AB of a circle with centre O. If BC isa 
diameter, show that AC | DO and AC = 2X OD. 


. In the given figure, O is the centre of a circle in 


which chords AB and CD intersect at P such that 
PO bisects ZBPD. Prove that AB = CD. D B 


Prove that the diameter of a circle perpendicular to one of the two 
parallel chords of a circle is perpendicular to the other and bisects it. 


Prove that two different circles cannot intersect each other at more than 
two points. 


Two circles of radii 10 cm and 8 cm 
intersect each other, and the length of 


A 
the common chord is 12 cm. Find the AN 


distance between their centres. V 
B 


Two equal circles intersect in P and 
Q. A straight line through P meets 
the circles in A and B. Prove that 


QA - QB. 


If a diameter of a circle bisects each of the two chords of a circle then 
prove that the chords are parallel. 

In the adjoining figure, two circles with centres at 
A and B, and of radii 5 cm and 3 cm touch each 
other internally. If the perpendicular bisector of 
AB meets the bigger circle in P and Q, find the 
length of PQ. 
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16. In the given figure, AB is a chord of a 
circle with centre O and AB is produced 
to C such that BC = OB. Also, CO is joined 
and produced to meet the circle in D. If 


: > 
ZACD 7 y? and ZAOD - x^, prove that a. è 
x= 3y. 


17. AB and AC are two chords of a circle of radius r such that AB = 2AC. 
If p and q are the distances of AB and AC from the centre then prove 
that 4g? = p? +37. 

18. In the adjoining figure, O is the centre of a circle. Q 


If AB and AC are chords of the circle such that ue C 
AB - AC, OP | AB and OQ. AC, prove that 


PB = QC. A <) 


19. In the adjoining figure, BC is a diameter of a 
circle with centre O. If AB and CD are two chords Z a 


such that AB || CD, prove that AB = CD. ra 
c D 


20. An equilateral triangle of side 9 cm is inscribed in 
a circle. Find the radius of the circle. 


A 


21. In the adjoining figure, AB and AC are two equal 
chords of a circle with centre O. Show that O lies 
on the bisector of ZBAC. 


22. In the adjoining figure, OPQR is a square. A circle o X 
drawn with centre O cuts the square in X and Y. Y 
Prove that QX = QY. 


[e] 


23. 
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Two circles with centres O and O’ intersect at two points A and B. A line 
PQ is drawn parallel to OO’ through A or B, intersecting the circles at P 
and Q. Prove that PQ = 200’. 


ANSWERS (EXERCISE 12A) 


1. 6cm 2. 8cm 3. 17 cm 4.(i1cm (ii)7 cm 
5. 23 cm 6. 7.5 cm 7. 10 cm 12. (82/7) cm 
15. 4/6 cm 20. 3/3 cm 


10. 


11. 


12. 


13. 


HINTS TO SOME SELECTED QUESTIONS 


. Let OA = OC = r cm. Then, OE = (r - 3) cm and AE = SAB =6cm. 


Use OA? = OE? + AE?. 


. OD L AB > Dis the midpoint of AB. 


Also, O is the midpoint of BC. Join AC. 
Now, in AABC, D is the midpoint of AB and O is the midpoint of BC. 


DO|AC and DO-iAC. 


. Draw OE L AB and OF L CD. 


Then, ZOEP = ZOFP = 90°, OP = OP, ZOPE = ZOPF. 

AOEP = AOFP, and hence OE = OF. 
And, chords which are equidistant from the centre are equal. 
Let AB and CD be two parallel chords of a circle with centre O. P 
Let POQ be a diameter such that Z PEB = 90°. 
Then, PFD = ZPEB=90° [corres. A]. 
Thus, PF L CD, and so OF LCD > CF=FD. 


m 


If possible, let two different circles intersect at three distinct points A, B, C. Then, these 
points are clearly noncollinear. So, a unique circle can be drawn to pass through these 
points. This is a contradiction. 


OA = 10cm, AD = FAB =6cm. 
OD? = OA?- AD? > OD=8cm. 
O'A =8 cm, O'D? = OA? - AD! = O'D- 428 cm = 2/7 cm. 
OO’ = (OD * O'D). 
Join PQ. Now, PQ is a common chord of congruent circles. So, arc PCQ - arc PDQ. 


ZQAP = ZQBP > QA - QE. 
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14. Let AB and CD be two chords of a circle with centre O. Suppose P 
a diameter POQ bisects them at L and M. Then, A L B 
OL L AB and OM 1 CD. 
Thus, LALM = ZLMD => AB||CD. 40 
[e M D 
15. Join AP. Let PQ intersect AB at L. Q 


Then, AB = (5 - 3) cm = 2 cm. 
PQ.LAB and AL= SAB = lcm. 


PL = VAP -AL cm = (25-1) 22/6 cm > PQ=(2X PL) 22x246 - 4/6 cm. 
16. OB- BC > ZBOC = ZBCO = y". 
Ext. LOBA = ZBOC + ZBCO = (2y)°. 
OA=OB => ZOAB = ZOBA = Qyy. 
Ext. LAOD = ZOAC + ZACO = ZOAB + ZBCO = (3y) > x = Sy. 
17. Let AC =x. Then, AB = 2x. 
Let OL L AB and OM L AC. 
Then, OL = p, OM = q and OA =r. 


Also, AM = łac =% and be TAB =x, 


2 
Clearly, r? = p? +x? ... (i) 
2 
and Dg (5) i ... (ii) 
2 
g p) - Aq? Ay? - x? 


> 4q°=4r?-(r?-p’) [using (i)] 
> Ag = 3r? +p’. 
Hence, 4q? = 3r +p’. 


18. AB= AC AB = 5AC MB - NC. 


Also, ZPMB = ZQNC = 90°. 

Equal chords are equidistant from the centre ^ OM - ON. 

Also, OP = OQ = radius OP-OM = OQ-ON PM 7 QN. 
AMPB X ANQC => PB- QC. 

19. Draw OL L AB and OM L CD. 

AOLB=AOMC [- ZOBL - ZOCL, OB - OC- r and ZOLB = ZOMC = 90°]. 
OL = OM. 

But, the chords equidistant from the centre are equal. 

Hence, AB = CD. 


20. Let AABC be an equilateral triangle of side 9 cm. Let AD be one of its medians. 
Then, AD L BC and BD = 4.5 cm. 
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A 
2 
AD = / AE BD? = j 9 -(2) cm 2 cm. 
In an equilateral triangle, the centroid and circumcentre 
coincide and AG : GD = 2::1. 
radius = AG - 24D - [2x 995 cm - 3/8 cm. B C 
21. Join OA, OB and OC. 
AOAB= AOAC [- OA-OA,OB = OC- r, AB - AC] 
> ZOAB=ZOAC. 
22. AOXP = AOYR. [- OP-OR,OX - OY - r and ZOPX = ZORY = 90°] 
PX-RY > PQ-PX-QR-RY  [- PQ=QR] 
=> QXK=QY. 


23. Draw OM L PQ and O'N L PQ. Then, 


OM L chord PA > PM = MA 
=> PA -2PM - 2MA. 


Similarly, AQ = 2AN. 
PQ- PA* AQ -2MA * 2AN 
= :(MA + AN) = 2MN 
-200*. 


RESULTS ON ANGLES SUBTENDED BY ARCS 


THEOREM1 The angle subtended by an arc of a circle at the centre is double the 
angle subtended by it at any point on the remaining part of the circle. 
[CBSE 2002] 


GIVEN A circle C(O, r) in which arc AB subtends ZAOB at the centre and 
ZACB at any point C on the remaining part of the circle. 


TOPROVE ZAOB - 2ZACB, when AB is a minor arc or a semicircle. 


Reflex ZAOB = 2ZACB, when AB isa major arc. 
CONSTRUCTION Join AB and CO. Produce CO to a point D outside the circle. 


(i) (ii) (iii) 
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PROOF 


Secondary School Mathematics for Class 9 


Clearly, there are three cases. 

Case! AB isa minor arc [Fig. (1)]. 
Casell AB isa semicircle [Fig. (ii)]. 
Case Ill AB isa major arc [Fig. (iii)]. 


We know that when one side of a triangle is produced then the 
exterior angle so formed is equal to the sum of the interior opposite 
angles. 


ZAOD = ZOAC + ZOCA 
and ZBOD = ZOBC+ ZOCB. 
But, ZOAC- ZOCA [- OC =OA =r] 
and ZOBC=ZOCB [- OC-OB-r]. 
ZAOD = 2ZOCA and ZBOD = 2ZOCB. 
In Fig. (i) and Fig. (ii), 
ZAOD + ZBOD = 2ZOCA * 2ZOCB 
=>  ZAOB -2(ZOCA + ZOCB) 
=>  ZAOB-2ZzACB. 
In Fig. (iii), 
ZAOD + ZBOD = 2ZOCA + 2ZOCB 
=> reflex ZAOB = 2(ZOCA + ZOCB) 
=> reflex AOB -2ZACB. 


THEOREM2 The angle in a semicircle is a right angle. 


GIVEN AB is a diameter of a circle C(O, r) and C 
Z ACB is an angle in a semicircle. 


TOPROVE ZACB - 90*. 


PROOF 


We know that the angle subtended by an ^ V B 
arc atthe centre of a circle is twice the angle 

formed by it at any point on the remaining 

part of the circle. 


ZAOB = 2ZACB 
[angle subtended by AB atO = 2 X angle formed by it at C] 
=> 2ZACB=ZAOB=180°  [- ZAOBisa straight angle] 
>  ACB=90°. 


THEOREM3 (Converse of Theorem 2) The arc of a circle subtending a right angle 


at any point of the circle in its alternate segment is a semicircle. 
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GIVEN An arc AB of a circle with centre O, which 
subtends Z ACB at a point C of BA, other than A 
and B such that ZACB - 90*. 

TOPROVE AB isa semicircle. 


CONSTRUCTION join OA and OB. 
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PROOF Since AB subtends ZAOBat the centre and ZACB at the remaining 


part of the circle, we have 


ZAOB = 22 ACB = (2 X 90°) = 180° [^ ZACB = 90° (given)]. 


This shows that AO and OB are in the same straight line. 


Hence, AB is a semicircle. 


THEOREM4 Angles in the same segment of a circle are equal. 


GIVEN A circle C(O, r) in which ZACB and ZADB are two angles made by 


AB in the same segment ACDB of the circle. 
TOPROVE ZACB-ZADB. 
CONSTRUCTION join OA and OB. 


(i) 
PROOF We know that 
angle made by an arc at the centre of a circle 


(iii) 


= 2 (angle made by the arc at any point on its 


remaining part). ... 


Case! When AB is a minor arc [Fig. (i)] 
Using (i), we have 

ZAOB-2ZACB and ZAOB-2ZzADB 
=>  2ZACB-2ZADB [each equal to AOB] 
> ZACB=ZADB. 


Casell When AB is a semicircle [Fig. (ii)] 


We know that the angle in a semicircle is 1 right angle. 


(i) 
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ZACB=90° and ZADB=90°. 
ZACB = ZADB. 


Caselll When AB isa major arc [Fig. (iii)] 
Using (i), we have 
reflex ZAOB = 2ZACB and reflex ZAOB = 2ZADB 
= 2ZACB=22ZADB [each equal to reflex AOB] 
> ZACB=ZADB. 
Hence, in all the cases we have ZACB = ZADB. 
THEOREMS  lfa line segment joining two points subtends equal angles at two 


other points lying on the same side of the line segment then the four 
points are concyclic, i.e., lie on the same circle. 


GIVEN. AB is a line segment and C, D are two points lying on the same side 
of AB such that ZACB = ZADB. 


TOPROVE A,B,C,D lie on the same circle. 


CONSTRUCTION Draw the circle through three noncollinear points A, B 
and C. 


PROOF If D lies on the circle passing through A, B and C then clearly the 
result follows. 


If possible, suppose D does not lie on this circle. 

Then, this circle will intersect AD or AD produced in D'. 

Join D'B. 

Now,ZACB-ZADB [given] 

and ZACB-ZAD'B [angles in the same segment]. 
ZADB = ZAD'B. 


But, an exterior angle of a triangle can never be equal to its interior 
opposite angle. 


So, ZADB = ZAD'B is true only when D’ coincides with D. 
Thus, D lies on the circle passing through A, B and C. 
Hence, the points A, B, C, D are concyclic. 
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SOLVED EXAMPLES 


EXAMPLE 1 IfO is the centre of a circle, find the value of x in each of the following 
figures: 


Pid 


(iii) 


A e 


(iv) a 


SOLUTION (i) BDC = ZBAC =30° [4 in the same segment]. 
In ABCD, the sum of the angles is 180°. 
CBD + ZBCD + ZBDC = 180° 
=> 70°+x°+30° = 180° 
=> x=80. 
(ii) ZAPB=90° [angle in a semicircle]. 
BAP + ZAPB + ZABP = 180° 
= ZBAP+90° +35° = 180° 
=> ZBAP= (180° - 125°) = 55°. 
Now, x° = ZBQP = ZBAP = 55° [4 in the same segment]. 
Hence, x = 55. 
(iii) OA =OB => ZOAB = ZOBA = 25°. 
OC=0A = ZOAC = ZOCA = 35°. 
BAC = ZOAB + ZOAC = (25° + 35°) = 60°. 
Now, x? = ZBOC = 2ZBAC = (2X 60°) = 120°. 
x= 120. 
(iv) We know that the sum of all angles at a point is 360°. 
90° + 120° + ZBOC = 360° = ZBOC = 150°. 
ZBOC = 2ZBAC 2x = 150 x=7D. 
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(v) ZODB = ZOAC -50* [angles in the same segment] 
OB=OD = ZOBD = ZODB = 50° = x° 
> x=50. 
(vi) Reflex ZAOC = (360° — 130°) = 230°. 
ZABC = 5 X reflex ZAOC = (5 x 230°) = 115° = x°. 
x=115. 


EXAMPLE 2 If O is the centre of the circle, find the value of x in each of the 
following figures: 


SOLUTION (i) In AADC, we have 
CAD + ZADC + ZACD = 180° 

=> 50°+90°+ ZACD = 180° 

> ZACD=40°. 

But, ZACB = 90° [angle in a semicircle]. 
ZACD + x? = 90° 

=> 40°+x° =90° 

=> x=50. 

(ii) Since AOB is a straight line, we have 

ZAOC + ZBOC = 180° 

=> 130°+ ZBOC = 180° 

= ZBOC = 180° -130° = 50°. 


Now, ZBDC = 5 2BOC =25° > x-25. 
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(iii) BDC = ZBAC = 40° [4 in the same segment]. 
BDC + ZDBC + ZBCD = 180° 
40° + 80° +x° = 180° > x=60. 
(iv) OA=OC = ZOCA = ZOAC = 50°. 
Side CO of AOCA is produced to B. 
ext. ZAOB = ZOAC + ZOCA = (50° + 50°) = 100°. 


Now, BDA = 5 AOB =(5 x 100°) = 50°. 
Hence, x = 50. 
(v) In AOBA, we have OA = OB. 
ZOBA = ZOAB = 50° > ZCBA = 50°. 
Now, CDA = x° = ZCBA = 50° [4 in the same segment]. 
x=50. 
(vi) OA = OB [each equal to the radius of the circle] 


> ZOBA=ZOAB=x° 
x° +x° + 40° = 180° 2x° = 140° x= 70. 


EXAMPLE3 In the given figure, AB is a diameter of 
the circle C(O, r) and the radius OD is 
perpendicular to AB. If C is any point on , 
DB, find ZBAD and Z ACD. 


SOLUTION OA =OD=r => ZOAD-7ZODA. ...(i) 
In AOAD, we have 


OAD + ZODA + ZAOD = 180° 
[sum of the 4 of a triangle] 


> 2Z0AD+90° = 180° [ZAOD = 90° and using (i)] 

> ZOAD =45° 

> ZBAD=45° [- ZBAD - ZOAD]. 

Similarly, by taking AOBD, we can prove that ZABD = 45°. 
ZACD = ZABD = 45° [angles in the same segment]. 

Hence, BAD -45* and ZACD=45°. 


EXAMPLE4 In the given figure, O is the centre of a circle. Prove that 
lxt Ly =ZzZ. 
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SOLUTION 


EXAMPLE 5 


SOLUTION 
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In AACF, side CF is produced to B. 


Zy=2Z1+ 23 [ext. Z - sum of int. opp. 4]. wa) 
In AAED, side ED is produced to B. 
Z1+ 2x = ZA. ... (ii) 


From (i) and (ii), we have 


1+ 4x+Zy=21+ 23+ 24 
> L4xtZy=23+Z4 
=243 [- 24=23,angles in the same segment] 
-Zz [V ZAOB-2ZACB] 
Hence, Zx + Zy = <z. 
In the given figure, O is the centre of the 
circle. Prove that 
XOZ = 2(ZXZY + ZYXZ). 


Join OY. T 
Now, arc XY subtends ZXOY atthe centre X ED. Z 


and XZY at a point Z on the remaining Y 
part of the circle. 


ZXOY =22XZY. (i) 


Similarly, arc YZ subtends YOZ at the centre and ZYXZ ata 
point X on the remaining part of the circle. 


ZYOZ 7 2ZYXZ. sa (ii) 
Adding (i) and (ii), we get 
XOY + ZYOZ = 2(ZXZY + ZYXZ) 
=> ZXOZ-2(ZXZY + ZYXZ). 


EXAMPLE 6 


SOLUTION 


EXAMPLE 7 


SOLUTION 
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If O is the circumcentre of a AABC and OD L BC, prove that 
ZBOD = ZA. 


GIVEN. A AABC whose circumcentre is O and OD L BC. 
TOPROVE ZBOD=ZA. 
CONSTRUCTION Join OB and OC. 
PROOF In the right A OBD and OCD, we have 
OB = OC [radii of the same circle] 
OD - OD [common] 
AOBD = AOCD [by RHS-congruence] 
= ZBOD-ZCOD [cp.c.t.] 


= ZBOD = 52BOC 


> ZBOD=ZA [- A-lzBOC]. 


In the given figure, two chords AB and CD C 
of a circle AYDZBWCX intersect at right 
angles. Prove that x w 
arc CXA + arc DZB = arc AYD + arc BWC 

= semicircle. E 
GIVEN. Two chords AB and CD of a 
cirde AYDZBWCX, intersecting at a D Z 
point such that AB | CD. 
CONSTRUCTION Let O be the centre of 
the given circle. Join OA, OB, OC, OD 
and BC. 
PROOF In AEBC, we have 

EBC * ZECB + ZCEB = 180° 

= ZEBC+ ZECB = 180° - ZCEB 

= (180° — 90°) = 90° 
=> ZABC+ZDCB=90°. s (i) 
Since the angle subtended by an arc of a circle at its centre is 
double the angle subtended by it at any point of the remaining 
part of the circle, we have 

ZAOC -2ZABC and ZDOB -2ZDCB 
= ZAOC+ ZDOB -2(ZABC + ZDCB) = (2 X 90°) = 180° 
[using (i)] 


> 
UJ 


=> arc CXA * arc DZB = semicircle. 


Semilarly, arc AYD + arc BWC = semicircle. 
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EXAMPLE 8 


SOLUTION 


EXAMPLE 9 


SOLUTION 
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A circle has radius /2 cm. It is divided into two segments by a chord 
of length 2 cm. Prove that the angle subtended by the chord at a 
point in the major segment is 45°. 


Let O be the centre of the given circle and let c 
AB be a chord of length 2 cm. 


OA = OB = /2 cm. 
Clearly, OA? + OB? = ((/2)? + (/2)7} cm? 3 
-4cm?- 2cm)? = AB?. A B 
OA? + OB? = AB?. 
Consequently, Z AOB = 90°. 


Let C be a point in the major segment of the circle. Join CA 
and CB. 


Since the angle subtended by an arc of a circle at its centre is 
twice the angle subtended by it at any point on the remaining 
part of the circle, we have 


ZACB = +2 AOB - (5 x 90°) = 45°. 


In the figure given below, two circles intersect at A and B, and AC, 
AD are respectively the diameters of the circles. Prove that the points 
C, B, D are collinear. 


[e ^ D 
GIVEN Two circles C(O, r) and C(O’, r') with AC and AD as 
diameters respectively, intersecting at A and B. 
TOPROVE Points C, B, D are collinear. 
CONSTRUCTION join CB, BD and AB. 
PROOF We know that an angle in a semicircle measures 90°. 
ZABC=90° and ZABD -90* 
= ZABC+ZABD - 90? +90° = 180° 
= CBD isa straight line 


=> points C, B, D are collinear. 


EXAMPLE 10 


SOLUTION 


EXAMPLE 11 


SOLUTION 
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Prove that the circle drawn on any one of the equal sides of an 
isosceles triangle as diameter, bisects the third side of the triangle. 
GIVEN A AABC in which 
AB=AC and a circle is 
drawn with AB as diameter, 
intersecting BC at D. 

ToPROVE BD - CD. 


CONSTRUCTION Join AD. 


PROOF We know that an angle in a semicircle is a right angle. 
ZADB = 90°. «se (i) 
Also, BDC being a straight line, we have 
ZADB * ZADC - 180* 
= 90°+ ZADC = 180° [using (i)] 


> ZADC=90°. .. (ii) 
Now, in AADB and AADC, we have 

AB=AC [given] 

ZADB=ZADC [each equal to 90°] 

AD=AD [common] 


AADB = AADC [by RHS-congruence]. 
Hence, BD = CD. 
In the given figure, AB is a diameter of a 


circle C(O, r) and chord CD = radius OC. 
If AC and BD when produced meet at P, 


prove that Z APB is constant. A B 
Join OD and BC. WAT. 
Now, CD = OC = OD [each equal to r] iU 


=  AOCD is equilateral 
P 


> ZCOD=60°. ... (i) 
Also, ZACB = 90° [angle in a semicircle] sa (ii) 
And, ZCBD - i x ZCOD = G x 60°) = 30° ... (iii) 


[^ angle made by CD at the centre 
=2 X angle at any point on its remaining part]. 
Now, side PC of ABPC is produced to A. 
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EXAMPLE 12 


SOLUTION 


EXAMPLE 13 
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exterior angle = sum of interior opposite angles 
= ZACB=ZAPB+ZCBD 
= 90° =ZAPB+30° [using (ii) and (iii)] 
= ZAPB = 60° = constant. 


Hence, Z APB is constant. 
Prove that the midpoint of the hypotenuse of a right triangle is 
equidistant from its vertices. 


GIVEN. A AABC in which ZBAC = 90° and O is the midpoint 
of BC. 


TOPROVE OA - OB » OC. 


CONSTRUCTION Draw a circle with O as centre and OB as 
radius. 


PROOF Clearly, this circle will pass through B as well as C. 
If possible, suppose this circle does not pass through A. Let it 
meet BA or BA produced at A'. 


Then, ZBA'C -90* [angle in a semicircle]. 
But, ZBAC = 90° [given]. 
ZBA'C = ZBAC. ... (i) 


But, this is wrong since an exterior angle of a triangle cannot 
be equal to its interior opposite angle. 


This can be true only when A’ coincides with A. 


Thus, the above circle which passes through B and C must also 
pass through A. 


OA = OB = OC. 


Prove that the angle in a segment smaller than a semicircle is greater 
than a right angle. 


SOLUTION 


EXAMPLE 14 


SOLUTION 
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GIVEN ZBAC in a segment smaller 

than a semicircle in circle C(O, r). P d SX 
TOPROVE BAC > 90°. B C 
CONSTRUCTION Join BO and CO. 


PROOF We know that the angle 
subtended by an arc of a circle at the 
centre is double the angle subtended 
by it at any point on the remaining part of the circle. 
Here, arc BDC subtends reflex ZBOC at the centre and ZBAC 
at a point A on the remaining part of the circle. 

reflex ZBOC = 2ZBAC. 
But, arc BDC being a major arc, we have reflex ZBOC > 180°. 


2ZBAC > 180° > ZBAC > 90°. 


D 


In the given figure, O is the centre of 
the given circle, and chords AB and CD 
intersect at a point E inside the circle. 
Prove that 

Z AOC + ZBOD = 2Z AEC. 

Join CB. 

We know that the angle made by AC at the centre O is double 
the angle made by it at a point B on the remaining part of 
the circle. 

Z AOC = 2Z ABC. wise, (i) 
Similarly, the angle made by BD at the centre O is double 
the angle made by it at a point C on the remaining part of 
the circle. 

ZBOD = 2Z BCD. xs (ii) 

ZAOC + ZBOD = 2(ZABC + ZBCD) [adding (i) and (ii)] 

= 2(ZEBC + ZBCE) 
= 2(180° — CEB) 
[^ sum of 4 of AECB is 180°] 
= 2[180° - (180° - ZAEC)] 
[- ZCEB = 180° - ZAEC] 


=2ZAEC. 
Hence, ZAOC + ZBOD = 2Z AEC. 
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EXAMPLE 15 


SOLUTION 


EXAMPLE 16 


SOLUTION 
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In the adjoining figure, AB is a PC D Q 
diameter of the circle with centre O. 
If AC and BD are perpendiculars on a 
line PQ, and BD meets the circle at E, 
prove that AC = ED. 


Join AE. 
Now, ZAEB = 90° [angle in a semicircle]. 


> 
m 


ive] 


But, BED being a straight line, we have 
ZAEB + ZAED = 180° 

=> 90°+ ZAED = 180° 

= ZAED=90°. 


Now, ZEAC + ZACD + ZCDE + ZAED = 360° 
[sum of the 4 of quad. EACD is 360°] 


= ZEAC+90° + 90° + 90° = 360° 

> ZEAC=90°. 

Thus, each angle of quad. EACD is 90°. 
So, EACD is a rectangle. 


AC=ED [opposite sides of a rectangle]. 


In the adjoining figure, AC is the 
diameter of a circle with centre O and 
chord BD AC, intersecting each other 
at E. Find out the values of p, q, r in 
terms of x. 


(i) Arc AD subtends ZAOD at the centre and ZABD at a 
point B on the remaining part of the circle. 
ZABD - 12 40D =~. 


2 
Now, ZAEB=90° [- BD L AC]. 
From AAEB, we get 
p? = 180° - (LABE + ZAEB) 


> p° =180° -(ZABD-* ZAEB) = 180° - (5 + 90°) 


= 90° - £ $ 
ae on) 


EXAMPLE 17 


SOLUTION 


EXAMPLE 18 
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(ii) Arc AD subtends ZAOD at the centre and ZACD at a 
point C of the circle. 


-1 2X =X., 
ZACD = 5ZAOD = 7 > 475 


(iii) ZABC = 90° [angle in a semicircle] 
=> ZABE+ZCBE=90° > ZABD + ZCBE = 90° 


> £e. ZCBE-90 > ZCBE = (so: -4) 


> r=[90-3]- 


In the given figure, AB is a diameter of 
the circle with centre O, AC and BD 
produced meet at E and ZCOD = 40°. 
Calculate ZCED. 


Since ACE is a straight line, we have 
Z ACB + ZBCE = 180° 
=> 90*-ZBCE = 180° 
[^ ZACB is in a semicircle] 
=> ZBCE=90°. 


_1 = 1 o|— o 
Also, ZDBC = COD = (5 x 40°) 20 


[angle at centre = 2 X angle at a point on a circle] 
= ZEBC=ZDBC=20°. 
Now, in AEBC, we have 
EBC+ ZBCE + ZCEB = 180° 
=> 20°+90° + ZCED = 180° [| ZCEB = ZCED] 
= ZCED =180° -110° = 70°. 
Hence, ZCED = 70°. 


In the given figure, I is the incentre of A 
AABC and AI when produced meets the ZN 
circumcircle of AABC in D. If ZBAC = 56° 


and ZACB - 645, calculate i i 
(i) ZDBC, (ii) ZIBC, (iii) ZADB and c 


B 
(iv) ZBID 
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SOLUTION Join BI. 
In ABAC, we have 
BAC+ ZACB + ZABC = 180° [sum of the 4 of a A] 
=> 56°+64°+ ZABC = 180° 
= ZABC= 180° -120° = 60°. 


Now, ZDAC = 5 2BAC E C x 56°) =28° 


[- AD is the bisector of ZA]. 
(i) ZDBC = ZDAC = 28° [angles in the same segment]. 


E! E ee 
(ii) ZIBC = 52 ABC (5 x60") 30 


[^ BI is the bisector of Z ABC]. 
(iti) ZADB = ZACB = 64° [angles in the same segment]. 
(iv) In ABDI, we have 
DBI+ ZBDI+ ZBID = 180° [sum of the 4 of a triangle] 
=> DBC * ZIBC * ZADB + Z BID = 180° 
[- ZDBI = ZDBC + ZIBC and ZBDI = ZADB] 
=> 28°+30°+ 64° + ZBID = 180° 
= ZBID=180° - 122? = 58°. 


EXERCISE 12B 


1. (i) In Figure (1), O is the centre of the circle. If 
ZOAB = 40° and ZOCB = 30°, find ZAOC. 
(ii) In Figure (2), A, B and C are 
three points on the circle with 
centre O such that ZAOB = 90° 
and ZAOC = 110°. Find BAC. , wN 


(2) 


2. In the given figure, O is the centre of the circle 
and Z AOB = 70°. 


Calculate the values of (i) LOCA, (ii) ZOAC. 


o 


ol 


[en] 


N 


oo 


Circles 


. In the given figure, O is the centre of the 


circle. If ZPBC = 25? and ZAPB = 110°, find 
the value of ZADB. 


. In the given figure, O is the centre of the 


circle. If ZABD - 35? and ZBAC - 706^, find 
Z ACB. 


. In the given figure, O is the centre of the 


circle. If ZACB = 50°, find ZOAB. 


.In the given figure, ZABD=54° and 


Z BCD = 43°, calculate 
(i) ZACD, (ii) ZBAD, (iii) ZBDA. 


. In the adjoining figure, DE is a chord parallel 


to diameter AC of the circle with centre O. If 
ZCBD = 60°, calculate ZCDE. 


. In the adjoining figure, O is the centre of a 


circle. Chord CD is parallel to diameter AB. 
If ZABC = 25°, calculate ZCED. 
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9. In the given figure, AB and CD are 
straight lines through the centre O of a 
circle. If ZAOC = 80° and ZCDE = 40°, 
find (i) ZDCE, (ii) ZABC. 


10. In the given figure, O is the centre of a circle, 
ZAOB = 40° and ZBDC = 100°, find ZOBC. 


D 
11. In the adjoining figure, chords AC and BD of 
a circle with centre O, intersect at right angles e P 
at E. If ZOAB = 25°, calculate ZEBC. S 
B 


12. In the given figure, O is the centre of a circle 
in which ZOAB - 20? and ZOCB - 55*. Find 
(i) ZBOC, (ii) ZAOC. 


13. In the given figure, O is the centre of the circle 
and Z BCO = 30°. Find x and y. 


14. 


15. 


16. 


17. 


18. 
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In the given figure, O is the centre of the 
circle, BD = OD and CD L AB. Find ZCAB. 


In the given figure, PQ is a diameter of a circle 
with centre O. If ZPQR 7 655, ZSPR = 40° 
and ZPQM - 50", find ZQPR, ZQPM and 
Z PRS. 


In the figure given below, P and Q are centres of two circles, intersecting 
at B and C, and ACD is a straight line. 


If ZAPB = 150° and ZBQD = x^, find the value of x. 
In the given figure, ZBAC = 30*. Show that 


A 

BC is equal to the radius of the circumcircle of ^ 

AABC whose centre is O. : 
BILE 


In the given figure, AB and CD are two chords c 
of a circle, intersecting each other at a point E. 
Prove that 


ZAEC = Langle subtended by arc CXA. 


at the centre + angle subtended A NE A 
by arc DYB at the centre). D 


x 
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oo 


10. 


ANSWERS (EXERCISE 12B) 
. (i) ZAOC = 140° (ii) ZBAC =80° 2. (i) ZOCA = 35° (ii) ZOAC = 35° 
. ZADB = 85° 4. ZACB = 55° 5. ZOAB = 40° 
. (i) ZACD = 54° (ii) ZBAD = 43° (iii) ZBDA = 83° 7. ZCDE = 30° 
. ZCED = 40° 9. (i) ZDCE=50° (ii) ZABC=30° 10. ZOBC = 60° 
. ZEBC = 25° 12. (i) ZBOC =70° (ii) ZAOC = 70° 
. 2 = 30°, y= 15? 14. ZCAB = 30° 
. ZQPR = 25°, ZQPM = 40°, ZPRS = 25° 16. x= 150 


HINTS TO SOME SELECTED QUESTIONS 


. ZBPC = (180° — 110°) = 70°. 


ZACB = ZPCB = 180° - (70° + 25°) = 85°. 
ZADB = ZACB= 85° [A inthe same segment]. 


. ZBAD = 90° > ZADB = 180° - (90° + 35°) = 55° 


=> ZACB=ZADB=55°. 
ZCAD = ZCBD = 60° [4 in the same segment]. 
ZADC = 90° [angle in a semicircle]. 
Z ACD = 180° - (60° + 90°) = 30° 
= ZCDE=ZACD=30°  [alt. int. 4]. 


. Join CO and DO. 


ZBCD-ZABC-25* [alt. int. A]. 
ZBOD -72ZBCD -50* [- arc BD makes ZBOD at the centre and ZBCD at 
a point on the circle]. 
Similarly, ZAOC = 2Z ABC = 50°. 
ZAOC + ZCOD + ZBOD = 180° = ZCOD = 80°. 


ZCED = +2COD = 40°, 


. ZCED = 90°. 


ZDCE = 180° - (40° + 90°) = 50°. 
ZBOC = 180° - 80° = 100°. 
ZOBC = 180° - (100° + 50°) = 30°. 


1 
2 


ZDCB = +2 AOB -(ix 40°) = 20°. 
In ADBC, we have 

ZBDC + ZDCB + ZDBC = 180° 
— 100° +20° ZDBC = 180° 
= ZDBC=60° > ZOBC- 60". 
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11. OA = OB ZOBA = ZOAB = 25°. 
ZOAB + ZOBA + ZAOB = 180° = ZAOB = 130°. 


ZADB 1 ZAOB 65° ZECB = 65° [4 in the same segment]. 


Now, ZEBC + ZBEC + ZECB = 180° 
= ZEBC+90°+65° = 180° = ZEBC = 25°. 
12. OB- OC => ZOBC = ZOCB = 55°. 
ZBOC = 180° - (ZOCB + ZOBC) 
= [180° - (55° + 55°)] = 70°. 
OA = OB ^ ZOBA = ZOAB = 20° 
= ZAOB = 180° - (ZOAB + ZOBA) 
= ZAOB = 180° - (20° + 20°) = 140°. 
ZAOC = ZAOB - ZBOC = 140° - 70° = 70°. 
13. LAOD = ZOEC = 90° (given). 
But, these are corresponding 4. 
OD || BC. 
Now, OD || BC and OC is the transversal. 
ZDOC = ZBCO = 30°. 


ZDBC = 52DOC = 15° > y-15. 
ZAOD = 90° (given). 


Now, ZABD 1 ZAOD (1x9) 45°. 


In AABE, we have 
ZABE = (ZABD + ZDBC) = (45° + 15°) = 60°, ZAEB = 90°. 
ZBAE = 180° - (90° + 60°) = 30° > x= 30°. 
14. BD = OD and OD = OB (radii of a circle) 
^ BD-OD-OB 
>  ABDOisequilateral ^ ZBDO = 60°. 
Since the altitude of an equilateral triangle bisects the vertical angle, so 
ZBDE = ZODE = 30°. 
ZCAB = ZBDE = 30° (angles in the same segment). 
16. Join BC. 
We know that the angle made by an arc at the centre is twice the angle made by this 
arc at a point on the remaining part of the circle. 


ZACB = 12 APB = (5X 150°) = 75°. 
Now, ACD being a straight line, we have 

ZACB + ZBCD = 180° 
=> 75°+ ZBCD = 180° = ZBCD = 180° - 75° = 105°. 
Similarly, for the second circle, we have 


ZBCD = + reflex ZBQD. 
[angle made by the major arc BFD at the centre = 27BCD] 
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105° = 5 (360° —x°) > x= 150. 
Hence, x = 150. 
17. Join OB and OC. 
ZBOC = 2ZBAC = 2 X 30° = 60°. 
OB=OC = ZOBC = ZOCB = x° (say). 
in AOBC, we have 
ZBOC + ZOBC + ZOCB = 180° = 60° +2x° = 180° > x= 60. 
Thus, each angle of ABOC is 60°. 
ABOC is an equilateral triangle. 
OB = OC = BC. 
Hence, BC is the radius of the circumcircle. 
18. Join AC, BC and BD. C 
Since AC is a chord, we have X 
ZAOC = 2Z ABC. isl) 
Similarly, DOB = 2ZDCB. ... (ii) 
ZAOC + ZDOB = 2(ZABC + ZDCB) = 2Z AEC. jee NL 
M 


Hence, ZAEC = 1 (7 AOC + DOB). 4 


RESULTS ON CYCLIC QUADRILATERALS 


THEOREM1 The sum of either pair of the opposite angles of a cyclic quadrilateral 
1S 180°. 
or The opposite angles of a cyclic quadrilateral are supplementary. 
GIVEN A cyclic quadrilateral ABCD. 
TOPROVE ZAtZC-180' and 4B+ZD=180°. 
CONSTRUCTION Join AC and BD. 
PROOF Wehave 
ZACB -ZADB [Ain the same segment] 
and ZBAC-ZBDC [A inthe same segment]. 
E: ACB * ZBAC - ZADB * ZBDC 
> ACB + ZBAC = ZADC 
> ACB + ZBAC + ZABC = ZADC + ZABC 
[adding Z ABC on both sides] 
=> ZADC+ZABC=180° [the sum of the 4 of AABC is 180°] 
^ ZB+2ZD=180°. a(i) 
Now, LA + <B + ZC + ZD = 360° 
[sum of the 4 of a quadrilateral is 360°] 
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> ZA+ZC=360° - (ZB + <D) = 360° — 180° = 180° [using (i)]. 

Hence, ZA + ZC = 180° and ZB + ZD = 180°. 
THEOREM 2 (Converse of Theorem1) Ifa pair of opposite angles of a quadrilateral 

is supplementary then the quadrilateral is cyclic. 
GIVEN A quad. ABCD in which ZB + 2D = 180°. 
TOPROVE ABCD is a cyclic quadrilateral. 
CONSTRUCTION If possible, let ABCD be not a cyclic quadrilateral. Draw a 
circle, passing through three noncollinear points A, B, C. Let this circle meet 
CD or CD produced in D’. Join D’A. 
D Dp 


, 
[o DD ^c 


A B D 
PROOF ZABC+ZADC=180° [given] 
ZABC + ZAD’C = 180° [opposite 4 of a cyclic quad.] 
ABC + ZADC = ZABC + ZAD'C 
^ ZADC-ZAD'C. 


This is not possible, since an exterior angle of a triangle can never 
be equal to its interior opposite angle. 


So, ZADC = ZAD’C is possible only when D’ coincides with D. 
Hence, the circle passing through A, B, C must pass through D also. 


Hence, ABCD is a cyclic quadrilateral. 


THEOREM3  (Exterior-angle property of a cyclic quadrilateral) If one side of a cyclic 
quadrilateral is produced then the exterior angle so formed is equal 
to the interior opposite angle. 

GIVEN A cyclic quadrilateral ABCD whose side AB is produced to E. 

TOPROVE ZCBE = ZADC. D 

PROOF We have 

Z ABC + ZCBE = 180° [linear pair] 
and ZABC + ZADC = 180° A 
[opposite 4 of a cyclic quad.]. 
ABC + ZCBE = ZABC+ ZADC 
=> ZCBE=ZADC. j 
Hence, ZCBE = ZADC. E 
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EXAMPLE 1 


SOLUTION 


EXAMPLE 2 


1. The opposite angles of a cyclic quadrilateral are supplementary. 

2. If a pair of opposite angles of a quadrilateral is supplementary then 
the quadrilateral is cyclic. 

3. If one side of a cyclic quadrilateral is produced, then the exterior 
angle so formed is equal to the interior opposite angle. 


SUMMARY OF THE RESULTS 


SOLVED EXAMPLES 


In the given figure, ABCD is a cyclic 
quadrilateral in which AB||DC. If 
ZBAD = 100°, find 


(i) LBCD, (ii) ZADC, (iti) ZABC. 


(i) We know that the opposite 
angles of a cyclic quadrilateral 
are supplementary. 


ZBAD + ZBCD = 180° 
=> 100°+ ZBCD = 180° 
= ZBCD=180° -100° = 80°. 
(ii) AB || DC and DA is the transversal. 
ZADC + ZBAD = 180° [sum of int. opp. 4] 
= ZADC+100° = 180° 
= ZADC - 180° - 100° = 80°. 


(iii) Using the fact that the opposite angles of a cyclic 
quadrilateral are supplementary, we have 


ZABC + ZADC = 180° 
= ZABC+80° = 180° [^ ZADC = 80°] 
= ZABC= 180° -80° = 100°. 

ZBCD = 80°, ZADC = 80° and ZABC = 100°. 


In the given figure, ABCD is a cyclic 
quadrilateral in which ZA = (2x +4), 
ZB=(x+10), 2ZC=(4y-4)° and 
ZD = (5y +5). Find the values of x 
and y. Hence, find the measure of 
each angle. 


SOLUTION 


EXAMPLE 3 


SOLUTION 


EXAMPLE 4 


SOLUTION 
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We know that the opposite angles of a cyclic quadrilateral are 
supplementary. 


ZA + ZC = 180° and ZB + ZD = 180° 
=> (2x+4)+ (Ay - A) = 180 and (x + 10) + (5y +5) = 180 
=> 2x+4y = 180 and x + 5y = 165 
> x+2y=90 ..() and x+5y=165 ox i); 
On solving (i) and (ii), we get x = 40 and y = 25. 
ZA = (2 X 40 +4)° = 84°, ZB = (40° + 10°) = 50° 
ZC = (4X 25 - 4 = 96° and ZD = (5 X 25 +5)° = 130°. 


In the given figure, O is the centre of a DÑ 
circle and ZADC = 130°. If ZBAC = x°, f. 


[7 
then find the value of x. ZN 
B 


Since ABCD is a cyclic quadrilateral, 
we have 


ZABC + ZADC = 180° 
=> ZABC+130° = 180° 
=> ZABC = 180° - 130° = 50°. 
Also, ZACB = 90° [angle in a semicircle]. 


b 


A 


We know that the sum of the angles of a triangle is 180*. 
in AABC, we have ZBAC + ZACB + ZABC = 180° 

=> x+90+50=180 > x-180- 140 = 40. 

Hence, x = 40. 


In the given figure, O is the centre of a circle 
and ZAOC = 140°. Find ZABC. 


C 
Take a point D on the remaining part of "d" 
B 


the circumference. Join DA and DC, as 
shown in the figure. 

We know that the angle at the centre 
of a circle is twice the angle at any 
point on the remaining part of the 
circumference. 


ZADC = 1zA0C - (5 x 140°) = 70°, 
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EXAMPLE 5 


SOLUTION 


EXAMPLE 6 


SOLUTION 


Secondary School Mathematics for Class 9 


We know that the opposite angles of a cyclic qudrilateral are 
supplementary. 


=> 


> 


from cyclic quadrilateral ABCD, we have 
ZABC + ZADC = 180° 

ZABC + 70° = 180° 

ZABC = 180° — 70° = 110°. 


Hence, Z ABC = 110°. 


In the given figure, O is the centre of a 
circle, ZAOC = 110° and side AB has been 
produced to a point D. Find ZCBD. 


Take a point E on the remaining part of 
the circumference. Join EA and EC. 

We know that the angle subtended by 
an arc at the centre of a circle is twice 
the angle subtended at a point on the 
remaining part of the circumference. 


_1 = 1 j= o 
ZAEC=}4AOC (5 x10") 55°, 


Now, ABCE is a cyclic quadrilateral whose side AB has been 
produced to a point D. 


But, the exterior angle of a cyclic quadrilateral is equal to its 
interior opposite angle. 


ZCBD = Z AEC = 55°. 


Hence, ZCBD = 55°. 


In the given figure, ABCD is a cyclic 
quadrilateral whose diagonals intersect 


at a point E. 
ZBAC = 30°, find ZBCD. Further, if 
AB = BC, find ZECD. 


We have 


If ZDBC=70° and 


ZBDC = ZBAC = 30° 


Ses. 


[angles in the same segment] 


EXAMPLE 7 


SOLUTION 


EXAMPLE 8 


SOLUTION 
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Now, in ABCD, we have 


DBC + ZBCD + ZBDC = 180° 
[^ sum of the angles of a A is 180°] 


= 70° + ZBCD+30° = 180° 
= ZBCD= 180° - 100° = 80°. 
Now, AB = BC > ZBCA = ZBAC = 30°. 
ECD = ZBCD - ZBCA = 80° - 30° = 50°. 
In an isosceles AABC with AB= AC, a A 
circle passing through B and C intersects 


the sides AB and AC at D and E 
respectively. Prove that DE || BC. 


D E 
AB=AC 
> ZABC=ZACB. ..-(i) 
Side BD of the cyclic quadrilateral 
BCED is produced to A. B C 
ZADE = ZACB sx (ii) 


[ext. ZADE = int. opp. ZC]. 

From (i) and (ii), we get 

ZABC = ZADE. 
But, these are corresponding angles. 
Hence, DE || BC. 
In the given figure, ABCD is a o s 
parallelogram. The circle through A, B, C E c 
intersects CD produced at E. Prove that 
AD = AE. 


It is given that ABCE is a cyclic 
quadrilateral. PS B 


ZABC + ZAED = 180°. ... (i) 
Also, EDC is a straight line. 

ZADE + ZADC = 180°. 
But, ADC = ZABC [opposite 4 of a ||gm]. 

ZADE + ZABC = 180°. ... (ii) 
Thus, ZABC+ ZAED=ZADE+ ZABC [from (i) and (ii)] 
^ ZAED-zADE 
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EXAMPLE 9 


SOLUTION 
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= AD=AE [opposite sides of equal 4 of AADE] 
Hence, AD = AE. 

In the given figure, ZA=60° and 
ZABC = 80°. 

Find (i) ZDPC and (ii) ZBQC. 


(i) Side AD of cyclic quad. ABCD 
has been produced to P. 


ZPDC = ZABC = 80° 
[^ ext. ZPDC = int. opp ZABC]. 
Again, side BC of quad. ABCD has been produced to P. 
ZPCD = ZBAD = 60*[- ext. ZPCD - int. opp BAD]. 
In APCD, we have 
PDC + ZPCD + ZDPC = 180° 
[^ sum of the angles of a ^ is 180°]. 


= 80°+60° + ZDPC = 180° 
= ZDPC = 180° -140° = 40°. 
Hence, ZDPC = 40°. 
(ii) Since ABCD is a cyclic quadrilateral, we have 

ZABC + ZADC = 180° 
=> 80°+ ZADC = 180° 
= ZADC= 180° -80° = 100°. 
Again, side DC of cyclic quad. ABCD is produced to Q. 

ZQCB = ZBAD = 60° 

[^ ext. ZQCB = int. opp. BAD]. 

Also, side AB of cyclic quad. ABCD has been produced 
to Q. 

ZQBC = ZADC = 100° 

[^ ext. ZQBC = int. opp. ZADC]. 
We know that the sum of the angles of a triangle is 180°. 
In AQCB, we have 
QCB + ZQBC + ZBQC = 180° 

=> 60°+100° + ZBQC = 180° 
= ZBQC = 180° -160° = 20°. 
Hence, ZBQC = 20°. 
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EXAMPLE 10 The bisectors of opposite angles ZP and B 
Z R ofa cyclic quadrilateral PORS intersect 


the corresponding circle at A and B P AO S 

respectively. 

Prove that AB is a diameter of the circle. NNJ 
QV ZR 


SOLUTION GIVEN A cyclic quad. PQRS in which 
PA and RB are the bisectors of ZP and 
Z R respectively. 


TOPROVE AB is a diameter of the circle which passes through 
the points P, Q, R and S. 


CONSTRUCTION join PB and BS. 
PROOF Since PQRS is a cyclic quadrilateral, we have 
ZQPS + ZQRS = 180° 


^ $2QPS+5ZQRS = 90° 


=> ZAPS+ZBRS =90° 
=> ZAPS+ ZBPS=90° 

[^ ZBRS = ZBPS, 4 in the same segment] 
> ZAPB=90° [- ZAPS-* ZBPS = ZAPB] 


=> ZAPBisin a semicircle 


= AB is a diameter of the circle which passes through the 
points P, Q, R and S. 


Hence, AB is a diameter of the circle. 


EXAMPLE 11 In the given figure, AC is a diameter 
of a circle with centre O. If CD || BE, 
Z AOB = 80° and Z ACE = 10°, find 
(i) ZBEC, (ii) ZBCD and (iii) ZCED. 
SOLUTION (i) Since AOC is a straight line, we 
have 
ZAOB + ZBOC = 180° 
= 80° + ZBOC = 180° 
= ZBOC = 180° -80° = 100°. 
Now, arc BC makes ZBOC = 100? at the centre and ZBEC 
at a point E on the remaining part of the circle. 


zL NE ^as 
ZBEC = 5 2BOC - (5 x 100°) = 50 
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(ii) Arc AB makes Z AOB at the centre and Z ACB at a point C 
on the remaining part of the circle. 


ZACB = 1240B8 = G x 80°) = 40°. 


Now, CD || BE and CE is the transversal. 
ZECD = ZBEC = 50° [alt. int. 4] 
BCD = ZACB+ ZACE+ ZECD 
= 40° + 10° + 50° = 100°. 
(iii) DEBC is a cyclic quadrilateral. 
ZBED + ZBCD = 180° 
=> ZBEC+ ZCED+ ZBCD = 180° 
= 50°+ CED + 100° = 180° 
= ZCED = 180° - 150° = 30°. 


EXAMPLE 12 In the given figure, AABC is isosceles with ^ 
AB- AC and ZABC - 50". Find ZBDC NO D 
and ZBEC. 


SOLUTION AB=AC > ZACB=ZABC = 50°. LUN 
But, ZABC + ZACB + ZBAC = 180° B€ c 
— 50°+50° + ZBAC = 180° eZ 
=> ZBAC= 180° -100° = 80°. 
ZBDC = ZBAC = 80° [4 in the same segment]. 
Now, BECD being a cyclic quadrilateral, we have 
ZBEC + ZBDC = 180° 
=> ZBEC+80° = 180° 
=> ZBEC=180°-80° = 100°. 
Hence, ZBDC = 80° and ZBEC = 100°. 


EXAMPLE 13 In the given figure, AOB is a diameter of p 
a circle with centre O. Write down the y 
numerical value of LACD + ZDEB. 


SOLUTION Join BC. 


Then, ZACB = 90° 
[angle in a semicircle]. 


Now, DCBE is a cyclic quadrilateral. 
ZBCD + ZDEB = 180° 
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> ACB + ZBCD + ZDEB = 90° + 180° [^ ZACB = 90°] 
=> ZACD+ ZDEB = 270° [^ ZACB + ZBCD = ZACD]. 
the numerical value of (ZACD + ZDEB) is 270°. 


EXAMPLE 14 In the given figure, AB is a diameter of — x6. REN 


the circle and CD || AB. If ZDAB = 255, [e \ 
calculate ala B 


(i) ZACD and (ii) ZCAD. 
SOLUTION Join AC and BD. 


We know that an angle in a semicircle is 90°. 
ZADB = 90°. 
Also, the sum of the angles of a triangle is 180°. 
in AABD, we have 
BAD + ZADB + ZABD = 180° 
=> 25°+90°+ ZABD = 180° 
> ZABD=180°- 115° = 65°. 


Since ABDC is a cyclic quadrilateral, we have 

ZABD + ZACD = 180° > ZACD = 180° - ZABD 

=> ZACD = 180° - 65° = 115°. 

Also, AB||CD and AD is a transversal. 

ZADC = ZBAD = 25° [alt. int. 4]. 
Now, in AACD, we have 

ACD + ZCAD + ZADC = 180° 

115° + ZCAD + 25° = 180° 
= ZCAD = 180° - 140° = 40°. 
Hence, (i) ZACD = 115° (ii) CAD = 40°. 


EXAMPLE 15 In the given figure, AB is a diameter 
of a circle with centre O and 
CD || BA. If ZBAC = 20°, find 
(i) ZBOC, (ii) ZCOD, 
(iii) ZCAD and (iv) ZADC. 
SOLUTION (i) Arc BC subtends “BOC at the centre and ZBAC at a point 
on the remaining part of the circumference. 


ZBOC-2XZABC-2X20? = 40°. 
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EXAMPLE 16 


SOLUTION 


EXAMPLE 17 
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(ii) CD || BA and OC cuts them. 
ZOCD = ZBOC = 40°  [alt. int. 4]. 
ZODC = ZOCD = 40° [- OC = OD = radius]. 
Now, in AOCD, we have 
ZCOD + ZOCD + ZODC = 180° 
= ZCOD+40°+40° = 180° [- ZOCD = ZODC = 40°] 
= ZCOD = 180° - 80° = 100°. 
(iii) Since the angle at the centre is double the angle at a point 
on the remaining part of the circumference, we have 


-1 _({1 S MES 
ZCAD = 52COD =(5 x 100°) = 50°. 


(iv) Since BA | CD and AC cuts them, we have 
ZACD = ZCAB=20°  [alt. int 4]. 
In AACD, we have 
ZCAD * ZACD + ZADC = 180° 
=> 50°+20°+ ZADC = 180° 
= ZADC= 180° -70° = 110°. 
In the given figure, ABCD is a cyclic 
quadrilateral. A circle passing through 
A and B, meets AD and BC in E and F 
respectively. Prove that EF || DC. 
Join EF. 
Now, ABFE being a cyclic 
quadrilateral, we have 


Z1+ 22 = 180°. ... (i) 


Also, ABCD being a cyclic quadrilateral, we have 

Z1* 23 = 180°. ... (ii) 
From (i) and (ii), we get 

41+ 22=21+23 > 22=23. 
But, these are corresponding angles. 

EF | DC. 


In the given figure A, B, C and a 
D, E, F are two sets of collinear 
points. Prove that AD || CF. 


SOLUTION 


EXAMPLE 18 


SOLUTION 


EXAMPLE 19 
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Join BE. 
Now, ABED is a cyclic quadrilateral. 
Z1+ 22 =180°. ... (i) 


Again, BCFE is a cyclic quadrilateral. 
exterior angle = interior opposite angle. 
22 = Z3. ... (ii) 
From (i) and (ii), we get Z1 * Z3 = 180°. 
But these are interior angles on the same side of the transversal. 
Hence, AD || CF. 
In the given figure, two 
circles intersect at P and Q. 
If ZA=80° and ZD - 84, 
calculate (i) ZQBC and 
(ii) ZBCP. 
Join PQ. 
Now, quad. AQPD is cyclic 
> ZQAD+ZQPD = 180° 
=> 80°+ZQPD = 180° 
=> ZQPD= 180° - 80° = 100°. 
(i) The side CP of quad. QBCP is produced to D. 
ZQBC = ZQPD = 100° [ext. Z = int. opp. Z]. 
(ii) Side AQ of cyclic quad. PDAQ is produced to B. 
ZPQB = ZADP = 84° [ext. < =int. opp. Z]. 
In the cyclic quad. QBCP, we have 
ZPQB + ZBCP = 180° 
=> 84°+ZBCP =180° 
= ZBCP=180° -84° = 96°. 


In the given figure, two circles 
intersect at A and B. The centre 


c 
of the smaller circle is O and "di 
lies on the circumference of the P 


larger circle. PK | 
If PAC and PBD are straight NR 
lines and Z APB = 70°, find a 


(i) ZAOB, (ii) ZACB and 
(iii) ZADB. p 
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SOLUTION 


EXAMPLE 20 


SOLUTION 


EXAMPLE 21 


SOLUTION 
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(i) Minor arc AB subtends Z AOB at the centre and ZAPB at 
a point on the remaining part of the circle. 


ZAOB = 2Z APB 2 2X70? = 140°. 
(ii) AOBC is a cyclic quadrilateral 
ZAOB + ZACB = 180° 
=> 140°+ ZACB = 180° 
= ZACB= 180° -140° = 40°. 
(iii) ADB = ZACB = 40° [A in the same segment]. 
AABC is an isosceles triangle in which A 


AB = AC. If D and E are midpoints of AB 
and AC respectively, prove that the points 


B, C, E and D are concyclic. N 
In order to show that the points B, C, 
E and D are concyclic, we must prove 


that ZECB * ZEDB - 180*. 


Since D and E are the midpoints of AB and AC respectively, 
we have DE || BC. 


Now, DE || BC 
= ZABC-ZADE 
> ZACB-ZADE ..(i)[- AB-AC > ZABC-ZACE] 
ECB + ZEDB = ZACB + ZEDB 
=ZADE+ZEDB [using (i)] 
= 180° 
[^ ZADE and ZEDB form a linear pair]. 


Hence, the points B, C, E and D are concyclic. 


D and E are points on equal sides AB and AC of ^ 

an isosceles AABC such that AD = AE. Prove 

that the points B, C, E and D are concyclic. D E 
In order to prove that the points B, C, E 

and D are concyclic, we must show that 


ZECB + ZEDB = 180°. a * 
Now, AB = AC => ZABC =ZACB. ... (i) 
And, AD - AE > ZAED = ZADE. ... (ii) 


We know that the sum of the angles of a triangle is 180*. 


EXAMPLE 22 


SOLUTION 


Circles 475 


in AABC and AADE, we have 
ZA+ZABC+ ZACB = 180° and ZA + ZADE + ZAED = 180° 
=> ZA+2ZACB=180° and ZA * 2ZADE = 180° 
[using (i) and (ii)] 
> A+2ZACB=ZA+2ZADE 
=> 2ZACB=2ZADE > ZACB=ZADE 
=> ZECB-ZADE ... (iii) [^ ZACB = ZECB]. 
ECB + ZEDB=2ZADE+ZEDB [using (iii)] 
=180° [7 ZADE + ZEDB = a straight Z ]. 
Thus, ZECB + ZEDB = 180°. 
This shows that the points B, C, E and D are concyclic. 


Prove that if the bisector of any angle of a triangle and the 
perpendicular bisector of its opposite side intersect then they will 
intersect on the circumcircle of the triangle. 
Let O be the circumcentre of the given A 
AABC. Then, the perpendicular bisector A 
of BC passes through the point O. Let it 
cut the circumcircle of AABC at D and BC 
at E. Join OB and OC. à L 
In order to show that the perpendicular Se 
bisector of BC and the bisector of 7A of i 
AABC intersect at D, it is sufficient to show that AD is the 
bisector of ZA. 
Clearly, arc BC makes “BOC at the centre and <A at a point A 
on the remaining part of the circle. 

ZBOC = 224A. zza (i) 
In AOEB and AOEC, we have ZOEB = ZOEC = 90°. 
Hyp. OB = hyp. OC = radius of the circle. 

OE-OE (common) 

AOEB = AOEC 

BOE = ZCOE = ZA [^ ZBOC = 22A]. 


Now, arc DC makes Z A at the centre and therefore it will make 


12A at the point A on remaining part of the circle. 
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EXAMPLE 23 


SOLUTION 
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ZCAD = 12A. 


This shows that AD is the bisector of ZA. 


Thus, the bisector of 7A and the perpendicular bisector of side 
BC, intersect at a point D lying on the circumcircle of AABC. 


Hence, the result follows. 
In the given figure, AB is a diameter of a circle with centre O. If ADE 


and CBE are straight lines, meeting at E such that ZBAD = 35° and 
ZBED = 25°, find (i) ZDBC, (ii) ZBCD and (iii) ZCDB. 


Join AC and BD. 
Now,ZADB -90* (angle in a semicircle). 
Since ADE is a straight line, we have 
ZADB + ZEDB = 180° > 90° + ZEDB = 180° 
= ZEDB = 180° - 90° = 90°. 
In ADBE, we have 
DBE + ZBED + ZEDB = 180° 
^ ZDBE+25°+90° = 180° 
^ ZDBE=180°-115° = 65°. 


(i) Since CBE is a straight line, we have 
ZDBC + ZDBE = 180° = ZDBC * 65? = 180° 
= ZDBC = 180° — 65° = 115°. 
(ii) BCD = ZBAD = 35° [angles in the same segment]. 


(iii) In ADBC, we have 
DBC + ZBCD + ZCDB = 180° 
=> 115°+35°+ ZCDB = 180° 
= ZCDB = (180° - 150°) = 30°. 
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EXAMPLE 24 Let the vertex of an ZABC be located 
outside a circle and let the sides of the angle 
intersect equal chords AD and CE with the 
circle. Prove that ZABC is equal to half of 
the difference of the angles subtended by the 
chords AC and DE at the centre. 


SOLUTION Let O be the centre of the given circle. 
Let ADB and CEB be the two chords of 
the circle such that AD = CE. 


Join OA, OC, OD, OE and DE. 


Then, we have to prove that ZABC = 1(ZAOC — ZDOE). 


In AOAD and AOCE, we have 
OA = OC [radii of the same circle] 
OD-OE [radii of the same circle] 
AD-CE [given] 
AOAD = AOCE [by SSS-congruence]. 


So, ZAOD = ZCOE, OA = OC and OD = OE. 
OAD = ZODA = ZOCE = ZOEC = x^ (say). 


In AOAC, we have 


OA * OC > ZOAC » ZOCA » y? (say). 


Z AOC = (180° - 2^). 
In AODE, we have 


OD =OE > ZODE = ZOED = z' (say). 


ZDOE = (180° - 27). 
Clearly, ACED is a cyclic quadrilateral. 


ZC + ZD = 180° > (x^ *y)*t(x^ +2°) = 
=> 2x? +y° +z° = 180°. 


Now, in ABDE, we have 
BDE+ ZBED + ZDBE = 180° 


=> {180° — (x° +z°)} + {180° — (x° + z°)} + ZDBE = 180° 


=> ZDBE=2x° +2z° -180° 


= 180° - (y° +z°) + 2z°— 180° [using (iii)] 


= ZDBE=z°-y° 
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.. (ii) 


.. (iii) 
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^ ZABC-z-y ... (iv) [7 ZDBE = ZABC]. 
From (i) and (ii), we get 
(ZAOC - ZDOE) = (180° - 2?) - (180° - 27^) = 2(z° - y^) 


> i(ZA0C-ZDOE)-z-y.. ... (v) 
From (iv) and (v), we have 
$(ZAOC - ZDOE) = ZABC. 


Prove that any four vertices of a regular pentagon are concyclic. 


GIVEN A regular pentagon ABCDE. D 

TO PROVE Every set of four vertices 

of ABCDE is a set of points lying on g C 
a circle. 

PROOF First we show that the points 

A, B, C, Elie on a circle. 


Join AC and BE. > 
In AABC and ABAE, we have 

AB = BA [common] 

BC-AE [sides of a regular pentagon] 


ZABC-ZBAE [each equal to 108?] 
“. AABCZXABAE [by SAS-congruence] 
= ZBCA-ZAEB [cp.c..]. 
Thus, AB subtends equal angles at two points C and E on the 
same side of AB. 


the points A, B, C, E are concyclic 
[by Theorem 5 at Page 444]. 
Similarly, every set of four vertices of pentagon ABCDE is a set 
of concyclic points. 


SOME RESULTS ON CYCLIC QUADRILATERALS 


THEOREM 1 


Prove that every cyclic parallelogram is a rectangle. 


GIVEN A |gm ABCD inscribed in a circle. 


TOPROVE ABCD is a rectangle. 


is) 
[e] 


PROOF We have 


ZA+ ZC -180* E 
[opp. 4 of a cyclic quad.]. 
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But, ZA = ZC ... (ii) [opposite 4 of a ||gm]. 
ZA=ZC=90° [from (i) and (ii)]. 
But, a |gm one of whose angles is 90? is a rectangle. 
Hence, ABCD is a rectangle. 
THEOREM2 Prove that an isosceles trapezium is always cyclic. 


or If two nonparallel sides of a trapezium are equal, prove that it is 


cyclic. 
GIVEN A trapezium ABCD in which AB || DC D ie 
and AD - BC. 
TOPROVE ZA+ZC=180°, and 
ZB ZD = 180°. 
CONSTRUCTION Draw DL L AB and CM L AB. ATL M B 


PROOF From the right A ALD and BMC, we have 
AD-BC [given] 
DL-CM [distance between two parallels] 
z. AALDZ ABMC. [RHS-congruence] 
> ZA-ZB ..() and ZADL-ZzBCM ... (ii) 


ZC = ZBCD = ZBCM +90° 
= ZADL+90° = ZADC = ZD [using (ii)] 
> ZC-ZD. ... (iii) 


Now, ZA+ ZB+ ZC + ZD = 360° [sum ofthe 4 of a quad. is 360°] 
=> 2(ZA+ZC)=360° and 2(2B+ZD) = 360° 

[using (i) and (iii)] 
=> ZA+2ZC=180° and 4B+ZD=180°. 
Hence, quad. ABCD is cyclic. 


THEOREM 3 Prove that a cyclic trapezium is always isosceles and its diagonals 
are equal. 


Or df two sides of a cyclic quadrilateral are parallel, prove that its 
remaining two sides are equal and the diagonals are equal. 


GIVEN A cyclic trapezium in which AB || DC. 
TOPROVE AD=BC and AC=BD. go 
PROOF  AB|| DC and BC is a transversal. 
ZABC+ ZBCD = 180° [sum of int. 4]. 
But, ZABC * ZADC - 180* 


A B 
[opposite 4 of a cyclic quad.]. we 


480 Secondary School Mathematics for Class 9 


ABC + ZADC = ZABC + ZBCD 
= ZADC-ZBCD. m 
Now, in AADC and ABCD, we have 
ZADC-ZBCD [proved in (i)] 
ZDAC-ZCBD [Ain the same segment] 
DC = CD [common] 
AADC = ABCD. 
Hence, AD = BC and AC = BD. 
THEOREM4 Prove that the quadrilateral formed by angle bisectors of a cyclic 
quadrilateral is also cyclic. 


GIVEN A cyclic quad. ABCD in which AP, BP, CR 
and DR are the bisectors of ZA, ZB, ZC and ZD 
respectively, forming quad. PQRS. 


TOPROVE PQRS is a cyclic quadrilateral. 


PROOF Since the sum of the angles of a triangle is 
180°, from AABP and ACDR, we have 


APB * ZPAB * ZPBA - 180* | 
CRD + ZRCD+ ZRDC = 180° 


ZAPB +h ZA+S2B = 180° ... (i) 
> 
ZCRD+52C+52D = 180". (ii) 


Adding (i) and (ii), we get 


ZAPB ZCRD +5( A+ZB+ZC+ ZD) = 360° 


= ZAPB-*ZCRD = 180° [^ ZA+4B+ ZC* ZD = 360°] 
=> ZQPS+ZQRS = 180°. 

Thus, two opposite angles of quad. PORS are supplementary. 
Hence, PQRS is cyclic. 


THEOREM5 Prove that the sum of the angles in the four segments exterior to a 
cyclic quadrilateral is equal to six right angles. 


GIVEN A cyclic quadrilateral ABCD, and <P, ZQ, 
Z R and ZS are in the four segments exterior to it. 


TOPROVE ZP*ZQ-«-zR-*zS-6rt. A. 
CONSTRUCTION Join BS and CS. 


PROOF APBS is a cyclic quadrilateral. 
21+ ZP= 180°. s= (i) 
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Again, SBQC is a cyclic quadrilateral. 


Z2 ZQ =180°. ... (ii) 
Also, SCRD is a cyclic quadrilateral. 
£3+ ZR 180". ... (iii) 


From (i), (ii) and (iii), we get 

(21+ 22+ 23)+(ZP+2ZQ+ ZR) = 540° 
> 2P+24Q+2ZR+245=540°=6rt.4 [^ Z1* Z2* Z3- ZS]. 
Hence, P+ Q+ ZR+ ZS = 6rt. A. 


THEOREM6 Prove that the altitudes of a triangle are concurrent. 


or Prove that the perpendiculars from the vertices of a triangle on the 
opposite sides are concurrent. 


GIVEN A AABC in which BE 1 AC and CF L AB such that BE and CF 
intersect at a point O. AO is joined and produced to meet BC at D. 
TOPROVE AD . BC. 

CONSTRUCTION Join FE. 

PROOF BEL AC and CF L AB 

ZBEC = ZBFC = 90° 

BC makes equal angles at E and F 


BCEF is a cyclic quadrilateral 
ZECB + ZBFE = 180° 

ZACD + ZBFE = 180° [- ZECB = ZACD] 

ZACD + (ZBFO + ZOFE) = 180° 

ZACD + 90° + ZOFE = 180° [- ZBFO = 90°] 

ZACD + ZOFE = 90°. Gi) 
Again, ZOFA + ZOEA = 90° + 90° = 180° 

= EOFA is a cyclic quadrilateral 

> ZOFE=ZOAE [Ain the same segment]. ... (ii) 
From (i) and (ii), we have 

ZACD + ZOAE = 90° 


UU 45 


> ZACD+ZDAC= 90° ..(ii [7 ZOAE = ZDAC]. 
We know that the sum of the angles of a triangle is 180°. 
. in AADC, we have 
ACD + ZDAC + ZADC = 180° 
=> 90°+ ZADC = 180° [using (iii)] 
^ ZADC=90° 
= AD1BC. 


Hence, the altitudes AD, BE and CF are concurrent. 
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.In the given figure, ABCD is a cyclic 


. In the given figure, POQ is a diameter and 


. In the given figure, ABCD is a cyclic 
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EXERCISE 12C 


quadrilateral whose diagonals intersect at P 
such that ZDBC - 60* and ZBAC - 40*. 


Find (i) ZBCD, (ii) ZCAD. 


PQRS is a cyclic quadrilateral. If ZPSR = 150°, 
find ZRPQ. 


. In the given figure, O is the centre of the 
circle and arc ABC subtends an angle of 
130° at the centre. If AB is extended to ya c 
P, find ZPBC. J 
A B 
A F 


«1I 20* 
quadrilateral in which AE is drawn 
parallel to CD, and BA is produced to 
F. If ZABC = 92? and ZFAE = 20°, find 
Z BCD. 


. In the given figure, BD - DC and 


ZCBD = 30°, find ZBAC. 


A 
L\ 
BNR 
. In the given figure, O is the centre D NE T C 
D 


of the given circle and measure of 
arc ABC is 100*. Determine ZADC 
and Z ABC. 


N 


oo 


Kel 


10. 


11. 


Circles 


. In the given figure, AABC is equilateral. 


Find (i) ZBDC, (ii) ZBEC. 


. In the adjoining figure, ABCD is a 


cyclic quadrilateral ^ in ^ which 
ZBCD=100° and ZABD=50°. Find 
Z ADB. 


. In the given figure, O is the centre of a 


circle and ZBOD = 150°. Find the values 
of x and y. 


In the given figure, O is the centre of 
the circle and ZDAB = 50°. Calculate the 
values of x and y. 


In the given figure, sides AD and AB 
of cyclic quadrilateral ABCD are 
produced to E and F respectively. 

If ZCBF = 130° and ZCDE = x^, find the 
value of x. 
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12. In the given figure, AB is a diameter of a circle 


A 
with centre O and DO || CB. 
If ZBCD = 120°, calculate 
(i) ZBAD, (ii) ZABD, P 
(iii) ZCBD, (iv) ZADC. Na 
Also, show that AAOD is an equilateral PaA 


triangle. 

13. Two chords AB and CD of a circle 
intersect each other at P outside the 
circle. If AB = 6 cm, BP =2 cm and 
PD = 2.5 cm, find CD. 


14. In the given figure, O is the centre 
of a circle. If ZAOD = 140° and 
ZCAB = 50°, calculate 


(i) ZEDB, (ü) ZEBD. 


15. In the given figure, AABC is an 
isosceles triangle in which AB = AC 
and a circle passing through B and 
C intersects AB and AC at D and E 
respectively. 

Prove that DE|| BC. 

16. In the given figure, AB and CD are 
two parallel chords of a circle. If 
BDE and ACE are straight lines, 
intersecting at E, prove that AAEB 
is isosceles. 


17. In the given figure, ZBAD = 75°, 
ZDCF = x? and ZDEF = y*. 
Find the values of x and y. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
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In the given figure, ABCD is a quadrilateral in 
which AD = BC and ZADC = ZBCD. Show that 
the points A, B, C, D lie on a circle. 


D C 


Prove that the perpendicular bisectors of the sides of a cyclic 
quadrilateral are concurrent. 


Prove that the circles described with the four sides of a rhombus as 
diameters pass through the point of intersection of its diagonals. 


ABCD is a rectangle. Prove that the centre of the circle through A, B, C, 
D is the point of intersection of its diagonals. 


Give a geometrical construction for finding the fourth point lying on a 
circle passing through three given points, without finding the centre of 
the circle. Justify the construction. 


Ina cyclic quadrilateral ABCD, if (ZB — ZD) = 60°, show that the smaller 
of the two is 60°. 


The diagonals of a cyclic quadrilateral are at right angles. Prove that 
the perpendicular from the point of their intersection on any side when 
produced backwards, bisects the opposite side. 


On a common hypotenuse AB, two right triangles ACB and ADB are 
situated on opposite sides. Prove that ZBAC = ZBDC. 


ABCD is a quadrilateral such that A is the centre of the circle passing 
through B, C and D. Prove that ZCBD + ZCDB = Í 2BAD. 


ANSWERS (EXERCISE 12C) 


. (i) ZBCD =80° (ii) CAD = 60° 2. ZRPQ=60° 3. ZPBC = 65° 

. LBCD = 108° 5. ZBAC- 60^ 6. ZADC = 50°, ZABC = 130° 

. (i) ZBDC =60° (ii) BEC = 120° 8. ZADB = 50° 

. x=105,y=75 10. x = 100, y = 130 11. x - 50 
-()ZBAD-60* (ii) ZABD -30* (iii) CBD = 30° (iv) ZADC = 120° 
. CD =3.9 cm 14. (i) ZEDB=50° (ii) ZEBD = 110° 

.x-75,y - 105 
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10. 


TI; 


12. 


13. 


14. 


HINTS TO SOME SELECTED QUESTIONS 


.ZBDC-ZBAC-40* [angles in the same segment]. 


ZBCD = 180° — (40° + 60°) = 80°. 
ZCAD =ZCBD = 60° [angles in the same segment]. 


. ZPSR * ZPQR = 180° > ZPQR = 30*. 


ZPRQ=90° [angle in a semicircle] 
30° + 90° + ZRPQ = 180° > ZRPQ = 60°. 


. ZABC+ ZADC = 180° > ZADC = 88°. 


AE|CD = ZEAD = ZADC = 88° 
> ZDAF = ZEAF + ZEAD = 20° + 88° = 108°. 
ZBCD = ZDAF = 108° [- ext. Z of a cyclic quad. = int. opp. 4]. 


. BD- DC ZBCD = ZCBD = 30°. 


ZBDC = 180° - (30° + 30°) = 120°. 
ZBAC + ZBDC = 180° = ZBAC = 60°. 


. Reflex ZBOD = (360° — 150°) = 210°. 


xe = i reflex ZBOD = 105°. 


Now, x° + y° = 180° > y* -75. 

ABCD is a cyclic quadrilateral. 

“50° +y° = 180° y = 180 — 50 = 130. 
OA - OB ZOBA = ZOAB = 50* 

Z AOB = 180° - (50° + 50°) = 80°. 

x = 180-80 = 100. 

In a cyclic quadrilateral, we have, exterior angle = interior opposite angle. 

ZCBF = ZCDA = (180° - x?) 

130 2 180- x x =50. 

ZBCD + ZBAD = 180° ^ ZBAD = 60°. 

ZBAD = 90° [angle in a semicircle] 

ZBDA + ZBAD + ZABD = 180° => ZABD = 30°. 
OD = OA ZODA = ZOAD = ZBAD = 60°. 

ZODB = 90° - ZODA = 30°. 

ZCBD = ZODB = 30° ZCDB = 180° - (120° + 30°) = 30° 
and ZADC = ZADB + ZCDB = (90° + 30°) = 120°. 
AP X BP = CP X DP 
=> 8X2= (CD +2.5)X 2.5 
> CD =3.9 cm. 

ZBOD = 180° - ZAOD = 180° — 140° = 40°. 
OB = OD ZOBD = ZODB = 70°. 

ZCAB + ZBDC =180° [- ABDC is cyclic] 
=> ZCAB + ZODB + ZODC = 180° 

> 50°+70° + ZODC = 180° 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
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= ZODC=60°. 
ZEDB = 180° - (60° + 70°) = 50° 
and ZEBD = 180° - ZOBD = 180° - 70° = 110°. 
AB=AC => ZACB = ZABC. 
ext. ZADE = ZACB = ZABC. 
Thus, LADE =ZABC => DE||BC. 
Ext. ZEDC = ZA, ext. ZDCE = ZB. 
AB|CD > ZEDC-ZB and ZDCE=ZA. 
ZA=ZB. 
ZBAD + ZBCD = 180° > ZBCD = 105°. 
x = 180-105 = 75. 
x+y - 180 y = 180-75 = 105. 
Draw DE L AB and CF L AB. 
In AADE and ABCF, we have 
ZADE = ZADC - 90° ZBCD -90° = ZBCF [- ZADC = ZBCD (given)], 
AD =BC [given] 
and ZAED = ZBFC = 90°. 
“. MAADE=ABCF [by RHS-congruence] 
=> ZA-ZB. 
e ZA+2ZB+2C+2ZD = 360° 
> 224B+224D=360° [- ZC- ZD (given)] 
=>  ZB+ ZD - 180^ and therefore, ZA + ZC = 180°. 
Hence, the points A, B, C, D are concyclic. 
Let ABCD be a cyclic quadrilateral and let O be the centre 
of the circle, passing through A, B, C, D. Then, each of AB, D rM 
BC, CD and DA being a chord of the circle, its right bisector 
must pass through O. Hence, the right bisectors of AB, BC, 
CD and DA pass through O. 


Let the diagonals AC and BD of a rhombus ABCD intersect at O. D C 


But, the diagonals of a rhombus bisect each other at right angles. NV 
So, ZBOC - 90*. 
Vain 


ZBOC lies in a semicircle. 
Thus, the circle drawn with BC as diameter will pass through 


A B 
O. Similarly, all the circles described with AB, AD and CD as 
diameters, will pass through O. 
Let O be the point of intersection of the diagonals p [e 
AC and BD of rect. ABCD. Since the diagonals of a 
rectangle are equal and bisect each other, we have, x 


OA = OB = OC = OD. 
Hence, O is the centre of the circle through A, B, C, D. A 


ive] 
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22. 


23. 
24. 


25. 


26. 
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Let A, B, C be the given points. With B as centre and radius A D 
equal to AC draw an arc. With C as centre and AB as radius 

draw another arc, intersecting the previous arc at D. Then, D 

is the desired point. 


PROOF Join BD and CD. 
AABC=ADCB [- AB = DC, AC = DB and BC = CB] 
= ZBAC=ZCDB. 
Thus, BC subtends equal angles ZBAC and ZCDB on the same side of it. 
points A, B, C, D are cyclic. 
ZB- ZD = 60 and ZB + ZD = 180° => ZB = 120^ and ZD = 60°. 
Let ABCD be a cyclic quadrilateral whose diagonals AC and BD intersect at O at right 
angles. Let OL L AB such that LO produced meets CD at M. 
Then, we have to prove that CM = MD. 
Clearly, 41= 72 [Ain the same segment] 
22+ 23=90° [- ZOLB=90°] 
23+ 2Z4=90° [' LOM isa straight line and ZBOC = 90°] 
2+43=243+24 > 22=Z4, 
Thus, 41 = Z2and 42= Z4 > 41= 24. 
OM = CM and similarly, OM = MD. 
Hence, CM = MD. 
Clearly, ZACB = 90° and 7 ADB = 90°. A 


Thus, the opposite angles of quad. ACBD are supplementary. 
z. ACBD is a cyclic quadrilateral. 
This means that a circle passes through the points A, C, B and D. 


ZBAC-ZBDC [Ain the same segment]. 


With A as centre and AB as radius, draw a circle passing 
through the points B, C and D. 

Take a point E on the circle outside arc BCD. Join BE, 
DE and BD. 

Clearly, ZBAD = 2Z BED. w+ (i) 
Now, EBCD is a cyclic quadrilateral. 


C 
E 
/N 
ZBED + ZBCD = 180° Wa 
G 


= ZBCD=180°- ZBED 
>  ZBCD- 180 -LZBAD (ü) ^ [using (i)]. 


In ABCD, we have 
ZCBD + ZBCD + ZCDB = 180° 
^ ZCBD + ZCDB = 180° - BCD 


52BAD) = I ZBAD [using (ii)]. 


180° (180° 
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MULTIPLE-CHOICE QUESTIONS (MCQ) 


Choose the correct answer in each of the following: 


EN 
oe) 
Ne) 


1. The radius of a circle is 13 cm and the length of one of its chords is 


N 


le) 


ol 


[22 


N 


10 cm. The distance of the chord from the centre is 


(a) 11.5 cm (b) 12 cm 
(c) v69 cm (d) 23 cm 


17 cm. The length of the chord is 
(a) 25 cm (b) 12.5 cm 
(c) 30 cm (d) 9 cm 


. In the given figure, BOC is a diameter of a circle 


and AB = AC. Then, ZABC =? 
(a) 30? (b) 45? 
(c) 60° (d) 90? 


. In the given figure, O is the centre of a circle and 


ZACB = 30°. Then, ZAOB =? 
(a) 30° (b) 15° 
(c) 60° (d) 90° 


. In the given figure, O is the centre of a circle. If 


ZOAB = 40° and C is a point on the circle then 
ZACB =? 

(a) 40° (b) 50° 

(c) 80° (d) 100° 


. In the given figure, AOB is a diameter of a circle 


with centre O such that AB = 34 cm and CD is a 
chord of length 30 cm. Then, the distance of CD 
from AB is 
(a) 8cm (b) 15cm 
(c) 18 cm (d) 6 cm 


. AB and CD are two equal chords of a circle with 


centre O such that ZAOB = 80°. Then, ZCOD =? 
(a) 100° (b) 80? 
(c) 120? (d) 40? 


. A chord is at a distance of 8 cm from the centre of a circle of radius 


A 
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10. 


11. 


12. 


13. 


14. 


15. 


. In the given figure, O is the centre of a circle 
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In the given figure, CD is the diameter of a circle 
with centre O and CD is perpendicular to chord 
AB. If AB = 12 cm and CE =3 cm then radius of 
the circle is 

(a) 6cm (b) 9 cm 

(c) 7.5 cm (d) 8 cm 


and diameter AB bisects the chord CD at a point 
E such that CE = ED = 8 cm and EB = 4 cm. The 
radius of the circle is 


(a) 10 cm (b) 12cm 
(c) 6 cm (d) 8 cm 
In the given figure, BOC is a diameter of a circle n E 
with centre O. If AB and CD are two chords such 
that AB||CD and AB = 10 cm then CD =? Pa 
(a) 5cm (b) 12.5 cm c ND LN D 
(c) 15 cm (d) 10 cm 
In the given figure, AB is a chord of a circle A 


with centre O and AB is produced to C such B 

that BC = OB. Also, CO isjoined and produced  , 25 e 
to meet the circle in D. If ZACD = 25° then o 

ZAOD =? uM 


(a) 50° (b) 75? 
(c) 90° (d) 100° 
In the given figure, AB is a chord of a circle with AX DON 


centre O and BOC is a diameter. If OD L AB such 
that OD = 6 cm then AC =? 
(a) 9cm (b) 12cm c 


(c) 15 cm (d) 7.5 cm 


An equilateral triangle of side 9 cm is inscribed in a circle. The radius of 
the circle is 


UJ 


(a) 3cm (b) 3/2 cm (c) 3/3 cm (d) 6cm 
The angle in a semicircle measures 
(a) 45° (b) 60? (c) 90° (d) 36° 


Angles in the same segment of a circle are 
(a) equal (b) complementary 
(c) supplementary (d) none of these 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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In the given figure, AABC and ADBC are 
inscribed in a circle such that ZBAC = 60° and 
ZDBC = 50°. Then, ZBCD =? 


(a) 50° (b) 60* 

(c) 70? (d) 80° 
In the given figure, BOC is a diameter of a circle 
with centre O. If ZBCA = 30° then ZCDA =? 

(a) 30° (b) 45? 

(c) 60° (d) 50? 


In the given figure, O is the centre of a circle. If 
ZOAC = 50° then ZODB =? 


(a) 40° (b) 50° 
(c) 60° (d) 75° 


In the given figure, O is the centre of a circle 
in which ZOBA= 20° and ZOCA = 30°. Then, 
ZBOC =? 

(a) 50° (b) 90° 

(c) 100° (d) 130° 


In the given figure, O is the centre of a circle. If 
ZAOB = 100° and ZAOC = 90° then ZBAC =? 


(a) 85° (b) 80° 
(c) 95° (d) 75° 


In the given figure, O is the centre of a circle. 
Then, ZOAB =? 


(a) 50° (b) 60° 
(c) 55° (d) 65° 


In the given figure, O is the centre of a circle and 
ZAOC = 120°. Then, ZBDC =? 


(a) 60° (b) 45° 
(c) 30° (d) 15° 
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23. In the given figure, O is the centre of a circle and 
ZOAB = 50°. Then, ZCDA =? 


(a) 40° (b) 50° 
(c) 75° (d) 25° 


24. In the given figure, AB and CD are two 
intersecting chords of a circle. If ZCAB = 40° and 
ZBCD = 80° then ZCBD =? 


(a) 80° (b) 60° 
(c) 50° (d) 70° 
25. In the given figure, O is the centre of a circle and 


chords AC and BD intersect at E. If ZAEB = 110° 
and ZCBE = 30° then ZADB =? 


(a) 70° (b) 60° 
(c) 80° (d) 90° 
26. In the given figure, O is the centre of a circle 
in which ZOAB=20° and ZOCB=50°. Then, 
ZAOC =? 
(a) 50° (b) 70° 
(c) 20° (d) 60° 
27. In the given figure, AOB is a diameter and ABCD 
is a cyclic quadrilateral. If ZADC = 120° then 
ZBAC =? 
(a) 60° (b) 30° 
(c) 20° (d) 45° 
28. In the given figure, ABCD is a cyclic quadrilateral 
in which AB|DC and ZBAD=100°. Then, 
ZABC =? 
(a) 80° (b) 100° 
(c) 50° (d) 40° 


29. In the given figure, O is the centre of a circle and 
ZAOC = 130°. Then, ZABC =? 


(a) 50° (b) 65° c 


(c) 115° (d) 130° bW j 


30. 


31. 


32. 


33. 


34. 


35. 


36. 
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In the given figure, AOB is a diameter of a circle CL D 
and CD || AB. If ZBAD = 30° then ZCAD =? ba N 
(a) 30° (b) 60° Ar B 


In the given figure, O is the centre of a circle in 
which ZAOC = 100°. Side AB of quad. OABC has 
been produced to D. Then, CBD =? 


(a) 50° (b) 40° 
(c) 25° (d) 80° 


In the given figure, O is the centre of a circle and 
ZOAB = 50°. Then, ZBOD = ? 


(a) 130° (b) 50° 
(c) 100° (d) 80° 


In the given figure, ABCD is a cyclic quadrilateral in 
which BC = CD and ZCBD = 35°. Then, ZBAD = ? 


(a) 65° (b) 70° 
(c) 110° (d) 90° 


In the given figure, equilateral AABC is inscribed 
in a circle and ABDC is a quadrilateral, as shown. 
Then, ZBDC =? 


(a) 90° (b) 60° 


B C 
(c) 120° (d) 150° 5 
In the given figure, sides AB and AD of quad. F 
ABCD are produced to E and F respectively. If D c 
ZCBE = 100° then ZCDF = ? 

(a) 100° (b) 80° 100° 
(c) 130° (d) 90° A B E 
In the given figure, O is the centre of a circle B 
and ZAOB = 140°. Then, ZACB =? "2m. 

(a) 70° (b) 80° A e 


(c) 110° (d) 40° 
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37. In the given figure, O is the centre of a circle and 
ZAOB = 130°. Then, ZACB =? 


(a) 50° (b) 65° 
(c) 115° (d) 155° 


38. In the given figure, ABCD and ABEF are two 
cyclic quadrilaterals. If ZBCD = 110? then 
ZBEF =? 

(a) 55° (b) 70° 
(c) 90° (d) 110° 


39. In the given figure, ABCD is a cyclic 


quadrilateral in which DC is produced 
to E and CF is drawn parallel to AB such 
that ZADC =95° and ZECF =20°. Then, 
ZBAD =? 
(a) 95° (b) 85° 
(c) 105° (d) 75° 
40. Two chords AB and CD of a circle intersect 
each other at a point E outside the circle. If 
AB=11 cm, BE=3 cm and DE =3.5 cm, then 
CD=? 
(a) 10.5 cm (b) 9.5 cm 
(c) 8.5 cm (d) 7.5 cm 
41. In the given figure, A and B are the centres 
of two circles having radii 5 cm and 3 cm 
respectively and intersecting at points P and 


Q respectively. If AB = 4 cm then the length 
of common chord PQ is 


(a) 3cm (b) 6 cm 
(c) 7.5 cm (d) 9 cm 
42. In the given figure, ZAOB = 90° and ZABC = 30°. 
Then, ZCAO =? 
(a) 30° (b) 45° 
(c) 60° (d) 90° 


1 
9 
17 
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ANSWERS (MCQ) 


.(b) 2() 3) 4( 5 (b) 6 (a) 7(b 8. (o 
.(a) 10.(d) 11. (b) 12. (b) 13.(c) 14 (c) 15. (a) 16. (c) 
.(c) 18. (b) 19. (c) 20. (a) 21. (d) 22. (c) 23. (b) 24. (b) 
.(c) 26. (d) 27. (b) 28. (b) 29. (c) 30. (a) 31. (a) 32. (c) 
.(b) 34.(c) 35. (b) 36. (c) 37. (c) 38. (d) 39. (c) 40. (c) 
.(b) 42. (c) 


HINTS TO SOME SELECTED QUESTIONS 


. Let O be the centre of a circle with radius OA = 13 cm. 


Let AB be the chord of length 10 cm. Draw OL L AB. 
Then, L is the midpoint of AB. Thus, AL = 5 cm. 


OL = OA? - AL’ = (13? - (5? = 169 - 25 = 144 
>  OL-4144- 12cm. 


Distance of the chord from the centre = 12 cm. ANgemL — 7B 


. Here OA = 17 cm and OL = 8 cm. 


AL? = OA? - OL? = (17)? - (8)? = 289 - 64 = 225. 


=> AL=¥7¥225=15 | 


AB = (2X AL) = (2X15) cm = 30 cm. 


. Since an angle in a semicircle is a right angle, ZBAC - 90*. 


Z ABC + ZACB = 90°. 
Now, AB = AC ZABC = ZACB = 45°. 


. Clearly, ZAOB = (2 X ZAOC) = (2 X 30°) = 60°. 
. OA- OB => ZOBA = ZOAB = 40°. 


ZAOB = 180° — (40° + 40°) = 100°. 


ZACB 52 AOB 5x 100° 50°. 


. Join OC. Then, OC = radius = 17 cm. "E " 


C 


alent = : 
CL- 4CD - (5 x 30) cm = 15 cm FA 


OP = OC? - CP = (17? - (15)? = (17 + 15) (17 - 15) = (32 X 2) = 64 
=> OL-2464-28cm. 


distance of CD from AB - 8 cm. 


. Since equal chords of a circle subtend equal angles at the centre, so 


ZCOD = ZAOB = 80°. 


. Let OA = OC = r cm. Then, OE = (r - 3) cm and AE = FAB =6cm. 


Now, OA? = OF’ + AE? > r?=(r—-3)?+6" 


6r = 45 r p 7.5 cm. 


496 Secondary School Mathematics for Class 9 


9. Let the radius of the circle be r cm. 
Then, OD = OB =r cm, OE = (r - 4) cm, ED = 8 cm. 
Now, OD? = OF? + ED? > P?-(r-Ay +8? 
8r =80 > r- 10cm. 
10. Draw OE L AB and OF L CD. 
Then, AOEB = AOFC 
[^ OB = OC = r, ZBOE = COF (vert. opp. 4) and ZOEB = ZOFC = 90°]. 
OE = OF. 
But, the chords equidistant from the centre are equal. 
CD = AB 7 10 cm. 
11. OB - BC ZBOC = ZBCO = 25° 
Ext. LOBA = ZBOC + ZBCO = 25° + 25° = 50°. 
OA = OB ZOAB = ZOBA = 50°. 
In AAOC, side CO has been produced to D. 
ext. LAOD = ZOAC + ZACO = ZOAB + ZBCO = 50° + 25° = 75°. 
12. OD L AB > Dis the midpoint of AB. 
Also, O is the midpoint of BC. 
Now, in ABAC, D is the midpoint of AB and O is the midpoint of BC. 


OD=>AC > AC=2XOD=(2X6)cm= 12cm. 


13. Let AABC be an equilateral triangle of side 9 cm. 
Let AD be one of its medians. 
Then, AD BC and BD = 4.5 cm. 


AD = (AB BDF = Joy - (Sj - /28 = 999 om, 


Let G be the centroid of AABC. 
Then, AG: GD =2:1. 


2 
3 


943 
radius = AG - Zap - [2 999 om - 3/5 em. AN o c 


14. The angle in a semicircle measures 90°. 
15. The angles in the same segment of a circle are equal. 
16. ZBDC = ZBAC = 60° (4 in the same segment of a circle). 
In ABDC, ZDBC * ZBDC * ZBCD - 180*. 
50° + 60° + ZBCD = 180° ^ ZBCD = 70°. 
17. ZBAC = 90° (angle in a semicircle). 
In AABC, ZBAC + ZABC + ZBCA = 180°. 
90° + ZABC + 30° = 180° = ZABC = 60°. 
ZCDA = ZABC = 60° (angles in the same segment of a circle). 
18. ZODB = ZOAC = 50° ( in the same segment). 
Now, OB = OD (radii of the same circle) 
=  ZOBD - ZODB - 50". 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


Circles 


In AOAB, OA = OB => ZOAB = ZOBA = 20° 


Z ° 430° 
In AOAC, OA = OC > ZOAC = ZOCA A BAC= 207 T30 


ZBOC =2 x ZBAC =2 X 50° = 100°. 
ZBOC + ZBOA + ZAOC = 360° ZBOC = 360° - 190° = 170° 


ZBAC = $ x 170° = 85°. 


OA = OB (radii of the same circle) ^ ZOAB = ZOBA = x°. 
Then, x + x +50 = 180 2x = 130 x = 65. 


ZCOB = 180° - ZAOC = 180° - 120° = 60°. 


50°. 
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Now, arc BC subtends “BOC at the centre and ZBDC at a point D of the remaining 


part of the circle. 


1 
2 


COB-2ZBDC > ZBDC=+ZCOB xev 30°. 


OA = OB => ZOBA = ZOAB = 50°. 
ZCDA = ZOBA = 50° (4 in the same segment). 


ZCDB = ZCAB = 40° (4 in the same segment). 


ZCDB + BCD + ZCBD = 180° = 40° + 80° + CBD = 180° > ZCBD = 60°. 


ZAEB + ZCEB = 180° 
=> 110°+ ZCEB=180° > 4CEB=70°. 
In ACEB, ZCEB + ZEBC + ZECB = 180° 
=>  70°+30° + ZECB = 180° > ZECB = 80°. 
ZADB = ZACB = ZECB = 80° (4 in the same segment). 
OA = OB = ZOBA = ZOAB = 20°. 
In AOAB, ZOAB + ZOBA + ZAOB = 180° 
=> 20° +20°+ ZAOB = 180° = ZAOB = 140°. 
OB=OC = ZOBC = ZOCB = 50°. 
In AOCB, ZOCB + ZOBC + ZCOB = 180° 
=> 50° +50° + ZCOB = 180° = ZCOB = 80°. 
ZAOB = 40° = ZAOC + ZCOB = 140° 
= ZAOC+80° = 140° = ZAOC = 60°. 
ZABC + ZADC = 180° (opp. 4 of cyclic quad.) 
= ZABC+120° = 180° = ZABC = 60°. 
Also, ZACB = 90° (angle in a semicircle). 
In AABC, ZBAC + ZACB + ZABC = 180° 
= ZBAC+90° + 60° = 180° = ZBAC = 30°. 


Since ABCD is a cyclic quadrilateral, we have 


ZBAD + ZBCD = 180° => 100° + ZBCD = 180° > ZBCD = 80°. 
Now, AB || DC and CB is the transversal. 


ZABC + ZBCD = 180° = ZABC + 80° = 180° = ZABC = 100°. 
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29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 
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Take a point D on the remaining part of the circumference. D 
Join AD and CD. Then, 


ZADC 1240C 1 x 130° = 65°, 


2 c» 
In cyclic quadrilateral ABCD, we have c 
yclic quadri v "dup" 


ZABC + ZADC = 180° = ZABC + 65° = 180° B 
ZABC = 180° - 65° = 115°. 
ZADC = ZBAD -30* [alt. int. 4]. 
ZADB=90° (angle in a semicircle). 
ZCDB = 30° + 90° = 120°. 
But, ABCD being a cyclic quadrilateral, we have 
ZBAC + ZCDB = 180° = ZBAD + ZCAD + ZCDB = 180° 
= 30°+ ZCAD + 120° = 180° > ZCAD = 30°. 
Take a point E on the remaining part of circumference of the circle. E 
Join AE and CE. 


ZAEC = FZ AOC = 5 X 100° = 50”. 


Now, side AB of cyclic quad. ABCE has been produced to D. 
So, ext. ZCBD = ZAEC = 50°. 


OA=OB = ZOBA = ZOAB = 50°. 
In AOAB, ZOAB + ZOBA + ZAOB = 180° — 50° +50° + ZAOB = 180°. 
ZAOB = 80°. 
ZBOD = 180° — 80° = 100°. 
BC=CD > ZBDC = ZCBD = 35°. 
In ABCD, ZBCD + ZBDC + ZCBD = 180° 
= ZBCD+35° +35° = 180° > ZBCD = 110°. 
In cyclic quad. ABCD, ZBAD + ZBCD = 180°. 
ZBAD + 110° = 180° > ZBAD = 70°. 
Since AABC is an equilateral triangle, each of its angles is 60°. 
ZBAC = 60°. 
In cyclic quad. ABDC, we have 
ZBAC + ZBDC = 180° = 60° + BDC = 180° > ZBDC = 120°. 
In cyclic quad. ABCD, int. opp. ZADC = ext. ZCBE = 100°. 
ZCDF = 180° - ZADC = 180° - 100° = 80°. 
ZBOC = 180° - 140° = 40°. 
OB=OC => ZOBC = ZOCB = x° (say) 
40+x+x=180 > 2x=140 > x=70. 
ZOBC = 70°. 
ZOBC + ZADC = 180° = ZADC = 180° - 70° = 110°. 


ZABC = 1440C 2 1 x 130° = 65°. 


38. 


39. 


40. 


41. 


42. 


1. Two circles are congruent if and only if they have equal radii. 
2. (i) Equal chords of a circle subtend equal angles at the centre. 


Circles 


ABCD is a cyclic quadrilateral. 
ZABC + ZADC = 180° > 65° + ZADC = 180° 
ZADC = 180° - 65° = 115°. 
Since ABCD is a cyclic quadrilateral, we have 

ZBAD + ZBCD = 180° ^ ZBAD * 110 = 180° > ZBAD = 70°. 
Again, ABEF is a cyclic quadrilateral. 

ZBAD + ZBEF = 180° = 70° + ZBEF = 180° => ZBEF = 110°. 
ZABC + ZADC = 180° > ZABC+95° = 180° = ZABC = 85°. 
Now, CF || AB and CB is the transversal. 

ZBCF = ZABC = 85° [alt. int. 4] 
= ZBCE=85° + 20° = 105° 
=  ZDCB=180°- 105° = 75°. 
Now, BAD + ZBCD = 180° ^ ZBAD * 75? = 180° > ZBAD = 105°. 
Join AC. Then, 

AE: CE = DE: BE. 

AE X BE = CE X DE. 
Let CD = x cm. Then, 
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AE = (AB + BE) = (11 +3) cm = 14 cm, BE = 3 cm, CE = (x * 3.5) cm and DE =3.5cm. 


14x3 _ 
35 


> x-(12-3.5) = 8.5 cm. 


14X3=(x+3.5)X3.5 > x+3.5= 12 


CD = 8.5 cm. 


We know that the line joining their centres is the perpendicular bisector of the 


common chord. Join AP. 


Then, AP = 5 cm, BP = 3 cm and AB = 4 cm. 
And, AP? = BP?’ + AB? [. 57=3?+47] 
AABP is right-angled and PQ = 2X BP = (2 X 3) cm = 6 cm. 


AOB -2ZACB > ZACB : AOB =(5 x 90) = 45°. 


ZCOA = 2ZCBA = (2 x 30°) = 60°. 
ZCOD = 180° - ZCOA = 180° - 60° = 120° 


> ZCAO 52COD 5x 120° 60°. 


REVIEW OF FACTS AND FORMULAE 


(ii) If two chords subtend equal angles at the centre of a circle then 


these chords are equal. 
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3. (i) Congruent arcs form equal chords. 
(ii) Equal chords cut congruent arcs. 


B 


. (i) The perpendicular from the centre of a circle to a chord bisects 
the chord. 
(ii) The line drawn through the centre of a circle to bisect the chord, is 
perpendicular to the chord. 


O1 


. (i) Equal chords of a circle are equidistant from the centre. 
(ii) Two chords which are equidistant from the centre are always equal. 


a 


(i) Of any two chords of a circle, the one which is longer is nearer to 
the centre. 

(ii) Of any two chords of a circle, the one which is nearer to the centre 
is longer. 

7. There is one and only one circle passing through three given non- 

collinear points. 

8. (i) If two arcs of congruent circles are congruent then the 
corresponding chords are equal. 

(ii) If two chords of congruent circles are congruent then the 
corresponding arcs are congruent. 


© 


(i) Equal chords of congruent circles are equidistant from the centres. 


(ii) Chords of congruent circles which are equidistant from their 
centres are equal. 


10. (i) Equal chords of congruent circles subtend equal angles at the centres. 


(ii) If the angles subtended at the centres by the two chords of congruent 
circles are equal then the chords are equal. 


11. The angle subtended by an arc of a circle at the centre is double the 
angle subtended by it at any point on the remaining part of the circle. 


12. (i) The angle in a semicircle is a right angle. 


(ii) The arc of a circle subtending a right angle at any point of the circle 
in its alternate segment is a semicircle. 
13. Angles in the same segment of a circle are equal. 
14. (i) The sum of either pair of the opposite angles of a cyclic quadrilateral 
is 180°. 
(ii) If a pair of opposite angles of a quadrilateral is supplementary then 
the quadrilateral is cyclic. 
(iii) Every cyclic parallelogram is a rectangle. 


& 
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PERPENDICULAR BISECTOR OF A LINE SEGMENT 


Let AB be a given line segment and let C 
O be the midpoint of AB. Then, a line 
segment CD passing through the point 
O and perpendicular to AB, is called the 
perpendicular bisector of AB. A B 


Clearly, OA = OB and ZAOC = ZBOC = 90°. 


D 


TO DRAW THE PERPENDICULAR BISECTOR OF A GIVEN LINE SEGMENT 


EXAMPLE1 Draw a line segment 6.4 cm long and draw its perpendicular 
bisector. Measure the length of each part. 


STEPS OF CONSTRUCTION 


(i) Draw a ling segment AB = 6.4 cm. 


(ii) With A as centre and a radius Ke 
equal to more than half of AB, "s NS 
draw two arcs, one above AB P d Se 
and the other below AB. x BE E om 
(iii) With B as centre and the same "D " d 
radius, draw two arcs, cutting e Pd 
the previously drawn arcs at iof 


points C and D respectively. 
(iv) Join CD, intersecting AB at a point O. 
Then, CD is the required perpendicular bisector of AB at the 
point O. 
On measuring, we find that 
OA = 3.2 cm and OB = 3.2 cm. 
Also, ZAOC = ZBOC = 90*. 
Justification: 
Join AC, AD, BC and BD. 
501 
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In ACAD and ACBD, we have 
AC = BC (arcs of equal radii) 
AD = BD (arcs of equal radii) 
CD=CD (common) 


ACAD = ACBD (SSS-criteria) 
ZACO = ZBCO (c.p.c.t.). 


Now, in AAOC and ABOC, we have 


AC = BC (arcs of equal radii) 
ZACO = ZBCO (proved above) 
CO=CO (common) 


AAOC = ABOC (SAS-criteria). 

Hence, AO = BO and ZAOC = ZBOC. 

But, ZAOC + ZBOC = 180° (linear pair axiom) 
ZAOC = ZBOC = 90°. 

Hence, COD is the perpendicular bisector of AOB. 


BISECTOR OF A GIVEN ANGLE 


Let ZAOB be a given angle. Then, a ray OC which 
divides ZAOB into two angles of equal measures, c 
is called a bisector of ZAOB. 


In the given figure, ZAOC = ZBOC. 


OC is the bisector of ZAOB. ó i 


EXAMPLE2 Draw an angle of 110° with the help of a protractor and bisect it. 
Measure each of these angles. Justify your answer. 


STEPS OF CONSTRUCTION 
(i) Draw ZAOB = 110° with the help 
of a protractor. 
(ii) With O as centre and a convenient 


radius, draw an arc cutting OA at 
P and OB at Q. 


(iii) With P as centre and a convenient 
radius, draw an arc. 


(iv) With Q as centre and with the same radius, draw another arc, 
cutting the previous arc at a point C. 


(v) Join OC and produce it beyond C. 
Then, OC is the required bisector of ZAOB. 
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Verification: 
On measuring ZAOC and ZBOC, you will find that 
ZAOC = 55° and ZBOC = 55°. 
Thus, ZAOC = ZBOC = 55° and therefore, OC is the bisector of 
ZAOB. 
Justification: 
Join CP and CQ. 
In AOPC and AOQC, we have 
OP=OQ (radii of the same arc) 
PC=QC (arcs of equal radii) 
OC-OC (common) 
AOPC = AOQC. 
Hence, ZPOC = ZQOC (c.p.c.t.). 
Consequently, OC is the bisector of ZAOB. 


CONSTRUCTION OF ANGLES OF 60°, 30°, 15°, 120°, 90°, 45° USING RULER AND 
COMPASSES 


EXAMPLE 3 Construct an angle of 60° using ruler and compasses only. Justify 
your construction. 
STEPS OF CONSTRUCTION 
(i) Draw a ray OA. 
(ii) With O as centre and a convenient 
radius, draw an arc, cutting OA at P. 
(iii) With P as centre and the same radius as 
above, draw an arc, cutting the previous 
arc at Q. 


(iv) Join OQ and produce it to a point B. 
Then, Z AOB is the required angle of measure 60°. 
Verification: 
If you measure ZAOB by using a protractor, you will find that 
ZAOB = 60°. 
Justification: 
Join PQ, as shown in the figure. 
Then, OQ = OP = PQ (by construction) 
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AOPQ is an equilateral triangle. 
Hence, POQ = 60° and therefore, ZAOB = 60°. 


EXAMPLE 4 Construct an angle of 30° using ruler and compasses only. 
STEPS OF CONSTRUCTION 
(i) Draw an angle AOB = 60°, as indicated 
in Example 3. 


(ii) Draw the bisector OC of ZAOB, as 
indicated in Example 2. 


Then, ZAOC = 30° is the required angle. © P A 


EXAMPLES Construct an angle of 15° using ruler and compasses only. 
STEPS OF CONSTRUCTION 
(i) Construct ZAOB = 60°, as indicated in 
Example 3. 


(ii) Draw the bisector OC of ZAOB, as 
indicated in Example 2. 

(iii) Draw the bisector OD of ZAOC, as 
indicated in Example 2. 


Then, ZAOD = 15° is the required angle. 


EXAMPLE6 Construct an angle of 120°, using ruler and compasses only. 
STEPS OF CONSTRUCTION 
(i) Draw a ray OA. 
(ii) With O as centre and a 
convenient radius, draw a long 
arc, cutting OA at P. 
(iii) With P as centre and the same 
radius as above, draw an arc, 
cutting the previous arc at Q. 


(iv) With Q as centre and the same radius, draw yet another arc, 
cutting the arc drawn in Step (ii) at R. 


(v) Join OR and produce it to a point B. 

Then, ZAOB is the required angle of measure 120°. 
EXAMPLE7 Construct an angle of 90°, using ruler and compasses only. 
STEPS OF CONSTRUCTION 

(i) Draw a ray OA. 
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(ii) With O as centre and a convenient i 
radius, draw an arc cutting OA at P. 

(iii) With P as centre and the same MK 
radius as above, draw an arc, 
cutting the above arc at Q. P 2 

(iv) With Q as centre and the same 
radius, draw another arc, cutting - 
the arc drawn in Step (ii) at the 
point R. 


(v) With Q and R as centres and the same radius, draw two arcs 
intersecting each other at M. 


(vi) Join OM and produce it to a point B. 
Then, ZAOB is the required angle of measure 90°. 


EXAMPLE8 Construct an angle of 45°, using ruler and compasses only. 
4 


STEPS OF CONSTRUCTION 
B 
(i) Construct ZAOB = 90°, as explained 
; MK c 
in Example 7. 
(ii) Draw the bisector OC of ZAOB. a Q 
Then, clearly, ZAOC = 45°. pr | 
Hence, ZAOC is the required angle 45° 
of measure 45°. o P A 


CONSTRUCTION OF TRIANGLE, RHOMBUS, ETC. 


SOME FACTS ABOUT A TRIANGLE 
(i) In any triangle, the angle opposite to the larger side is always 
greater than the angle opposite to the smaller side. 


(ii) In any triangle, the side opposite to the larger angle is always 
greater than the side opposite to the smaller angle. 


(iii) The sum of any two sides of a triangle is always greater than the 
third side. 


(iv) The difference of any two sides of a triangle is always less than the 
third side. 


(v) The sum of all the three angles of a triangle is always 180°. 


(vi) In a right-angled triangle, the sum of the two acute angles is 
always 90°. 


(vii) Ina right-angled triangle, the hypotenuse is the largest side. 
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SOLVED EXAMPLES 


EXAMPLE1 In each of the following cases, give reason to show that the 
construction of AABC is not possible. 


(i) AB=6cm, ZA = 45° and (BC + AC) = 5.8 cm. 
(ii) AB=5cm, BC = 4 cm and AC =9 cm. 
(iii) AB = 5.4 cm, ZB = 60° and (BC - AC) = 6 cm. 
(iv) BC = 4 cm, ZA = 80°, ZB = 50° and ZC = 60°. 
SOLUTION (i) Here (BC + AC) = 5.8 cm and AB = 6 cm. 
(BC * AC) « AB. 


Thus, the sum of two sides is not greater than the third 
side. 


Hence, the construction of AABC is not possible. 
(ii) Here, (AB + BC) = (5 + 4) cm = 9 cm and AC = 9 cm. 
(AB + BC) = AC. 


Thus, the sum of two sides is not greater than the third 
side. 


Hence, the construction of AABC is not possible. 
(iii) Here, (BC - AC) = 6 cm and AB = 5.4 cm. 
(BC - AC) » AB. 


Thus, the difference of two sides is not less than the third 
side. 


Hence, the construction of AABC is not possible. 

(iv) Here, ZA + ZB + <C = (80° + 50* + 60°) = 190°. 
But, we know that the sum of the angles of a triangle is 
always 180°. 
Hence, the construction of AABC is not possible in this 
case. 


CONSTRUCTION OF TRIANGLES 


EXAMPLE2 Construct a triangle whose sides are 3.6 cm, 3 cm and 4.8 cm. Bisect 
the smallest angle and measure each part. 
STEPS OF CONSTRUCTION 
(i) Draw AB = 3.6 cm. 
(ii) With A as centre and 3 cm as radius, draw an arc. 


(iii) With B as centre and 4.8 cm as radius, draw another arc, cutting 
the previous arc at A. 
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(iv) Join AC and BC. 


Then, AABC is the required 
triangle. 


>| 


(v) Clearly, the angle opposite to the 
smallest side is smallest. 


So, ZB is the smallest angle. 


(vi) So, we draw BD, the bisector of y 
ZB. A 3.6 cm B 


On measuring, we find that ZABD = ZCBD = 20°. 
EXAMPLE3 Construct an equilateral triangle whose altitude is 4 cm. Give 
justification for your construction. 
STEPS OF CONSTRUCTION 
(i) Draw a line XY. 
(ii) Mark any point D on XY. 
(iii) From D, draw DE L XY. 


(iv) From D, set off DA = 4 cm, 
cutting DE at A. 

(v) Construct ZDAB = 30° and 
ZDAC = 30°, meeting XY | 
at B and C respectively. ~x B D Cc Y 


Then, AABC is the required equilateral triangle. 
Verification: 
On measuring, we find that 
ZA= ZB= ZC=60° 
and AB = BC = CA = 45cm. 
Justification: 
In ADAB, we have 
ABD + ZBDA+ ZDAB = 180° => ZABD+90° + 30* = 180° 
= ZABD = 180° - 120° = 60°. 


In ADAC, we have 
ACD + ZCDA + ZDAC = 180° = ZACD + 90° + 30° = 180° 
=> ZACD = 180° - 120° = 60°. 
In AABC, we have ZA = ZB = ZC = 60°. 


Hence, AABC is an equilateral triangle. 
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TO CONSTRUCT A TRIANGLE WHOSE BASE, ONE BASE ANGLE AND SUM OF 
OTHER TWO SIDES ARE GIVEN 


EXAMPLE4 Construct a AABC in which BC=6cm, ZB=60° and 
(AB + AC) =9cm. Measure AB and AC. Justify your answer. 
STEPS OF CONSTRUCTION 
(i) Draw BC = 6 cm. 
(ii) Construct Z CBX = 60°. 
(iii) Along BX, set off BP =9 cm. 
(iv) Join CP. 
(v) Draw the perpendicular bisector of CP 
to intersect BP at A. 
(vi) Join AC. 
Then, AABC is the required triangle. 


Verification: 
On measuring, we find that 
AB * AC = (4+5)cm=9cm. 


Justification: 
Clearly, A lies on the perpendicular bisector of CP. 
AP = AC. 
Now, BP 29 cm [see Step (iii)] 
^ AB+AP=9cm 
^ AB+AC=9cm [^ AP = AC]. 
Hence, AABC is the required triangle. 


EXAMPLES Construct a right triangle whose base is 4 cm and the sum of its 
hypotenuse and the other side is 8 cm. 


STEPS OF CONSTRUCTION 
(i) Draw a line segment BC - 4 cm. 
(ii) Construct ZCBX = 90°. 
(iii) From B, set off BD = 8 cm. 
(iv) Join CD. 
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(v) Draw the perpendicular bisector of CD, 4 
intersecting BD at A. 


(vi) Join AC. 
Then, AABC is the required right triangle. 
Verification: 
On measuring, we find that 
AB * AC = (3 +5) cm = 8 cm. 


TO CONSTRUCT A TRIANGLE WHOSE BASE, ONE BASE ANGLE AND THE 
DIFFERENCE BETWEEN THE OTHER TWO SIDES IS GIVEN 


EXAMPLE6 Construct a AABC in which BC = 5.6 cm, ZB =30° and 
(AB — AC) = 3 cm. Measure AB and AC. Justify your construction. 


STEPS OF CONSTRUCTION 
(i) Draw BC = 5.6 cm. AD 

(ii) Construct ZCBX - 30*. 

(iii) Along BX, set off BD = 3 cm. 

(iv) Join CD. 

(v) Draw the right bisector of CD, 
meeting BD produced at A. 

(vi) Join AC. 
Then, A ABC is the required triangle. 


Verification: 
On measuring, we find that AB = 6.1 cm and AC = 3.1 cm. 
(AB — AC) = (6.1—3.1) cm = 3 cm. 
Justification: 
Since A lies on the perpendicular bisector of CD, we have AD = AC. 
Now, BD 23cm > AB- AD 73cm 
= AB-AC-3cm [^ AD = AC]. 
Hence, AABC is the required triangle. 


EXAMPLE7 Construct a AABC in which BC=6cm,ZB=60° and 
(AC - AB) = 2 cm. Measure AC and AB. Justify your construction. 


STEPS OF CONSTRUCTION 
(i) Draw BC = 6 cm. 
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(ii) Construct ZCBX = 60°. XA 
(iii) Produce XB downwards to a 
point X’. - 


(iv) Set off BD = 2 cm along BX’. " 60°» 


(v) Join CD. NUT di 
(vi) Draw the perpendicular bisector be \ 
of CD, meeting BX at A. Px > 
(vii) Join AC. 
Then, AABC is the required triangle. 


Verification: 
On measuring, we find that AC = 5.4 cm and AB = 3.4 cm. 
(AC - AB) = (5.4 - 3.4) cm = 2 cm. 
Justification: 
Since A lies on the perpendicular bisector of CD, we have AD = AC. 
Now, BD=2cm => AD-AB=2cm 
> AC-AB-2cm [^ AD= AC]. 
Hence, AABC is the required triangle. 


TO CONSTRUCT A TRIANGLE WHOSE TWO SIDES AND A MEDIAN ARE GIVEN 
EXAMPLE8 Construct a AABC in which AB = 4.5 cm, BC = 6 cm and median 
AD - 4cm. 
STEPS OF CONSTRUCTION 
(i) Draw a line segment AB - 4.5 cm. 
(ii) With A as centre and radius equal to 4 cm, 
draw an arc. 
(iii) With B as centre and radius = BC =3cm, 
draw another arc, cutting the previous arc 
at D. 
(iv) Join BD and produce it to C such that 
BC=6cm. A 4.5 cm B 
(v) Join AC. 
Then, AABC is the required triangle. 


EXAMPLE9 Construct a right-angled AABC in which ZA = 90*, hypotenuse 
BC = 6 cm and AB = 4 cm. Justify your construction. 
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STEPS OF CONSTRUCTION 
(i) Draw a line segment BC = 6 cm. xX 

(ii) Draw the right bisector of BC, AS 
cutting BC at O. 

(iii) With O as centre and radius OB, 
draw a semicircle on BC. 

(iv) With B as centre and radius 4 cm, 8 o! c 
draw an arc, cutting the semicircle 
at A. 


(v) Join AB and AC. 


Then, AABC is the required 
triangle, right angled at A. 
Justification: 


We know that an angle in a semicircle is a right angle and 
therefore, ZBAC = 90°. 


Also, BA = 4 cm and BC = 6 cm. 
Hence, AABC is the required triangle, right angled at A. 
EXAMPLE 10 Construct a AABC whose perimeter is 12 cm and the base angles 


are 60° and 70°. Justify the construction. 
STEPS OF CONSTRUCTION 


(i) Draw a line segment PQ = 12 cm. 
(ii) Make ZQPR = 60° and ZPQS = 70°. 
(iii) Draw the bisectors of ZQPR and ZPQS to meet at A. 


(iv) Draw the perpendicular bisectors of PA and QA to meet PQ at B 
and C respectively. 


(v) Join AB and AC. 
Then, AABC is the required triangle. 
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Justification: 
Since B lies on the perpendicular bisector of AP, we have BA = BP. 
Since C lies on the perpendicular bisector of AQ, we have CA = CQ. 
Thus, AB = PB and AC = CQ. 
AB+ BC + AC = PB + BC + CQ = PQ = 12cm. 
Now, BA = BP > ZBPA= ZBAP 
2 ZABC- ZBPA + ZBAP - 2ZBPA 


= 1 T o 
-2x3x60 = 60° 
And,CA=CQ => ZCQA= ZCAQ 
=> ZACB=ZCQA+ ZCAQ - 22CQA 


=2x 5X70" = 70°. 


Verification: 
On measurement, we find that 
AB + BC + CA = (4.4+3.5+4.1) cm = 12 cm. 
ZB = 60° and ZC = 70°. 
EXAMPLE 11 Construct a A^ ABC whose perimeter is 13.5 cm and its sides are in 
the ratio 2 : 3 : 4. 
STEPS OF CONSTRUCTION 
(i) Draw a line segment XY - 13.5 cm. 
(ii) Draw a ray XZ, making an acute angle with XY and drawn in the 
downward direction. 
(iii) From X, set off (2 +3 + 4) = 9 equal distances along XZ. 
(iv) Mark points L, M, N on XZ such that XL - 2 units, LM =3 units 
and MN - 4 units. 
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(v) Join NY. 
(vi) Draw LB | NY and MC || NY, cutting XY at B and C respectively. 
(vii) With B as centre and radius BX, draw an arc. 


(viii) With C as centre and radius CY draw another arc, cutting the 
previous arc at A. 


(ix) Join AB and AC. 
Then, A ABC is the required triangle. 
Verification: 
On measuring, we find that 
AB —3 cm, BC = 4.5 cm and CA = 6 cm. 


AB: BC:CA=3:3:6=6:9:12=2:3:4. 


RHOMBUS We know that a rhombus is a quadrilateral in which: 
(i) all sides are equal. 
(ii) adjacent angles are supplimentary. 
(iii) opposite angles are equal. 
(iv) the diagonals bisect each other at right angles. 


EXAMPLE 12 Construct a rhombus each of whose sides is of length 3.4 cm and one 
of its angles is 45°. 
STEPS OF CONSTRUCTION 
(i) Draw a line segment AB = 3.4 cm. 
(ii) Construct ZBAX = 45°. 
(iii) Along AX set off AD = 3.4 cm. 
(iv) Construct ZABY = 135°. 
(v) Along BY set off BC = 3.4 cm. 


514 


EXAMPLE 13 Construct a rhombus whose diagonals are 4 


STEPS OF CONSTRUCTION 


M = 


A o 


[en] ol 


oo N 


Kel 


10. 


11. 
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(vi) Join CD. 
Then, ABCD is the required rhombus. 


4 cm and 6 cm in length. Measure each D 
side of the rhombus. 


(i) Draw a line segment AC = 4 cm. 


(ii) Draw the perpendicular bisector XOY of , c 
AC, cutting AC at O. 

(iii) Along OX and OY, set off OB = 3 cm and 
OD = 3 cm respectively. 

(iv) Join AB, BC, CD and AD. 
Then, ABCD is the required rhombus. " a 


EXERCISE 13 


. Draw a line segment AB = 5.6 cm and draw its perpendicular bisector. 


Measure the length of each part. 


. Draw an angle of 80° with the help of a protractor and bisect it. Measure 


each part of the bisected angle. 


. Construct an angle of 90° using ruler and compasses and bisect it. 
. Construct each of the following angles, using ruler and compasses: 


(i) 75° (ii) 37.5° (iii) 135° (iv) 105° (v) 22.5? 


. Construct a AABC in which BC =5 cm, AB = 3.8 cm and AC = 2.6 cm. 


Bisect the largest angle of this triangle. 


. Construct a AABC in which BC=4.8cm, ZB = 45° and ZC - 75*. 


Measure Z A. 


. Construct an equilateral triangle, each of whose sides measures 5 cm. 
. Construct an equilateral triangle each of whose altitudes measures 


5.4 cm. Measure each of its sides. 


. Construct a right-angled triangle whose hypotenuse measures 5 cm and 


the length of one of whose sides containing the right angle measures 
4.5 cm. 

Construct a AABC in which BC = 4.5 cm, ZB = 45° and AB+ AC = 8cm. 
Justify your construction. 

Construct a AABC in which AB = 5.8 cm, ZB = 60° and BC+ CA = 8.4 cm. 
Justify your construction. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
19. 
20. 


21. 


18. 


20. 
21. 
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Construct a AABC in which BC = 6 cm, ZB = 30° and AB - AC = 3.5 cm. 
Justify your construction. 
Construct a AABC in which base AB=5cm,ZA=30° and 
AC - BC = 2.5 cm. Justify your construction. 
Construct a APQR whose perimeter is 12 cm and the lengths of whose 
sides are in the ratio 3 : 2 : 4. 
Construct a triangle whose perimeter is 10.4 cm and the base angles are 
45? and 120*. 
Construct a AABC whose perimeter is 11.6 cm and the base angles are 
45° and 60°. 
In each of the following cases, given reasons to show that the 
construction of AABC is not possible: 

(i) AB = 6 cm, ZA = 40° and (BC + AC) = 5.8 cm. 

(ii) AB =7 cm, ZA = 50° and (BC - AC) = 8 cm. 
(iii) BC = 5 cm, ZB = 80°, ZC = 50° and ZA = 60°. 
(iv) AB = 4 cm, BC = 3 cm and AC =7 cm. 
Construct an angle of 67.5° by using the ruler and compasses. 
Construct a square of side 4 cm. 
Construct a right triangle whose one side is 3.5 cm and the sum of the 
other side and the hypotenuse is 5.5 cm. 
Construct a AABC in which ZB = 45°, ZC = 60° and the perpendicular 
from the vertex A to base BC is 4.5 cm. 


HINTS TO SOME SELECTED QUESTIONS 


(67.5)° - 1x (135)° = 3x (90° +45°). 
See Example 5 on Construction of Triangles. 
Steps of Construction 

(i) Draw any line XY. 


(ii) Take any point D on XY and draw 
DE L XY. 
(iii) Cut off DA = 4.5 cm along DE. 
(iv) Through A draw LM || XY. 
(v) Construct ZLAB = 45° and ZMAC = 60°, 
meeting XY at B and C respectively. 
Then, AABC is the required triangle. X 


& 


Areas of Triangles 


— 14 
p and Quadrilaterals 


INTRODUCTION 

Heron (AD10-AD75) Heron was born in e 

Alexandria in Egypt in AD 10. He worked on led Fs 
applied mathematics and wrote three books on MEN 

mensuration. One of his books deals with the areas 
of squares, rectangles, triangles, trapezia, regular 
polygons, circles and surfaces of cylinders, cones 
and spheres, etc. He derived the famous 'Heron's 
formula' for finding the area of a triangle. Heron 


FORMULAE FOR AREA OF TRIANGLES 
(i) Area of a Triangle — (o X base X height) sq units. 
(ii) HERON'S FORMULA 
Let a, b, c be the sides of a triangle. Then, 
semiperimeter, s — F(a +b+c); 
area = ,/s(s—a)(s—b)(s—c) sq units. 


(iii) Let each side of an equilateral triangle be a. Then, 


area = Ee x 2 sq units, and height = ce units. 


(iv) Consider an isosceles triangle having base = b and each 
of equal sides = a. Then, 


area = a Xy 4a! — p) sq units. 


SOLVED EXAMPLES 


EXAMPLE 1 Find the area of a triangle whose base is 25 cm long and the 
corresponding height is 10.8 cm. 


SOLUTION Here, base = 25 cm and height = 10.8 cm. 


Area of the triangle = G X base X height) sq units 
= (5 25 10.8) cm? = 135 om’. 
Hence, the area of the given triangle is 135 cm". 
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EXAMPLE 2 


SOLUTION 


EXAMPLE 3 


SOLUTION 


Areas of Triangles and Quadrilaterals 517 


Find the perimeter and area of a triangle whose sides are of lengths 
52 cm, 56 cm and 60 cm respectively. 


Let a = 52 cm, b = 56 cm and c = 60 cm. 


Perimeter of the triangle = (a+ b + c) units 
= (52 + 56 + 60) cm = 168 cm. 


5=5(a+b+c)=(5%168) cm = 84 em. 


(s — a) = (84 — 52) cm = 32 cm, (s - b) = (84 — 56) cm = 28 cm 
and (s — c) = (84 — 60) cm = 24 cm. 
By Heron's formula, the area of the given triangle is 
A= J's(s - a) (s - b) (s - c) 
= /84 X 32 X 28 X 24 cm? 
-/14X6X16X2X14X2X6X4 cm 
=(14X6X 4X 2X 2) cm? = 1344 cm’. 


Hence, the area of the given triangle is 1344 cm’. 


The lengths of the sides of a triangle are in the ratio 3 : 4 : 5 and its 
perimeter is 144 cm. Find (i) the area of the triangle and (ii) the 
height corresponding to the longest side. 


Perimeter = 144 cm and ratio of sides 2 3:4:5. 
Sum of ratio terms = 3 +4 +5 = 12. 


Let the lengths of the sides be a, b and c respectively. 


Then, a = (144 x 5) cm = 36 cm, b = (144 x 5) cm = 48 cm 


and c = (144 x ij cm = 60 cm. 


s=4 +b 0) =F (36 + 48 + 60) cm = 72 cm. 


zí 
(s —a) = (72 — 36) cm = 36 cm, (s - b) = (72-48) cm = 24 cm 
and (s - c) = (72 — 60) cm = 12 cm. 
(i) By Heron's formula, the area of the triangle is given by 
A= J's(s — a) (s — D) (s — c) 
= /72X36 X 24 X 12 cm! = /36 X 36 X 24 X 24 cm 
= (86 X 24) cm = 864 cm’. 
Hence, the area of the given triangle is 864 cm’. 
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(ii) Let base = longest side = 60 cm and the corresponding 
height = h cm. 

1 

2 
=(5 60h) em* = ; 

2 cm" = (30h) cem". 


30h = 864 > h =($E) > height = 28.8 cm. 


Hence, the required height is 28.8 cm. 


Then, area = ( X base X height) sq units 


EXAMPLE4 The sides of a triangle are 35 cm, 54 cm and 61 cm respectively. 
Find the length of its longest altitude. 


SOLUTION Let a = 35 cm, b = 54 cm and c = 61 cm. Then, 


z= lu + h+ 0) =F (85 + 54+61)cm=75 cm. 


2 
(s — a) = (75 — 35) cm = 40 cm, (s — b) = (75 - 54) cm = 21 cm 
and (s- c) = (75-61) cm = 14 cm. 
area of the triangle = Vs(s — a)(s — b) (s - c) cm? 
= (75 X 40X 21X 14 cm? 
= /15X15X14 X14 X 4X 5 cm? 
= (15x 14 X 2/5 cm? = 4204/5 cm’. 
The longest altitude will be on smallest base. 
Let the longest altitude be h cm. Then, 
base = 35 cm and height = h cm. 


2x420x /5 
35 


bx 35xh=420/5 > n-| Jem = 24,5 em 


Hence, the longest altitude is 2445 cm. 
EXAMPLES The perimeter of an equilateral triangle is 60 cm. Find its (i) area 
and (ii) height. (Given, 43 = 1.732.) 


SOLUTION Perimeter of the given equilateral triangle = 60 cm. 


Length of each of its sides = A cm = 20 cm. 


3 
(i) Area of the triangle = a x 2 sq units 


3 
= (3 x 20x 20) cm? = (100 x y3) cm? 


= (100 x 1.732) cm? = 173.2 cm’. 


Hence, the area of the given triangle is 173.2 cm’. 
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(ii) Let the height of the given triangle be h cm. Then, 
: E: "RW 2 
its area = (5 X base X height) = (5 x 20 X n) cm’. 


173.2 
10 


Hence, the height of the given triangle is 17.32 cm. 


lx20xh-1732 > h= height = 17.32 cm. 


EXAMPLE6 The height of an equilateral triangle is 6 cm. Find its area. 


SOLUTION Let each side of the given triangle be a cm. 


3 
Then, its height- [52.4 cm. ^ 
v3 6X2 
> Xacm=6cm > a=|—— a 
ES 3 
> side=4,/3 cm. 


a 
area of the given triangle í 


= (3 x 2 sq units = [5 x (443) i cm? 


- (2 x 48) cm? = 12/3 cm’. 


Hence, the area of the given triangle is 12/3 cm’. 


EXAMPLE7 Froma point in the interior of an equilateral triangle, perpendiculars 
are drawn on the three sides. The lengths of the perpendiculars are 
14 cm, 10 cm and 6 cm. Find the area of the triangle. 

SOLUTION Let AABC be the given equilateral triangle 
having each side equal to a cm and let P be 
the given point in its interior. 

Let PL LBC, PM L AC and PN L AB such 
that PL = 14 cm, PM = 10 cm and PN = 6 cm. 
Clearly, we have 

ar(A ABC) = ar( APBC) + ar( APAC) + ar( APAB) 


> 3$ xa em? = (Lx acm x Pt) (Exam x PM) 


+(5 acm x PN) 


2 2 2 


= (a + 5a + 3a) cm? = (15a) cm’. 


= |(5 ax 14)+(5 <a 10)+(5 x06) em? 
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EXAMPLE 8 


SOLUTION 


EXAMPLE 9 


SOLUTION 
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3B 


Y? x= ge een. 


4 B 


length of each side = a cm = 2073 cm. 


the area of the given triangle 
= (3 x 2 cm! = [s x (20,/3)"} cm? 


PS 1200) cm? = 3004/3 cm’. 
Hence, the area of the given triangle is 3004/3 cm?. 

Find the area of an isosceles triangle each of whose equal sides is 
13 cm and whose base is 24 cm. 


Here, a = 13 cm, b = 13 cm and c = 24 cm. 


s= 1 ( 
(s — a) = (25-13) cm = 12 cm, (s - b) = (25-13) cm = 12 cm 
and (s—c) = (25 - 24) cm = 1 cm. 
So, by Heron’s formula, 
A= /s(s - a) (s - b) (s - c) 
= /25 X12 X12 X1 cm! = (5x12) cm? = 60 cm’. 


Hence, the area of the given triangle is 60 cm’. 


+ b+ 9-103 + 13+ 24) cm = 25 cm. 


The base of an isosceles triangle measures 24 cm and its area is 
192 cm’. Find its perimeter. 


Let AABC be an isosceles triangle and let AL L BC. 


Í x BCX AL = 192 cm’ A 
> Í x24 cmx hi- 192 cm? y |, Né 
_ (192 7 
T h- (G5) em - 16 em. B 12cm L C 


Now, BL - > (BC) = (5 x 24) cm = 12 cm and AL = 16 cm. 


a - BD * AL = / (12) + (106)? cm = 144+ 256 cm 
=> 84-4400 cm = 20 cm. 
Hence, perimeter = (20 + 20 + 24) cm = 64 cm. 
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EXAMPLE 10 The difference between the sides at right angles in a right-angled 
triangle is 14 cm. The area of the triangle is 120 cm? . Calculate the 
perimeter of the triangle. 


SOLUTION Let the sides containing the right angle be x cm and (x — 14) cm. 
Then, the area of the triangle = i X x X (x - 14)| cm? 


But, area = 120 cm? (given). 


1 A 
2x - 14) = 120 5 

E» 

> x-14-240-0 1 


x^ - 24x + 10x — 240 B x cm © 
> x(x-24)+10(x-24) 
(x -24)(x * 10) 2 0 
=> x=24 (neglecting x - -10). 


y 


one side = 24 cm, other side = (24 - 14) cm = 10 cm. 
Hypotenuse = y (24)* + (10)? cm = 7576 +100 cm 
676 cm = 26 cm. 
perimeter of the triangle = (24+ 10 + 26) cm = 60 cm. 


EXAMPLE 11 Calculate the area of the shaded region in the ^ 
given figure. 
SOLUTION Area of the shaded region 
= area( A ABC) - area( ADBC). 
For AABC having sides 122m, 120m 


and 22 m, we have 
5 = 5 (122+ 120+22)m aN 
= (5 X 264) m = 132 m. 
(s-a) = (132-122) m 7» 10m, 
(s- b) = (132-120) m - 12m 
and (s- c) = (132-22) m = 110 m. 
area (AABC) = ys(s — a) (s - b) (s ^ c) 


= /132X10X 12 X 110 m° 
= (12X11X10) m^ = 1320 m*. 
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For ADBC having sides 26 m, 24 m and 22 m, we have 


5 = 5 (26+ 24 +22) m - (3x72) m - 36 m. 


(s — a) = (86-26) m = 10m, (s- b) = (86-24) m = 12m 
and (s - c) = (386 - 22) m = 14 m. 
area (ADBC) = ys(s - a) (s - b) (s ^ c) 
-436X10X12X14 m? 
=24X 4105 m^- (24X10.25) m^. (approx) 
- 246 m*. 
area of the shaded region 
= area( AABC) - area( ADBC) 


= (1320 - 246) m? = 1074 m°. 


AREA OF QUADRILATERALS 


EXAMPLE 12 


SOLUTION 


Find the area of the quadrilateral ABCD in which AB —9 cm, 
BC = 40 cm, CD = 28 cm, DA = 15 cm and Z ABC = 90°. 


Let ABCD be the given quadrilateral in which AB =9 cm, 
BC = 40cm, DA = 15cm and ZABC = 90°. 


In right AABC, by Pythagoras' theorem, we have 


AC! = AB’ + BC? = (81 + 1600) cm? ou 
299 
= 1681 cm? D : 
=>  AC- /1681 cm = 41cm. a /$ S 
Q Y 
Area of AABC = 4 x ABX BC i 
A 9cm B 


= (3x9x40) cm? = 180 cm?. 
InA ACD, leta = AC = 41 cm,b =CD=28 cm and c = AD =15 cm. 


s= 5 (41 +28 +15) cm =(5 x84) cm - 42 cm. 


(s-a) = (42-41) = 1 cm, (s - b) = (42 - 28) cm = 14 cm 
and (s - c) = (42 - 15) cm = 27 cm. 
area (AACD) = /s(s — a) (s — D) (s — c) 
-442X1X14 X27 cm’? 
- (14X3 X3) cm? = 126 cm’. 
area of quad. ABCD = area( AABC) + area( AACD) 
= (180 + 126) cm? = 306 cm”. 
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EXAMPLE 13 The adjacent sides of a parallelogram D 
ABCD are AB = 34 cm, BC = 20 cm and 
diagonal AC = 42 cm. Find the area of 
the parallelogram. 


SOLUTION In AABC, it is given that A 34cm B 
a = BC = 20 cm, b = AC = 42cm and c = AB = 34 cm. 
s= + (20+ 42 +34) cm = 48 cm. 

(s — a) = 28 cm, (s - b) = 6 cm and (s - c) = 14 cm. 
area of AABC = /s(s - a) (s - b) (s - c) 
= /48 X 28X 6 X14 cm? = (14 X 24) cm? 
= 336 cm’. 
area of ||gm ABCD = 2 X (area of AABC) 
= (2 X 336) cm? = 672 cm’. 


AREA OF A QUADRILATERAL WHOSE ONE DIAGONAL AND LENGTHS OF 
PERPENDICULARS FROM OPPOSITE VERTICES TO THE DIAGONAL ARE GIVEN 


Let ABCD be a quadrilateral and AC be its diagonal. 
Let BL L AC and DM L AC. Let BL = h, and DM =h,. x 
Area of quadrilateral ABCD 
= area of AABC + area of AACD 


-($x 4€xn)*($ AC X n) 


D 


- 5 X AC X (h, + n,)| sq units. A 


EXAMPLE 14 In a four-sided field, the length of the longer diagonal is 128 m. The 
lengths of the perpendiculars from the opposite vertices upon this 
diagonal are 22.7 m and 17.3 m. Find the area of the field. 


SOLUTION Let ABCD be the field, and let AC be D 
its longer diagonal. 


Let BL L AC and DM L AC. 

Then, AC = 128 m, BL = 22.7 m and 

DM = 173m. A B 
area of the field = 5 x AC X(BL+ DM)} m? 


= [> x 128 X (22.7 + 173) m? 
= (64 x 40) m? = 2560 m’. 
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SOME MORE EXAMPLES 


EXAMPLE 15 Find the area of the quadrilateral ABCD in which AB=9m, 
BC = 40 m, ZABC = 90°, CD = 15 mand AD = 28 m. 


SOLUTION Area of right AABC A 28m D 


7. 
= (5 X base X height) 9m ia 
B 


= (5409) m? = 180m'. 


Also, from right AABC, we get 
AC’ = AB’ * BC 
= [(9)* + (40)"] m 
= (81+ 1600) m° = 1681 m? 
=> AC= 1681 m=41m. 
In AACD, we have AC = 41 m, CD = 15 m and AD = 28 m. 
Let a = 41 m, b = 15 m and c = 28 m. Then, 
s- 5 (41+ 15 +28) m - (5 84) m - 42 m. 
(s-a) = (42-41) m7 1m,(s- b) = (42-15) m- 27m 
and (s - c) = (42-28) m = 14 m. 
area of AACD = /s(s - a) (s - b) (s - c) 
-442X1X27 X14 m? 
= (14 X 9) m? = 126 m’. 
Area of the quad. ABCD - area( AABC) * area( AACD) 
= (180 + 126) m° = 306 m”. 


EXAMPLE 16 A piece of land is in the shape of a rhombus whose perimeter is 400 m 
and one of its diagonals is 160 m. Find the area of the land. 


SOLUTION Let PORS be the field in the shape of a rhombus. 
Its perimeter = 400 m. S 100m R 


Length of each of its sides 
E 
= ($400) m = 100 m. E e 
Let diagonal PR = 160 m. 


In APQR, we have 
PQ = 100 m, QR = 100 m and PR = 160 m. 


U 
E 
o 
3 

o 


EXAMPLE 17 


SOLUTION 


EXAMPLE 18 
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Let the lengths of these sides be denoted by a, b, c respectively. 
Then, a = 100 m, b = 100 m and c = 160 m. 
s= Zao +100 +160) m = (5 x 360) m = 180 m. 
(s — a) = (180 - 100) m = 80 m, (s - D) = (180—100) m = 80 m 
and (s - c) = (180 - 160) m = 20 m. 
area ( APQR) = /s(s — a) (s — b) (s — c) 
= /180 X 80 X 80 x 20 m^ 
= (80 x 60) m? = 4800 m. 
Clearly, area( APRS) = area (APQR) = 4800 m’. 
Hence, the area of the whole land = (4800 + 4800) m? = 9600 m°. 


Find the area of the parallelogram ABCD in which — ^ D 
BC =12 em, CD = 17 cm and BD = 25 cm. Also, 
find the length of the altitude AE from vertex A 
on the side BC. 
In ABCD, we have 

BC = 12 cm, CD = 17 cm and BD = 25cm. 4—12 cm—S 
Let these sides be denoted by a, b, c respectively. 


Lr 


Then, a = 12 cm, b = 17 cm and c = 25 cm. 
s -lü2417425) cm = (5 x 54) cm =27 cm. 
(s-a) = 27 - 12) cm = 15 cm, (s - D) = 27 - 17) cm = 10cm 
and (s - c) = 27 - 25) cm = 2 cm. 
Now, area( ABCD) = ys(s — a) (s - b) (s — c) 
= 427 X15 X10 X2 cm? = /81 X 25 X 4 cm? 
- (9X 5X2) cm? = 90 cm’. 
Area of ||gm ABCD = 2 X (area of ABCD) 
= (2X 90) cm? = 180 cm’. 
Draw AE L BC. Let AE = h cm. Then, 
area of |gm ABCD = (base X altitude) = (12 X h) cm’. 


180 _ 
12 


Hence, the altitude of the given parallelogram is 15 cm. 


12 x h=180 h= 15 AE =hcm=15cm. 


The adjacent sides of a parallelogram are 36 cm and 27 cm in length. 
If the distance between the shorter sides is 12 cm, find the distance 
between the longer sides. 
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EXAMPLE 19 


SOLUTION 


EXAMPLE 20 


SOLUTION 
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Longer side = 36 cm and shorter D 36 cm 
side = 27 cm. ay 
Distance between shorter sides -77 
- 12cm. 

Let the distance between the 

longer sides be x cm. A 


Area of the parallelogram 
= (longer side X distance between the longer sides) 
= (shorter side X distance between the shorter sides). 


36Xx-27x122 xc AE = 9, 


Hence, the distance between the longer sides is 9 cm. 
The diagonals of a rhombus are 48 cm and 20 cm long. Find (i) the 
area of the rhombus and (ii) the perimeter of the rhombus. 


(i) Area of the given rhombus 


= (5 X product of diagonals) 

= (3 X 48 X 20) cm? = 480 cm”, 

(ii) We know that the diagonals of a 
rhombus bisect each other at right A B 
angles. 


OA = OC = 24cm, OB = OD = 10 cmand ZAOB = 90°. 
By Pythagoras’ theorem, we have 
AB = VOA? + OB? = (24)? + (10)? cm 
= 7676 cm = 26 cm. 
perimeter of the rhombus = (4 X 26) cm = 104 cm. 


Find the area of the given trapezium PQRS R 7m Q 
in which RQ || SP and PQ L SP such that 
RQ =7 m, RS = 13 mand SP = 12 m. 


Draw RT L SP. Then, TP = RQ =7 m. 
ST=SP-TP=(12-7)m=5m. 
From right ARTS, we have 
RT’ = RS- ST =[(13 m) - (5m)? S 5™ T 7m P 
= (169 - 25) m° = 144 m*. 
RT = /144 m- 12m. 


l 
l 
l 
I 
I 
42m 
l 
| 
l 
| 
l 
[L1 


EXAMPLE 21 


SOLUTION 


EXAMPLE 22 
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Area of trap. PORS 


= (5 X sum of parallel sides X distance between them) 


- {5 x (RQ + SP) X rT} sq units 
={5x(7+12) x 12 m! = (19 X 6) m^ = 114 m°. 
Hence, the area of the trapezium PQRS is 114 m’. 


In the given figure, ABCDisa A P D 
rectangle of length 51 cm and 
breadth 25 cm. A trapezium 
PQCD with its parallel sides 
QC and PD in the ratio 9 : 8 
is cut off from the rectangle, — à 

as shown in the figure. If the — 51 cm >| 
area of the trapezium PQCD 


is Ath part of the area of the rectangle, find the lengths QC and PD. 


25 cm 


O 


Length of rectangle ABCD = 51 cm. 
Breadth of rectangle ABCD = 25 cm. 
Area of rectangle ABCD = (51 X 25) cm? = 1275 cm’. 
Let QC = 9k and PD = 8k. Then, 
area(trap. PQCD) 


= (5 X sum of parallel sides X distance between them) 


= E x (9k + Bk) x 25] cm? = (E 2 = cm? 


2 


Now, area (trap. POCD) = 2 X (area of rectangle ABCD) 


(y - (2 x 1275) 


2 6 
=> k=(2. 1275 x 7) => k=5, 


QC = (9k) cm = (9 X 5) cm = 45 cm 
and PD = (8k) cm = (8 X 5) cm = 40 cm. 
Hence, QC = 45 cm and PD = 40 cm. 


A farmer has a triangular field with sides 360m, 200m and 
240 m, where he grows wheat. Adjacent to this field, he has another 
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triangular field with sides 240 m, ^ 200 m - 
320 m and 400 m, divided into two 
parts by joining the midpoint of the 
longest side to the opposite vertex. 
He grows potatoes in one part and 
onions in the other part. How much 


area (in hectares) has been used 
for wheat, potatoes and onions? 
(1 hectare = 10000 m?.) 

SOLUTION Let ABC be the field where wheat is grown. Let ACD be the 
field which has been divided into two parts by joining C to the 
midpoint E of AD. 

For AABC, we have 
a = 200 m, b = 240 m and c = 360 m. 


s = 1 (200 +240 +360) m = 400 m. 
(s — a) = (400 - 200) m = 200 m, 
(s — b) = (400 - 240) m = 160 m 
and (s — c) = (400 - 360) m = 40 m. 
Area of AABC = /s(s - a) (s - D) (s ^ c) 
= /400 x 200 x 160 x 40 m? = (16000 x /2) m? 


— (16000 x 1.41 _ 
= ( 10000 ) hectares = 2.26 hectares. 


For AACD, we have 
a = 240 m, b = 320 m and c = 400 m. 


s = 5 (240 +320 +400) m = (3 x 960) m = 480 m. 


(s —a) = (480 - 240) m = 240 m, 
(s — b) = (480 — 320) m = 160 m 
and (s — c) = (480 - 400) m = 80 m. 
Area of AACD = ys(s — a) (s -b)(s- c) 
= /480 X 240 X 160 X 80 m? 
= (240 X 160) m? = 38400 m? 


_ 38400 
10000 


Now, AACE and ADCE have equal bases and the same height. 
So, they are equal in area. 


hectares = 3.84 hectares. 


EXAMPLE 23 


SOLUTION 
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area (AACE) = area( ADCE) = M hectares 


= 1.92 hectares. 
Hence, the area for wheat is 2.26 hectares, while the area for 
each one of the potatoes and onions is 1.92 hectares. 


Reenu made a picture of an aeroplane 
with coloured paper as shown in the 
figure given below. Find the total area of 
the paper used. 


5 cm 
5cm 


The given picture has been divided 
into five regions marked I to V, as 


shown. MÀ fem [^7 
AreaofRegion! Thisregionisatriangle N 


in which a = 5 cm, b = 5 cm, c = 1 cm. : 

s=F(5+5+1)om=4 cm. 2 d 
gge jas 
(5-9) =(5-5) em 


ect 


5 cm 


1 


8 


me nje nje N 
jat- 
o 
3 


8 
I 
8 


T1,1,9 2. [9 > 

2999 9 rg en 

| y99 , 994 

sp Oct 

Area of Region II This region is a rectangle of length 6.5 cm and 
breadth 1 cm. 


area of Region II = (6.5 X 1) cm? = 65 cm’. 


cm? = 249 cm’. 


Area of Region IIl This region is an isosceles trapezium ABCD in 


which AB = 2 cm, BC = 1 cm, DC = 1 cm and AD = 1 cm. 

Draw DE L AB and CF 1 AB. AUS s 
Then, EF = DC = 1 cm. y % 
And, AE = BF = 0.5 cm. An^ en on 


2 
DE? = AD? - AE? ={?-() fem? = (1 =4) cm? Bo unt 


2 4 4 
3 
DE du 
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SOLUTION 
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Area of Region III = i X (AB + DC) X DE 


fi 43]. 2 3⁄3 2 
-Exe«nx fem =- cm 
-8X1732 2_ 5.196 2 

4 4 


= 1.299 cm? = 1.3 cm’. 


Area of Region IV This region is a right triangle with base 1.5 cm 
and height 6 cm. 


area of Region IV = G X base X height) 


(1,3 DR ER 2 
-($x3x6)em =5 cm = 4.5 cm^. 


Area of Region V This region is a right triangle with base 1.5 cm 
and height 6 cm. 


area of Region V = (5 x 2 x 6) em? = > cm? = 45 cm’. 


total area of the paper used 
= (2.49 + 6.5 + 1.3 + 4.5 + 4.5) cm? = 1929 cm’. 


A kite in the shape of a square with a 
diagonal 32 cm and an isosceles triangle 
of base 8 cm and sides 6 cm each is to be 
made of three different shades as shown in 
the figure. How much paper of each shade 
has been used in it? 


The given figure has been divided into 
three regions I, II and II consisting of 
AABC, AADC and ADFF respectively. 


Join BD, cutting AC at O. 


We know that the diagonals of a square are equal and bisect 
each other at right angles. 


AC = BD =32 cm, OB = OD = 16 cm, 
ZAOB = ZAOD = 90°. 
Area of Shade! Area (AABC) = (5 x AC x OB) 


- (5 x 32 X 16) cm? = 256 cm?. 


EXAMPLE 25 


SOLUTION 
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Area of Shade Il. Area (AACD) = G x ACX op) 


= (5 32x16) em? = 256 cm’. 
Area of Shade Ill In ADEF, a = 8 cm, b = 6 cm and c = 6 cm. 
S =F(8+6+6) cm = 10 cm. 
(s-a) = (10-8) cm 2 2em, (s- b) = (10-6) cm = 4 cm 
and (s - c) = (10—6) cm = 4 cm. 
area (ADEF) = ,/s(s — a) (s - b) (s ^ c) 
-4,10x2X4X4 cm^- 8/5 cm? 
= (8X 2.236) cm? « (8 X 2.24) cm? 
= 17.92 cm’. 


Hence, the areas of Shade I, Shade II and Shade III are 
respectively 256 cm”, 256 cm? and 17.92 cm’. 


A field is in the shape of a trapezium whose parallel sides are 25 m 
and 10 mand the nonparallel sides are 14 mand 13 m. Find the area 
of the field. 


Let ABCD be the field in the A 10m E^ n F E 
form of a trapezium in which | 
AB || CD such that 
AB = 25 m, BC - 13 m, | 
CD - 10 m and DA 7 14 m. 
C 


Draw CE || DA and CF L EB. 
Clearly, ADCE is a parallelogram. 
CE = DA = 14 m and AE 7 CD - 10 m. 
EB = AB- AE = (25-10 m7 15 m. 
In AEBC, we have 
EB = 15 m, BC = 13 m and CE = 14 m. 
a=15m,b=13mandc=14m. 
s= 5 (15 +13 +14) m -21 m. 
(s—a) =(21-15)m=6m, (s—b) =(21-13)m=8m 
and (s-c) = (21-14)m=7 m. 
area (AEBC) = /s(s - a) (s -b)(s- c) = 21X6X8X7 m? 
-47X8X8X2X2X4A4X7 m? 
-(7X3X2X2)m'-84 m. 
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EXAMPLE 26 


SOLUTION 


EXAMPLE 27 


SOLUTION 
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2 


x 
> X15 m x CF = 84m? E cr = EMT m=% m= 112m. 


=. CF=112m. 
Area (trap. ABCD) = 5 x (AB + CD) X CF 


Also, area (AEBC) = (5 x EBX cr) - (5 x15mx cr) 


- n X (25 + 10) X 11.2} m? 


= (85 X 5.6) m = 196 m°. 
Hence, the area of the trapezium ABCD is 196 m^. 
If each side of a triangle is doubled then find the ratio of the area of 
the new triangle thus formed and the given triangle. 
Let the sides of the given triangle be a, b, c and let s be its 
semiperimeter. Then, the area of this triangle is given by 
^ = ys(s — a) (s - D) (s ^ c) sq units. 
When each side of this triangle is doubled then we get a new 
triangle having sides 2a, 2b and 2c. 


Let S be the semiperimeter of the new triangle. Then, 


5 = 5 (2a+ 2b +2c) = (abc) - 2s. 


Area of the new triangle = /'S(S — 2a) (S — 2b) (S — 2c) 
= /2s(2s — 2a)(2s — 2b)(2s — 2c) sq units 
= /16s(s — a) (s - b) (s — c) sq units 
= 4x ,/s(s—a)(s— b)(s —c) sq units 
=4A. 
(area of the new triangle) : (area of the given triangle) 
=4A:A=4:1. 


The length and breadth of a rectangular park are in the ratio 8 : 5. 
A path, 1.5 m wide, running all around the outside of the park has 
an area of 594 m?. Find the dimensions of the park. 


Let the length and breadth of the park 
be 8x metres and 5x metres respectively. 
Area of the park = (8x X 5x) m? 

= (40x?) m’. 
Length of the park including the path = (8x +3) m. 
Breadth of the park including the path = (5x * 3) m. 


8x 
5x 


un 


N 


o 


ol 


[en] 


N 


oo 


Kel 


10. 


11. 
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Area of the park including the path = (8x + 3) (5x + 3) m. 
Area of the path = {(8x + 3) (5x +3) - 40x] m? = (39x +9) m*. 
But, area of the path = 594 m" (given) 
39x +9 — 594 => 39x = 585 
585 


> X= 39 = 15. 


length of the park = (8 x 15) m = 120m 
and breadth of the park = (5X 15) m = 75 m. 


EXERCISE 14 


. Find the area of the triangle whose base measures 24 cm and the 


corresponding height measures 14.5 cm. 


. The base of a triangular field is three times its altitude. If the cost of 


sowing the field at X 58 per hectare is X 783, find its base and height. 


. Find the area of the triangle whose sides are 42 cm, 34 cm and 20 cm in 


length. Hence, find the height corresponding to the longest side. 


. Calculate the area of the triangle whose sides are 18 cm, 24 cm and 


30 cm in length. Also, find the length of the altitude corresponding to 
the smallest side. 


. Find the area of a triangular field whose sides are 91 m, 98 m and 105 m 


in length. Find the height corresponding to the longest side. 


. The sides of a triangle are in the ratio 5 : 12 : 13 and its perimeter is 


150 m. Find the area of the triangle. 


. The perimeter of a triangular field is 540 m and its sides are in the ratio 


25:17:12. Find the area of the field. Also, find the cost of ploughing the 
field at € 5 per m’. 


. Two sides of a triangular field are 85 m and 154 m in length and its 


perimeter is 324 m. Find (i) the area of the field and (ii) the length of the 
perpendicular from the opposite vertex on the side measuring 154 m. 


. Find the area of an isosceles triangle each of whose equal sides measures 


13 cm and whose base measures 20 cm. 

The base of an isosceles triangle measures 80 cm and its area is 360 cm’. 
Find the perimeter of the triangle. 

The perimeter of an isosceles triangle is 32 cm. The ratio of the equal 
side to its base is 3 : 2. Find the area of the triangle. 

HINT Ratio of sides 2 3:3:2. 
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12. 


13. 


14. 


15. 


16. 
17. 


18. 


19. 


20. 


21. 


22. 
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The perimeter of a triangle is 50 cm. One side of the triangle is 4 cm 
longer than the smallest side and the third side is 6 cm less than twice 
the smallest side. Find the area of the triangle. 

The triangular side walls of a flyover have been used for advertisements. 
The sides of the walls are 13 m, 14 m, 15 m. The advertisements yield 
an earning of € 2000 per m? a year. A company hired one of its walls for 
6 months. How much rent did it pay? 


The perimeter of an isosceles triangle is 42 cm and its base is 14 times 
each of the equal sides. Find (i) the length of each side of the triangle, 
(ii) the area of the triangle, and (iii) the height of the triangle. (Given, 
/7 = 2.64.) 

If the area of an equilateral triangle is 36 y3 cm’, find its perimeter. 

If the area of an equilateral triangle is 81 /3 cm’, find its height. 

Each side of an equilateral triangle measures 8 cm. Find (i) the area 
of the triangle, correct to 2 places of decimal and (ii) the height of the 
triangle, correct to 2 places of decimal. (Take y3 = 1.732.) 

The height of an equilateral triangle measures 9 cm. Find its area, 
correct to 2 places of decimal. (Take /3 21.732) 


The base of a right-angled triangle measures 48 cm and its hypotenuse 
measures 50 cm. Find the area of the triangle. 


Find the area of the shaded region in the figure given below. 


B 48 cm Cc 


The sides of a quadrilateral ABCD taken in order are 6 cm, 8 cm, 12 cm 
and 14 cm respectively and the angle between the first two sides is a 


right angle. Find its area. (Given, y6 =2.45.) 
Find the perimeter and area of a quadrilateral 


ABCD in which BC = 12 cm, CD = 9 cm, BD = 15 cm, 
DA = 17 cm and ZABD = 90°. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


ol 
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Find the perimeter and area of the c 
quadrilateral ABCD in which AB = 21 cm, [v 
ZBAC = 90°, AC 20cm, CD-42cm and. g 

AD = 34 cm. 34 om 


A 21cm 


Find the area of the quadrilateral ABCD in D 26cm 
which BCD is an equilateral triangle, each 
of whose sides is 26cm, AD -24cm and 
ZBAD - 90*. Also, find the perimeter of the 


quadrilateral. (Given, /3 21.73.) 


Find the area of a parallelogram ABCD in 
which AB - 28 cm, BC - 26 cm and diagonal P 
AC = 30 cm. o 


Find the area of a parallelogram ABCD D C 


in which AB=14cm, BC=10cm and 
AC = 16 cm. (Given, /3 = 1.73.) en 


Oo 


24 cm 


In the given figure, ABCD is a quadrilateral D C 
in which diagonal BD -64cm, AL1BD 

and CM LBD such that AL=16.8cm and 

CM -132cm. Calculate the area of the 

quadrilateral ABCD. A E 


The area of a trapezium is 475 cm? and its height is 19 cm. Find the 
lengths of its two parallel sides if one side is 4 cm greater than the other. 
In the given figure, a AABC has been given A 

in which AB=7.5cm, AC=6.5cm and 
BC =7 cm. On base BC, a parallelogram DBCE 
of the same area as that of AABC is constructed. 
Find the height DL of the parallelogram. 


UO 
m 


A field is in the shape of a trapezium having parallel sides 90 m and 
30 m. These sides meet the third side at right angles. The length of the 
fourth side is 100 m. If it costs €5 to plough 1 m of the field, find the 
total cost of ploughing the field. 
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31. A rectangular plot is given for constructing a house, having a 
measurement of 40 m long and 15 m in the front. According to the laws, 
a minimum of 3-m-wide space should be left in the front and back each 
and 2 m wide space on each of the other sides. Find the largest area 
where house can be constructed. 

32. A rhombus-shaped sheet with perimeter 40 cm and one diagonal 
12 cm, is painted on both sides at the rate of $5 per cm’. Find the cost of 
painting. 

33. The difference between the semiperimeter and the sides of a AABC are 
8 cm, 7 cm and 5 cm respectively. Find the area of the triangle. 

34. A floral design on a floor is made up of 
16 tiles, each triangular in shape having 
sides 16 cm, 12 cm and 20 cm. Find the 
cost of polishing the tiles at 1 per sq cm. 


35. An umbrella is made by stitching 12 
triangular pieces of cloth, each measuring 
(50 cm x 20 cm x 50 cm). Find the area of 
the cloth used in it. 


36. In the given figure, ABCD is a square C 
with diagonal 44 cm. How much paper of 
each shade is needed to make a kite given 
in the figure? D 


Yellow! Green 


Red | Yellow 
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37. A rectangular lawn, 75 m by 60m, PQ 
has two roads, each road 4m 
wide, running through the middle 
of the lawn, one parallel to length A HIG D 
and the other parallel to breadth, B E| F c 
as shown in the figure. Find the 
cost of gravelling the roads at 
€ 50 per m’. ui 

38. The shape of the cross section of a canal is a trapezium. If the canal is 
10 m wide at the top, 6 m wide at the bottom and the area of its cross 
section is 640 m’, find the depth of the canal. 

39. Find the area of a trapezium whose parallel sides are 11 m and 25 m 
long, and the nonparallel sides are 15 m and 13 m long. 

40. The difference between the lengths of the parallel sides of a trapezium 
is 8 cm, the perpendicular distance between these sides is 24 cm and the 
area of the trapezium is 312 cm’. Find the length of each of the parallel 
sides. 

41. A parallelogram and a rhombus are equal in area. The diagonals 
of the rhombus measure 120 m and 44 m. If one of the sides of the 
parallelogram measures 66 m, find its corresponding altitude. 

42. A parallelogram and a square have the same area. If the sides of the 
square measure 40 m and altitude of the parallelogram measures 25 m, 
find the length of the corresponding base of the parallelogram. 

43. Find the area of a rhombus one side of which measures 20 cm and one 
of whose diagonals is 24 cm. 

44. The area of a rhombus is 480 cm’, and one of its diagonals measures 
48 cm. Find (i) the length of the other diagonal, (ii) the length of each of 
its sides, and (iii) its perimeter. 

ANSWERS (EXERCISE 14) 
1. 174 cm? 2. 900 m, 300 m 3. 336 cm, 16 cm 
4. 216 cm’, 24 cm 5. 4116 m?, 78.4 m 6. 750 m* 


7. 9000 m?, € 45000 8. (i) 2772 m° (ii) 36m | 9. 83.06 cm? 


. 162 cm 11. 32/3 cm? 12. 20/30 cm? 13. € 84000 

. (i) 12cm, 12cm, 18cm (ii) 71.28 cm? (iii) 7.922 cm 15. 36 cm 
.9/3cm . 17.()2771cm? (ii) 6.93 cm 18. 46.76 cm? 

. 336cm? 20. 384cm? 21. 82.8cm? 22. 46 cm, 114 cm 
. 126 cm, 546cm? 24. 412.37 cm’, 86cm 25. 672 cm? 
.138.4cm^ 27. 960cm? 28. 23cm, 27cm 29. 3 cm 


2 
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30. € 24000 31. 374 m? 32. € 960 33. 20/14 cm? 

34. 1 1536 35. 5880 cm? 

36. Yellow: 484 cm’, Red: 242 cm?, Green: 373.11 cm? 37. € 26200 
88. 80m 39. 216 m? 40. 17 cm, 9 cm 41. 40m 

42. 64m 43. 384 cm? 44. () 20cm (ii)26cm (iii) 104 cm 


HINTS TO SOME SELECTED QUESTIONS 


2. Let the altitude be x metres. Then, base = 3x metres. 


area — (5 X base X altitude) = G X 3x X x) m= - m’. 


total cost of sowin 
= S hectares = G 10000) m? = 135000 m*. 


But ared= rate per hectare 
2 
3x" = 135000 > x? =90000 — x=300. 


2 
10. x 80cm xh - 360 cm? > h= 37 cm - 9 cm. À 
| 

AB? = (40 cm)? + h? = (40 cm)? + (9 cm)? = 1681 cm? " 

=>  AB-41681 cm = 41 cm. | 


Ae Bn TERN B 40cm D 40cm C 
Hence, perimeter = (41 + 41 + 80) cm = 162 cm. 
12. Let the smallest side be x cm. 
Then, the other sides are (x + 4) cm and (2x - 6) cm. 
x+(x+4)+(2x-6) - 50 4x = 52 x=13. 
Thus, the sides are 13 cm, 17 cm and 20 cm. 


13. Sides of one wall are 13 m, 14 m, 15 m. 
area of one wall = /21X8X7X6 m? oe E E 5 
-84m? pags 
Rent of one wall for 6 months = Ẹ (84 x 1000) "m Ao 
= € 84000. 
"o 
S 
[ra 
. 3 7x 84 
14. (i) x *x*5x 42 2 42 x-. 12. 


So, the sides are 12 cm, 12 cm, 18 cm. 


(ii) Area of the triangle = /s(s — a) (s -b)(s- c) = /21X9X9X3 cm? 
= (27 X 77) cm? = (27 X 2.64) cm? = 7128 cm’. 


71.28 
9 


(ii) i X18cm Xh 2 7128 cm? > h= cm - 792 cm. 


15, 33 xe 36/3 > a =144 > a7 12. 


perimeter = (3 X 12) cm = 36 cm. 
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3 
16. B x - 8173 cm? => a^ -(81x4)cm? > a= (9X2)cm = 18cm. 
8173 
+ X18 em x h=81y3 cm? > h= 22 oon = 9/3 cm. 


17. (i) Area= Ba - | 


64] cm? = (16/3) cm? 


= (16 X 1.732) cm? = 27.71 cm. 


(ii) 1x Sem xn - 2771 em* > b= 2771. cm = 6.93 cm. 


2 2 
18. (9.cm)*+(5) =a" > a- = 81cm’ 
3a? 
4 
4/3 


Area = xa = (2 x 108) cm? = (2743) cm? 


81cm? a ax 4 cm’ = 108 cm’. 


UJ 
1m 
oO 
[e] 


= (27 X 1.732) cm? = 46.76 cm’. 
20. AB? = {(16)? + (12)7} cm? = (256 + 144) cm? = 400 cm? — AB = /400 cm = 20 cm. 
The sides of AABC are 20 cm, 48 cm, 52 cm. Find its area. 
Area of the shaded region = area(A ABC) — area(A ADB). 
28. Let the parallel sides be x cm and (x * 4) cm. Then, 


Lxpce4]x19 475 > 2x *4 m 2x 246 > x-23. 


30. CE? = (CB? - EB’) 
= [(100)? - (60)7] m? = (100 + 60) (100 — 60) m? 
= (160 x 40) m? = 6400 m°. 
CE = /6400 m = 80 m. S A 
Area of the field cS 
= area (rect. ADCE) + area (ABEC) 


m? D30mC 


- [so x 30) +G x 60x 80) 


= (2400 + 2400) m? = 4800 m". 
Total cost of ploughing = X (4800 x 5) = X 24000. 
31. Required area = (40 - 6) m X (15- 4) m 
= (84 X11) m? = 374 m’. E sum 


32. Required area D 40cm C 
=2 X area of rhombus ABCD 
=2X (2X area AABC) 


=4x /16X4X6X6 cm? 


= (4X 48) cm? = 192 cm’. 


10o 
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33. (s- a) + (s—b)+(s—c) =(8+7+5) > 3s—(at+b+c) - 20 
3s-2s-20 > s=20. 
area of the triangle = ys (s — a) (s - b) (s — c) 


= /20xX8X7x5 = /400X14 = 20/14 cm’. 


36. Area of the square sheet = i X (diagonal)? - G XxX 44 X 44) cm? = 968 cm’. 


Area of yellow sheet = area of region I + area of region II 
= i X area of square sheet = G x 968) cm? = 484 cm’. 


Area of red sheet = area of region IV 


4 
Area of green sheet = area of region III + area of region V 


-ly area of square sheet = n x 968) cm? = 242 cm’. 


= n X area of square sheet) + (area of AAEF). 


37. Area of roads = area ABCD + area PQRS — area EFGH 
= (75 x 4) m^ + (60 X 4) m - (4 X 4) m? = (300 + 240 — 16) m? = 524 m. 


38. 1 (10 6) x d = 640. Find d. 


MULTIPLE-CHOICE QUESTIONS (MCQ) 
Choose the correct answer in each of the following. 
1. Ina AABC, it is given that base = 12 cm and height = 5 cm. Its area is 
(a) 60 cm? (b) 30 cm? (c) 15/3 cm? (d) 45cm? 
2. The lengths of three sides of a triangle are 20 cm, 16 cm and 12 cm. The 
area of the triangle is 
(a) 96 cm? (b) 120 cm? (c) 144 cn? (d) 160 cn? 
3. Each side of an equilateral triangle measures 8 cm. The area of the 
triangle is 
(a) 8/3 cm? (b) 16/3 cm? (c) 32/3 cm? (d) 48 cm? 
4. The base of an isosceles triangle is 8 cm long and each of its equal sides 
measures 6 cm. The area of the triangle is 
(a) 16/5 cm? (b) 8/5 cm? (c) 16/3 cm? (d) 8/3 cm? 
5. The base of an isosceles triangle is 6 cm and each of its equal sides is 
5 cm. The height of the triangle is 


(a) 8cm (b) /30 cm (c) 4 cm (d) /11 cm 
6. Each of the two equal sides of an isosceles right triangle is 10 cm long. 
Its area is 


(a) 5/10 cm? (b) 50. cm” (c) 10/3 cm? (d) 75 cm? 


N 


[e] 


el 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


aA 


Areas of Triangles and Quadrilaterals 541 


. Each side of an equilateral triangle is 10 cm long. The height of the 


triangle is 


(a) 10/3 cm (b) 5/3 cm (c) 10/2 cm (d) 5cm 


. The height of an equilateral triangle is 6 cm. Its area is 


(a) 12/3 cm? (b) 6/3 cm? (c) 12/2 cm? (d) 18 cm” 


. The lengths of the three sides of a triangular field are 40 m, 24 m and 


32 m respectively. The area of the triangle is 

(a) 480 m? (b) 320 m? (c) 384 m? (d) 360 m? 
The sides of a triangle are in the ratio 5 : 12 : 13 and its perimeter is 
150 cm. The area of the triangle is 

(a) 375 cm? (b) 750 cm? (c) 250 cm? (d) 500 cm? 
The lengths of the three sides of a triangle are 30 cm, 24 cm and 18 cm 
respectively. The length of the altitude of the triangle corresponding to 
the smallest side is 

(a) 24cm (b) 18cm (c) 30 cm (d) 12 cm 
The base of an isosceles triangle is 16 cm and its area is 48 cm*. The 
perimeter of the triangle is 


(a) 41 cm (b) 36 cm (c) 48 cm (d) 324 cm 
The area of an equilateral triangle is 36/3 cm’. Its perimeter is 
(a) 36 cm (b) 12/3 cm (c) 24 cm (d) 30 cm 


Each of the equal sides of an isosceles triangle is 13 cm and its base is 
24 cm. The area of the triangle is 

(a) 156 cn? (b) 78 cm? (c) 60 cm? (d) 120 cn? 
The base of a right triangle is 48 cm and its hypotenuse is 50 cm long. 
The area of the triangle is 


(a) 168 cm? (b) 252 cm? (c) 336 cm? (d) 504 cm? 
The area of an equilateral triangle is 81/3 cm’. Its height is 
(a) 9/3 cm (b) 6/3 cm (c) 18/3 cm (d) 9 cm 


ANSWERS (MCQ) 


.(D  2.(aà 3.0) 4(b 5() 6) 7(b 8 (a) 


(c) 10. (b) 11. (a) 12. (b) 13. (a) 14. (c) 15. (c) 16. (a) 
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3a? 


ui Me 2- 
> 1 36 > a =48. 


Area = 22 xg? (5 x as) cm? = 12/3 cm?. 


12. 3x16xh 48 > h=6cm. 
a 


= [(8)* + (6)?] cm? = (64+ 36) cm? = 100 cm? > a=10cm. 
perimeter = (10 + 10 + 16) cm = 36 cm. 6 


o 


B 8 D 
43 


16. 4 78143 an > a -(81X4)cm? > a- 18cm. 


a (5 


Height = 2 2X 18) cm = 943 cm. 


REVIEW OF FACTS AND FORMULAE 
1. For a Rectangle, we have 


(i) Area = (length X breadth) sq units. 


P _ area __area | D C 
(ii) Length = breadth and breadth = length ~~ 


(iii) Diagonal = n| (length)? + (breadth)’. 


x 
6, 
o 


(iv) Perimeter - 2 X (length * breadth). A l 


U 


(v) Area of 4 walls of a room 
= [2 (length + breadth) X height] sq units. 
2. For a Square, we have 


(i) Area = (side)? = 1 x (diagonal)’. 
(ii) Perimeter = (4 X side). 
(iii) Diagonal = (/2 X side). 


oO 
[e] 


A a B 
3. Area of a Quadrilateral 
Let ABCD be a quadrilateral having C 
diagonal AC. Let BL L AC and DM L AC. " 
Then, we have 
area (quad. ABCD) 
= G x AC X (BL + DM) sq units. A B 


= i X AC X (A, + n,)| sq units. 
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4. Area of a parallelogram = (base X height) D c 


= (AB X h) sq units. 
l hl \ 
A L B 
5. (i) Area of a Rhombus D C 


- i X (product of diagonals). IW. 
(ii) The diagonals of a rhombus bisect each other : 
at right angles. 


6. Area of a trapezium 


= i X sum of parallel sides X distance between them 
hi 
" & (AB +CD) x n} sq units. a 


Volume and Surface 


15 
O Area of Solids 


soLips The bodies occupying space are called solids. 


The solid bodies occur in various shapes such as: 
a cuboid, a cube, a cylinder, a cone, a sphere, etc. 
VOLUME OF A SOLID The space occupied by a solid body is called its volume. 


The units of volume are cubic centimetres (written as cm?) or cubic metres 
(written as mî). 


cUBOID A solid bounded by six rectangular faces is called a cuboid. 
A matchbox, a chalkbox, a brick, a tile, a book, etc., are all examples of 
a cuboid. 
A cuboid has 6 rectangular faces, 12 edges and 8 vertices. 
In the given figure, ABCDEFGH is a cuboid whose 
(i) 6 faces are: 
ABCD, EFGH, ADHE, BCGF, ABFE and 
DCGH. 
Out of these, the four faces, namely 
ABFE, DCGH, BCGF and ADHE are 
called lateral faces of the cuboid. A 


Cuboid B 


(ii) 12 edges are: 
AB, BC, CD, DA, EF, FG, GH, HE, CG, BF, AE and DH. 
(iii) 8 vertices are: A, B, C, D, E, F, G, H. 


REMARK A rectangular room is in the form of a cuboid and its 4 walls are its 
lateral faces. 


cuBE A cuboid whose length, breadth and height are all equal is called a cube. 
Dice, ice cubes, sugar cubes, etc., are all examples of a cube. 
Each edge of a cube is called its side. 


VOLUME AND SURFACE AREA OF A CUBOID 
Formulae: 
Let us consider a cuboid of length =! units, breadth =b units and 
height = h units. Then, we have 
(i) Volume of the cuboid = (1X b X h) cu units. 
544 
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(ii) Diagonal of the cuboid = V ^ + b° + h^ units. 

(iii) Total surface area of the cuboid = 2(Ib + bh + th) sq units. 
(iv) Lateral surface area of the cuboid = [2(l + b) X h] sq units. 
(v) Area of four walls of a room = [2(1 + b) X h] sq units. 


VOLUME AND SURFACE AREA OF A CUBE 
Formulae: 

Let us consider a cube of edge = a units. Then, we have H G 

(i) Volume of the cube — à? cu units. 

(ii) Diagonal of the cube = /3a units. 


iii) Total surface area of the cube = 6a* sq units. 
q 


(iv) Lateral surface area of the cube = 48° sq units. 


SOLVED EXAMPLES 
EXAMPLE1 Find the volume, the total surface area and the lateral surface area of 
a cuboid which is 15 m long, 12 m wide and 4.5 m high. 
SOLUTION Here, 17 15 m, b = 12m and h = 4.5 m. 
Volume of the cuboid = (I X b X h) cubic units 
= (15 X12 X 4.5) m? = 810 m’. 
Total surface area of the cuboid 
= X(Ib + bh + Ih) sq units 
=2(15X12+12X 4.5 +15 X 4.5) m^ = 603 m’. 
Lateral surface area of the cuboid 
= [2(I + b) X h] sq units 
= [2(15 +12) x 45] m^ = 243 m’. 
EXAMPLE2 How many bricks will be required to construct a wall 13.5 m 


long, 6 m high and 22.5 cm thick? It is being given that each brick 
measures (27 cm X 12.5 cm X 9 cm)? 


SOLUTION Length of the wall = (13.5 X 100) cm = 1350 cm. 
Breadth of the wall = 22.5 cm. 
Height of the wall = (6 X 100) cm = 600 cm. 
Volume of the wall = (1350 x 22.5 X 600) cm’. 
Volume of each brick = (27 X 12.5 X 9) cm’. 
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Number of bricks required = (sume oe we 


volume of 1 brick 


_ (500 X 22.5 x 600 


27 X12.5X9 re 


EXAMPLE3 A room is 16 m long, 9 m wide and 3 m high. It has two doors, each 
of dimensions (2 m X 1.5 m) and three windows, each of dimensions 
(1.6 m X 75 cm). Find the cost of distempering the walls of the room 
from inside at the rate of X 50 per square metre. 


SOLUTION Area of 4 walls of the room = [2(I + b) X h] sq units 
= [2(16 +9) x 3] m? = 150 m°. 


Area of 2 doors = n x (2 X 5) m’ =6m°. 


Area of 3 windows =[3 x (1.6 5) m 2 = m? - 3.6 m. 


Area not to be distempered - (6 * 3.6) m! - 9.6 m°. 

Area to be distempered = (150 — 9.6) m^ = 1404 m°. 

Cost of distempering the walls = (140.4 x 50) = X 7020. 
EXAMPLE4 A field is 70 m long and 40 m broad. In one corner of the field, a pit 

which is 10 m long, 8 m broad and 5 m deep, has been dug out. The 


earth taken out of it is evenly spread over the remaining part of the 
field. Find the rise in the level of the field. 


SOLUTION Area of the field = (70 x 40) m? = 2800 m’. 
Area of the pit = (10 X 8) m= 80 m’. 
Area over which the earth is spread over 


= (2800 — 80) m? = 2720 m°. 


70m 


10m 
8m 


40m 


Volume of the earth dug out = (10 X 8 X 5) m? = 400 m*. 


— E E ( volume of the earth dug out 
Se in level of the field = | area on which the earth is spread 
= (som ) - (857500) ii 
2720 2720 j^ 


_ 250 
d7 cm = 14.70 cm. 


EXAMPLE 5 


SOLUTION 


EXAMPLE 6 


SOLUTION 
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An open wooden box 80 cm long, 65 cm wide and 45 cm high, 
is made of 2.5 cm thick wood. Find (i) the capacity of the box, 
(ii) volume of wood used and (iii) weight of the box, it being given 
that 100 cm? of wood weighs 8 g. 


External length of the box = 80 cm. 

External breadth of the box = 65 cm. 

External height of the box = 45 cm. 

External volume of the box = (80 X 65 X 45) cu cm 


= 234000 cm’. 
Internal length of the box = [80 - (2.5 X 2)] cm = (80-5) cm 
— 75cm. 
Internal breadth of the box = [65 — (2.5 X 2)] cm = (65 - 5) cm 
= 60 cm. 


Internal height of the box = (45 — 2.5) cm = 42.5 cm. 
(i) Capacity of the box = internal volume of the box 
= (75 X 60 X 42.5) cm? = 191250 cm’. 


(ii) Volume of wood used 
= (external volume) - (internal volume) 


= (234000 — 191250) cm? = 42750 cm’. 
(iii) Weight of 100 cm? of wood = 8 g. 


Weight of 42750 cm? of wood - (ibo x 42750) g = 3420g 


= 3 kg 420 g. 
Find the volume, total surface area, lateral surface area and the 
length of diagonal of a cube, each of whose edges measures 20 cm. 
Here, a = 20 cm. 
Volume of the cube = à? cubic units 
= (20 X 20 x 20) cm? = 8000 cm’. 
Total surface area of the cube = (64?) sq units 
= (6 X 20 x 20) cm? = 2400 cm”. 
Lateral surface area of the cube = (42) sq units 
= (4 X 20 X 20) cm = 1600 cm’. 
Diagonal of the cube = (/3 a) units 
= (/3 x 20) cm = (1.732 x 20) cm 
— 34.64 cm. 
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SOLUTION 


EXAMPLE 8 


SOLUTION 
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The total surface area of a cube is 216 cm”. Find its volume. 
Let each side of the cube be a cm. 


Then, the total surface area of the cube = (62) cm. 


605-216 > a =36 > a-/36 - 6. 
Volume of the cube = à? cm? 
- (6X 6X 6) cm? = 216 cm’. 


The lateral surface area of a cube is 324 cm’. Find its volume and the 
total surface area. 


Let each side of the cube be a cm. 
Then, the lateral surface area of the cube = (44?) cm’. 
4a” - 324 > d - 81 > a- 481-9. 
Volume of the cube 7 à? cm? 
= (9X 9x9) cm? = 729 cm’. 
Total surface area of the cube = (6a) sq units 
= (6 X 9 X 9) cm? = 486 cm’. 


SOME MORE EXAMPLES 


EXAMPLE 9 


SOLUTION 


How many square sheets of coloured paper of side 30 cm would be 
required to cover a wooden box having length, breadth and height as 
90 cm, 60 cm and 30 cm respectively? 
Clearly, the quantity of paper required would be equal to the 
total surface area of the wooden box, which is in the shape 
of a cuboid. 
The dimensions of the box are 

length = 90 cm, breadth = 60 cm and height = 30 cm. 
The total surface area of the box 

= 2(Ib + bh + Ih) 

= 2 x [(90 x 60) + (60 x 30) + (90 x 30)] cm? 

= 2 X (5400 + 1800 + 2700) cm? 

= (2 X 9900) cm? = 19800 cm’. 
The area of each sheet of paper = (30 x 30) cm? = 900 cm’. 
Number of sheets required 


_ total surface area of the box _ 19800 _ 22 
area of one sheet of paper 900 ` 
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EXAMPLE 10 A small indoor greenhouse (herbarium) is made entirely of glass 


SOLUTION 


EXAMPLE 11 


SOLUTION 


panes (including base) held together with tape. It is 35 cm long, 
30 cm wide and 25 cm high. 


(i) What is the area of the glass? 

(ii) What length of tape is needed for all the 12 edges? 
The indoor greenhouse is in the shape of 
a cuboid having length = 35 cm, breadth 
= 30 cm and height = 25 cm. 

(i) Area of the glass 


25 cm 
E 


= the total surface area of the cuboid 
= 2(lb + bh + Ih) 35 cm 


= 2 X [(85 x 30) + (30 x 25) + (85 x 25)] cm? 
= 2(1050 + 750 + 875) cm? = (2 X 2675) cm? = 5350 cm’. 
(ii) Length of tape needed for all 12 edges 


= (perimeter of top) + (perimeter of bottom) 
+ (4 vertical edges) 
= {2(1+ b) +2(1+ b) + 4h} =4(1+b+h) 
= 4(35 + 30 + 25) cm = 360 cm = 3 m 60 cm. 
A sweet seller placed an order for making cardboard boxes of two sizes, 
namely (25 cm X 20 cm X 5 cm) and (15 cm X 12 cm X 5 cm). If 
5% of the total surface area is required extra for all overlaps and the 
cost of the cardboard is € 5 for 1000 cm’, find the cost of cardboard 
required for 200 boxes of each kind. 
For each bigger box, we have! = 25 cm, b = 20 cm and h = 5 cm. 
Surface area of the cardboard for each bigger box 
= Z(Ib + bh + Ih) 
= 2(25 X 20 + 20 X 5 + 25 X 5) cm? 
= 2(500 + 100 + 125) cm? = (2 X 725) cm? = 1450 cm’. 
Total surface area of the cardboard required for 200 bigger 
boxes 
= (1450 X 200 + 5% of 1450 x 200) cm? 


100 
= (290000 + 14500) cm? = 304500 cm’. 


For each smaller box, we have l=15cm, b=12cm and 
h=5cm. 


x: (290000 cd 1450 X 200) cm? 
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Surface area of the cardboard for each smaller box 
= 2(Ib + bh + Ih) 
= 2(15 X12+12X5+15 X 5) cm? 
= 2(180 + 60 + 75) cm? = (2 X 315) cm? = 630 cm’. 


Total surface area of the cardboard required for 200 smaller 
boxes 


= (630 X 200 + 5% of 630 x 200) cm? 


_ EN 2 
- (126000 + 735 x 630 X 200) cem 


= (126000 + 6300) cm? = 132300 cm’. 
Total surface area of the cardboard required for 200 boxes of 
each size = (304500 + 132300) cm = 436800 cm". 
Cost of cardboard for 1000 cm? == 5. 


Cost of cardboard for 436800 cm? = € rm x 436800) = 2184. 


EXAMPLE 12 A man wants to make a temporary shelter for his car by making a 
box-like structure with tarpaulin that covers all the four sides and 
the top of the car. If the height of the shelter is 2.5 m and its base 
dimensions are 4 m by 3 m, how much tarpaulin would be required? 


SOLUTION Area of tarpaulin required 
= (area of four sides) + (area of the top) 
={2(1+b)X h} + (X b) 
= {2X (4+3) X 2.5} m^ + (4x 3) m = (35 +12) m = 47 m’. 
EXAMPLE 13 A cubical box has each edge 10 cm and another cuboidal box is 
12.5 cm long, 10 cm wide and 8 cm high. 
(i) Which box has the greater lateral surface area and by how much? 
(ii) Which box has the smaller total surface area and by how much? 
SOLUTION (i) Lateral surface area of the cubical box 
= 4(edge)? = (4 X 10 X 10) cm? = 400 cm’. 
Lateral surface area of the cuboidal box 
= 2(length + breadth) X height 
= {2(12.5 + 10) X 8} cm? = (2 X 22.5 X 8) cm? = 360 cm’. 
Difference in lateral surface areas 
= (400 - 360) cm? = 40 cm’. 
Hence, the lateral surface area of the cubical box is larger 
than that of the cuboidal box by 40 cm’. 
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(ii) Total surface area of the cubical box 

= 6(edge)* = (6 X 10 X 10) cm? = 600 cm’. 
Total surface area of the cuboidal box 

= (Ib + bh + Ih) 

= 2(12.5 X 10+ 10 X 8 + 12.5 X 8) cm? 

= 2(125 + 80 + 100) cm? = (2 X 305) cm? = 610 cm’. 
Difference in total surface areas = (610 — 600) cm? = 10 cm’. 
Hence, the total surface area of the cubical box is smaller 
than that of the cuboidal box by 10 cm’. 


EXAMPLE 14 Kunal built a cubical water tank with lid for his house, with each 
outer edge 1.5 m long. He gets the outer surface of the tank excluding 
the base covered with square tiles of side 25 cm. Find how much he 
would spend for the tiles, if the cost of the tiles is X 540 per dozen. 


SOLUTION Leaving aside the base, the remaining five faces of the tank are 
to be covered with tiles. 


Length of each edge of the tank = 1.5 m = (1.5 100) cm 
= 150 cm. 
Surface area of each face = (150 X 150) cm?. 
Total surface area of five faces to be covered with tiles 
= (5 X 150 X 150) cm”. 
Area of each square tile = (25 X 25) cm’. 


surface area of five faces 
area of each tile 


Number of tiles required = 


_ (5X 150 X150\ _ 
=( 25 X25 ) = 180. 
Cost of 12 tiles = € 540. 
540 
Cost of 1 tile = € Gs) . 
Cost of 180 tiles = € (2. x 180) - € 8100. 


EXAMPLE 15 A solid cube of side 12 cm is cut into 8 cubes of equal volume. What 
is the side of the new cube? Also, find the ratio between their surface 
areas. 


SOLUTION Volume of the big cube = (12 X 12 X 12) cm? = 1728 cm’. 


1728 


3 cm? = 216 cm’. 


Volume of a small (new) cube = 
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Let each side of the new cube be a cm. 
Then, its volume = d^ cm. 
a =216=(6) > a=6. 


Thus, the side of the new cube is 6 cm. 


Surface area of the big cube 
= {6 X (12)*} cm? = (6 X 144) cm? = 864 cm’. 
Surface area of the smaller cube 
= (6X (6)] cm?” = (6 X 36) cm? = 216 cm’. 
Ratio between the surface areas of big cube and small cube 


-864:216 = 964 4 .. ,. 
-864:216m ce UL 


EXAMPLE 16 A river 3 m deep and 40 m wide is flowing into the sea at the rate of 
2 km per hour. How much water will fall into the sea in a minute? 
SOLUTION Width of the river = 40 m, depth of the river = 3 m. 


Length of water that falls into the sea in a minute 


_ (2000) _ 100 
60 3 
Volume of water that falls into the sea in a minute 
= (length X width X depth) 
-( x 40 x3) m? = 4000 m°. 


EXAMPLE 17 The length of a cold storage is double its breadth and its height is 
3 metres. If the area of its four walls be 108 m?, find its volume. 


SOLUTION Let the breadth of the cold storage be x metres. 
Then, its length = 2x metres and height = 3 metres. 
Area of the four walls of the cold storage 
= {2(1 + b) X h} sq units 
= {2(2x + x) X 3} m^ = (18x) m”. 


But, area of 4 walls = 108 m? (given). 


18x = 108 x==> =6. 
So, breadth = 6 m and length = 12 m. 
Volume of the cold storage = (I X b X I) cubic units 
- (12x 6x3) m? 2 216 m. 
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EXAMPLE 18 A village having a population of 4000, requires 150 litres of water 
per head per day. It has a tank measuring 20 m X 15 m X 6 m. For 
how many days will the water of this tank last? 


SOLUTION Volume of the water tank = (20 X 15 X 6) m? = 1800 m°. 


Consumption of water per head per day 


= 150 litres 

z 1 Bc OOF We. gates | 3]. 

= (150 x 1000) m' -5gm f 1 litre 1009 ™ 
Total consumption of water per day for 4000 persons 

2l 3. 3. 3 

= (a5 X 4000) m° = 600 m’. 


Required no. of days for which water of the tank will last 


. volume of water tank 1800 
~ consumption per day — 600 


days = 3 days. 


EXAMPLE 19 A room is half as long again as it is broad. The cost of carpeting the 
room at € 13 per m? is & 702 and the cost of papering the walls at 
€ 7 per m? is € 1204. If 1 door and 2 windows occupy 8 m), find the 
dimensions of the room. 


SOLUTION Let the breadth of the room be x metres. 


Then, its length = (x + 3) metres = Ax metres. 
2 
Area of the floor = (1X b) = GE x x) m = z m’. 


total cost of carpeting 


Also, area of the floor = 


rate per m* 
NU 23) 9 
=(43)m 54m’. 
2 
W =54 = x! c (54x 2)- 36 = (6)? x-6. 


breadth = 6 m and length = (5 x 6) m=9m. 


total cost of papering 


Area of papered walls = A 
rate per m 


= m - 172 m°. 


Area of 1 door and 2 windows = 8 m’. 
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EXAMPLE 20 


SOLUTION 


EXAMPLE 21 


SOLUTION 
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Area of 4 walls = (172 + 8) m^ = 180 m. 
Let the height of the room be h metres. 
Then, area of 4 walls = {2(1 + b) X h} = (2(9 + 6) x h} m? 


= (30h) m’. 
180 
30h = 180 > h-'30 -6m. 


Hence, length = 9 m, breadth = 6 m and height = 6 m. 


Water flows in a tank 60 m X 40 m at the base through a pipe whose 
cross section is 2 dm by 1.5 dm at the speed of 8 km per hour. In 
what time will the water be 5 metres deep? 


Let in x hours the water be 5 m deep in the tank. 
Volume of water required in the tank = (60 X 40 x 5) m*. 


Volume of water flown in the tank in x hours 


(2,15 3 
- (i5 X 8000 x x) m°. 
2.15 E 
ig x Jp X 8000 X x = 60x 40x 5 
> 240x=60X40X5 oa x=50. 


Hence, the required time is 50 hours. 


A storage tank is in the form of a cube. When it is full of water, the 
volume of water is 15.625 m? . If the present depth of water is 1.3 m, 
find the volume of water used from the tank. 


Let each edge of the tank be a metres. 
Volume of water in the tank when it is full = (a°) m°. 


But, volume of water in full tank = 15.625 m?. 


5 15625 125 (5v 
a = 15.625= 1099 7^8 =(5) 
> a=2=25. 


Thus, each edge of the tank is 2.5 m. 

Present depth of water = 1.3 m. 

Present volume of water in the tank 
= (2.5 X 2.5 X 1.3) m? 


xS B. 13\ 3 65 3 à 
=(3x 3x 33) m? = m? = 8.125 m°. 


un 


N 


o 


[en] 


ge 


Kel 


10. 


11. 
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Volume of water used from the tank 
= (15.625 — 8.125) m? = 7.5 m*. 


EXERCISE 15A 


. Find the volume, the lateral surface area and the total surface area of 


the cuboid whose dimensions are: 
(i) length = 12 cm, breadth = 8 cm and height = 4.5 cm 
(ii) length = 26 m, breadth = 14 m and height = 6.5 m 
(iii) length = 15 m, breadth = 6 m and height = 5 dm 
(iv) length = 24 m, breadth = 25 cm and height = 6 m 
A matchbox measures 4 cm X 2.5 cm X 1.5 cm. What is the volume of a 
packet containing 12 such matchboxes? 


. A cuboidal water tank is 6 m long, 5 m wide and 4.5 m deep. How 


many litres of water can it hold? (Given, 1 m? = 1000 litres.) 


. The capacity of a cuboidal tank is 50000 litres of water. Find the breadth 


of the tank if its length and depth are respectively 10 m and 2.5 m. 
(Given, 1000 litres = 1 m°.) 


. A godown measures 40 m X 25 m X 15 m. Find the maximum number 


of wooden crates, each measuring 1.5 m X 1.25 m X 0.5 m, that can be 
stored in the godown. 


. How many planks of dimensions (5 m X 25 cm X 10 cm) can be stored 


in a pit which is 20 m long, 6 m wide and 80 cm deep? 


. How many bricks will be required to construct a wall 8 m long, 6 m high 


and 22.5 cm thick if each brick measures (25 cm X 11.25 cm X 6 cm)? 


Find the capacity of a closed rectangular cistern whose length is 8 m, 
breadth 6 m and depth 2.5 m. Also, find the area of the iron sheet 
required to make the cistern. 


. The dimensions of a room are (9 mX8m X 6.5 m). It has one door 


of dimensions (2 m X 1.5 m) and two windows, each of dimensions 
(1.5 m X 1 m). Find the cost of whitewashing the walls at X 25 per 
square metre. 

A wall 15 m long, 30 cm wide and 4 m high is made of bricks, each 
measuring (22 cm X 12.5 cm X 7.5 cm). If 5 of the total volume of the 


wall consists of mortar, how many bricks are there in the wall? 

How many cubic centimetres of iron are there in an open box whose 
external dimensions are 36 cm, 25cm and 16.5 cm, the iron being 
1.5 cm thick throughout? If 1 cm? of iron weighs 15 g, find the weight 
of the empty box in kilograms. 
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A box made of sheet metal costs X 6480 at X 120 per square metre. If the 
box is 5 m long and 3 m wide, find its height. 

The volume of a cuboid is 1536 m°. Its length is 16 m, and its breadth 
and height are in the ratio 3 : 2. Find the breadth and height of the 
cuboid. 

How many persons can be accommodated in a dining hall of 
dimensions (20 m X 16 m X 4.5 m), assuming that each person requires 
5 cubic metres of air? 

A classroom is 10 m long, 6.4 m wide and 5 m high. If each student 
be given 1.6 m^ of the floor area, how many students can be 
accommodated in the room? How many cubic metres of air would each 
student get? 

The surface area of a cuboid is 758 cm’. Its length and breadth are 14 cm 
and 11 cm respectively. Find its height. 

In a shower, 5 cm of rain falls. Find the volume of water that falls on 
2 hectares of ground. 

Find the volume, the lateral surface area, the total surface area and the 
diagonal of a cube, each of whose edges measures 9 m. (Take y3 =1.73.) 
The total surface area of a cube is 1176 cm”. Find its volume. 

The lateral surface area of a cube is 900 cm’. Find its volume. 

The volume of a cube is 512 cm’. Find its surface area. 

Three cubes of metal with edges 3 cm, 4 cm and 5 cm respectively are 
melted to form a single cube. Find the lateral surface area of the new 
cube formed. 

Find the length of the longest pole that can be put in a room of 
dimensions (10 m X 10 m X 5 m). 

The sum of length, breadth and depth of a cuboid is 19 cm and the 
length of its diagonal is 11 cm. Find the surface area of the cuboid. 
Each edge of a cube is increased by 50%. Find the percentage increase 
in the surface area of the cube. 


If V is the volume of a cuboid of dimensions a, b, c and S is its surface 
1.90,.: 

area then prove that ys F ENT 2 

Water in a canal, 30 dm wide and 12 dm deep, is flowing with a velocity 

of 20 km per hour. How much area will it irrigate, if 9 cm of standing 

water is desired? 

A solid metallic cuboid of dimensions (9 m X 8 m X 2 m) is melted and 

recast into solid cubes of edge 2 m. Find the number of cubes so formed. 
[CBSE 2017] 
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ANSWERS (EXERCISE 15A) 
(i) 432 cm, 180 cm”, 372cm? (ii) 2366 m®, 520 m”, 1248 m? 
(iii) 45 m?, 21 m?, 201 m? (iv) 36 m?, 291 m?, 303 m? 


2. 180 cm? 8. 135000 litres 4.2m 5. 16000 
6. 768 7. 6400 8. 120 m^, 166 m? 9. € 5375 


10. 
14. 
18. 


21. 
25. 


10. 


. Number of crates = 


. Required number of bricks = 


8000 11.3960cm?,59.4kg — 12. 1.5m 13. 12m, 8m 
288 15. 40,8 m? 16. 9cm 17. 1000 m? 
729 m?, 324 m, 486 m?, 15.57 m 19. 2744cm? 20. 3375 cm? 


384cm? — 22.144 cm? 23. 15m 24. 240 cm? 
12596 27. 400000 m? 28. 18 


HINTS TO SOME SELECTED QUESTIONS 


50000 


. Volume of the tank = 50000 litres = "=== m? = 50 m°. 


1000 
10 X x X2.5 = 50. Find x. 


volume of godown  40x25x15 
volume oficrate | 1.5X125X0.5 
80 


. Volume of pit = (20 X6xX 300) m? - 96 m°. 


100 


Volume of one plank = (5 x a x in m?- i m*. 


volume of pit 


Number of planks = volume of 1 plank 


volume of the wall in cm? 
volume of 1 brick in cm? 


_ 800 X 600 x 22.5. 
25X 11.256 


. Capacity = (IX b X h) m*. 


Area of iron sheet = total surface area of the cistern 
= 2(Ib * bh + Ih) m’. 


. Area of 4 walls = [2(9 +8) x 6.5] m? = 221 m°. 


Area not to be whitewashed = (area of 1 door) + (area of 2 windows) 
=(2X1.5)m?+(2X1.5X1)m’?=6m’. 
Area to be whitewashed = (221 — 6) m^ = 215 m°. 


30 
100 * 


Volume of the wall = (i5 x 4 m?-18 m°. 


Volume of mortar = (5 x 18) m=15m’. 
Volume of bricks = (18 — 1.5) m? = 16.5 m°. 
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211/22 125. 7.5\_/ 33 \_3 
Volume of 1 brick = (755 * T00 * 109) = (16009) 


; volume of bricks _ /33 ., 16000 
Number of bricks = YS SEO ORCS = (> x 268) = 8000. 
11. External volume of the box = (36 x25 X 3) cm? = 14850 cm°. 


Internal volume of the box = (33 X 22 x 15) cm? = 10890 cm’. 
Volume of iron in the box = (14850 — 10890) cm? = 3960 cm?. 


1000 
total cost _ 6480 
cost perm? 120 


2(Ib + bh+Ih) =54 > 2(5X3+3h+5h) =54 


Weight of the empty box = (3960 x15 x 1059) kg = 59.4 kg. 


m? -54 m. 


12. Area of sheet metal = 


24 3 


16h = (54-30) =24 > h 1675m 1.5 m. 
13. Let the breadth be 3x metres and height 2x metres. Then, 
16x 3xx 2x - 1536 > =B 216 > x=4. 
14. Required number of persons = (16x145) = 288. 
15. Required number of students = wx E = 40. 
Air needed for each student = (ope) m'-8m*. 


16. 2(Ib + bh + Ih) = 758. Here, | = 14 cm, b = 11 cm. Find h. 


17. Volume of water = (area X depth) = (2 X 10000 x 109) m’. 
19. 6a? =1176 > a? =196 = (14)’. 
22. Volume of the new cube = (3° + 4+ 5) cm? = 216 cm’. 


Edge of this cube = 4 cm, where a - 216. 
a = 6 and the lateral surface area of the new cube is 4a” cm’. 


23. Length of the longest pole = length of diagonal = y I +b +h? metres. 
24. (l+b+h)= 19 cm and / +0? +h? = 11 cm 

> (1+b+h)* =361cm’ and (I +b? ^ I?) = 121 cm? 

= (Pepe +2 (b+ bht th) 2361 cm? and P & b^ +h? =121 cm” 

=> 121cm*+2(lb+ bh +h) = 361 cm? 

=  2(Ib+bh+ Ih) = (361—121)cm? = 240 cm’. 
25. Consider a cube having edge = a cm. 


Then, its surface area = (64^) cm’. 
e) 3a 


New edge = (150% of a) cm -( Tad) om = 3 em. 
y 2 
New surface area = e X (5 } cm? = A cm?. 
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z 2 
Surface area increased (222 6a?) cm? = (x cm’. 


2 
Percentage increase in surface area | 2 X "E x 100) = 125%. 
a 
26. We have, V = abc and S = 2 (ab + bc + ca). 


2/(1,1,1| 2, (bc*catab) 2 S 1 
aru J-$x abc S*2V y 


a b c 
27. Distance covered by water in 30 minutes 


= velocity of water in m/hr X time in hours 


l 30) 
= (20000 x 0) m = 10000 m. 
Volume of water flown in 30 min = (10000 x T x 1) m = 36000 m°. 
Let the area irrigated be x m^. 
2 = 100\ 2. 2 

Then, x X 745 = 36000 > x= (36000 X^ )m 400000 m2. 

28. Required number of cubes = (5x5) = 18. 
CYLINDERS 


CYLINDER Solids like circular pillars, circular pipes, circular pencils, 
measuring jars, road rollers and gas cylinders, etc., are said to be in 
cylindrical shapes. 


Formulae: 


Let us consider a cylinder whose height is h units and the radius of 
whose base is r units. Then, we have: 


(i) Volume of the cylinder — (nr*h) cubic units. CLC 
(ii) Curved surface area of the cylinder = (2nrh) sq units. 
(iii) Total surface area of the cylinder 
= (area of curved surface) + 2(base area) 
= (2nrh + 2nr?) sq units. — E 


HOLLOW CYLINDERS Solids like iron pipes, rubber tubes, etc., are in the shape 
of hollow cylinders. 


Formulae: 


For a hollow cylinder with external radius R units, internal radius r 
units and height (or length) / units, we have: 


(i) Volume of material = (exterior volume) — (interior volume) 


= (nR?h — nr? h) cubic units. 
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(ii) Curved surface area = (external surface) + (internal surface) 


= (2nRh + 2arh) sq units. 


(iii) Total surface area = (curve surface) + 2(area of base ring) 


EXAMPLE 1 


SOLUTION 


EXAMPLE 2 


SOLUTION 


EXAMPLE 3 


= [(2nRh + 2nrh) + 2(nR? - xr^)] sq units. 


SOLVED EXAMPLES 


Find the (i) volume, (ii) area of curved surface and (iii) total surface 
area of a cylinder having radius of the base 14 cm and height 30 cm. 


Here, r = 14 cm and h = 30 cm. 


(i) Volume of the cylinder = (n^ h) cubic units 


-(2 X1 x14x 30) cm? = 18480 cm? 


(ii) Curved surface area of the cylinder = (2nrli) sq units 


= (2x x14 x30) em? = 2640 cm. 


(iii) Total surface area of the cylinder 


= (2nrh + 277°) sq units = 2ar(r+h) sq units 


= [2x xax (14 +30)} cm? = 3872 cm’. 


The total surface area of a cylinder of radius 7 cm is 880 cm”. Find 
the height and the volume of the cylinder. 


Given, r = 7 cm. Let the height of the cylinder be h cm. 
Then, total surface area = (2x1? + 2nrh) sq units 
= 2nr (r + h) sq units 


=2x 2 x7 x(7+h)om? 


- 44(7 +h) cm". 
44(7 +h) - 880 => (7+h) =20 h= (20-7) = 
Hence, the height of the cylinder is 13 cm. 


Volume of the cylinder = (xr’h) cubic units 
= (2 x7x7x13) em? = 2002 em. 


Hence, the volume of the cylinder is 2002 cm?. 


The curved surface area and the volume of a pillar are 264 m? and 
396 m? respectively. Find the diameter and the height of the pillar. 


SOLUTION 


EXAMPLE 4 


SOLUTION 


EXAMPLE 5 


SOLUTION 
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Let the radius of the pillar be r metres and its height be 
h metres. Then, 


2nrh = 264 il) 
and ar^h = 396 ... (ii) 
On dividing (ii) by (i), we get 

2: 

nr h _ 396 _ (2X 396) _ " 

2m 264 ^ ( a a ae 


Hence, the diameter of the pillar is 6 m. 
Putting r = 3 in (i), we get 
22 - - TAL 
2X4 X3xh-264 > h = (264 x is; 14. 


Hence, the height of the pillar is 14 m. 
How many cubic metres of earth must be dug out to sink a well 
14 m deep and having a radius of 4 m? If the earth taken out is 


spread over a plot of dimensions (25 m X 16 m), what is the height 
of the platform so formed? 


Clearly, we have r= 4 m andh= 14 m. 
Volume of the earth dug out of the well 


= (nr? h) cubic units = (= XAXAX 14) m? = 704 m’. 


Area of the given plot = (25 x 16) m? = 400 m’. 
Volume of the platform formed = volume of the earth dug out 
= 704 m. 
E. 
Height of the platform = [volumein za) 
area inm 


_(704) 176 
= (150) = 199 8 1:76 m. 


Hence, the height of the platform so formed = 1.76 m. 


A well of inner diameter 14 m is dug to a depth of 15 m. Earth taken 
out of it has been evenly spread all around it to a width of 7 m to 
form an embankment. Find the height of the embankment so formed. 
Radius of the well, r = 7 m, and its depth, h = 15 m. 
Volume of the earth dug out 
oankm e 

- volume of the well e d 

= (nr? h) cubic units 
22 


= (4x77 x15) m? 2 2910 m°. 
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EXAMPLE 6 


SOLUTION 


EXAMPLE 7 


SOLUTION 
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Width of the embankment = 7 m. 

External radius of the embankment = (7+ 7) m = 14 m. 
Internal radius of the embankment = 7 m. 

Area of the embankment = x X [(14)? - 77] m? 


=| x (14+7)x(14-7)|m? 


= (7 x 217) m? = 462 m. 
Volume of the embankment = volume of the earth dug out 
= 2310 m’. 


Height of the embankment 


_ [volume of the embankment in z = m 


m=5m. 
area of the embankment in m? 462 ) 


Hence, the height of the embankment formed = 5 m. 


The diameter of a roller, 120 cm long, is 84 cm. If it takes 500 
complete revolutions to level a playground, find the cost of levelling 
it at X 5 per square metre. 


Radius of the roller, r = 42 cm, and its length, h = 120 cm. 
Area covered by the roller in 1 revolution 

= curved surface area of the roller 

= (2mrh) sq units 

= (2 2 xax 120) cm? = 31680 cm”. 


Area covered by the roller in 500 revolutions 


- »_ (31680 500\ 5. à 
= (31680 x 500) cm = ("100x100 )m = 1584 m?. 


area of the playground = 1584 m. 
Cost of levelling the playground = 3 (1584 x 5) = 3 7920. 
Find the number of coins 1.5 cm in diameter and 0.2 cm thick to be 


melted to form a right circular cylinder of height 5 cm and diameter 
4.5 cm. 


Each coin is cylindrical in shape. 


Radius of each coin, r = 1. cm = 0.75 cm. 


Thickness of each coin, h = 0.2 cm. 


EXAMPLE 8 


SOLUTION 


EXAMPLE 9 


SOLUTION 
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Volume of each coin = (xr*h) cubic units 


= (n X 0.75 X 0.75 X 0.2) cm. 
Radius of the new cylinder formed, R = = cm = 2.25 cm. 


Height of the new cylinder formed, H = 5 cm. 
Volume of the new cylinder formed = nR°H 

= (n X 2.25 X 2.25 X 5) cm’. 
volume of new inder) 


Number of coins = ( : 
volume of 1 coin 


-( EE 
zX 0.75 X 0.75 X 0.2 


(A 
75X75x2 


Hence, the number of coins required = 225. 


) =225. 


2.2 cu dm of brass is to be drawn into a cylindrical wire of diameter 
0.50 cm. Find the length of the wire. 


Volume of brass = (2.2 X 10 X 10 X 10) cm? = 2200 cm’. 
Radius of the wire = 0.25 cm. 
Let the required length of the wire be x cm. 


Then, volume of the wire = (nr° x) cu units 
= (2 x 0.25 x 0.25 x x) om’. 


7. x 0.25 x 0.25 X x = 2200 


pz ( 2200 x7 
22 x 0.25 x 0.25 


Hence, the length of the wire is 112 m. 


)- 11200 cm = 112 m. 


The external diameter of a lead pipe is 2.4 cm and the thickness of the 
lead is 2 mm. Find the weight of a pipe of length 7 m, it being given 
that 1 cu cm of lead weighs 10 g. 


Length of the pipe, = (7 X 100) cm = 700 cm. 
External radius of the pipe, R = 1.2 cm. 
Internal radius of the pipe, r = (1.2 - 0.2) cm = 1 cm. 


External volume of the pipe 


= (Rh) cu units = (= X12X12x 700) cm? = 3168 cm’. 
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EXAMPLE 10 


SOLUTION 


EXAMPLE 11 


SOLUTION 
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Internal volume of the pipe 


= (xr^I) cu units = (= x1x1x 700) cm? = 2200 em’. 


Volume of lead 7 (external volume) - (internal volume) 
= (3168 — 2200) cm? = 968 cm’. 

968 X 10 
1000 
The external diameter of an iron pipe is 25 cm and its length is 
20 cm. If the thickness of the pipe is 1 cm, find the total surface area 

of the pipe. 
Length of the pipe, h = 20 cm. 


Weight of the pipe = ( ) kg = 9.68 kg. 


External radius of the pipe, R = A cm = 12.5 cm. 


Thickness of the pipe - 1 cm. 
Internal radius of the pipe, r = (12.5 - 1) cm = 11.5 cm. 


Total surface area of the pipe 
= (external curved surface area) + 
(internal curved surface area) + 2(area of the base ring) 


= [2nRh + 2nrh + 2(nR’ — nr^)] sq units 
= [2nh(R + r) + 2n(R?—1°)] sq units 
= 2n(R * r)[h * (R - r)] sq units 


=2x T X (12.5 + 11.5) (20 + 12.5 - 11.5) cm? 


=(2x = x 24x21) cm? = 3168 cm?. 


Hence, the total surface area of the pipe is 3168 cm’. 


A cylindrical metallic pipe is 14 cm long. The difference between 
the outside and inside surfaces is 44 cm’. If the pipe is made up of 
99 cu cm of metal, find the outer and inner radii of the pipe. 


Let the outer and inner radii be R cm and r cm respectively. 
Also, it is given that h = 14 cm. Then, 
outside surface area = (2n RI!) sq units 
= (2x x R x14) em? 


= (88R) cm’. 
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Inside surface area = (2nrh) sq units 
=(2 x a XrX 14) cm? = (88r) cm”. 


(88R- 88r) = 44 > 88(R-1) =44 5 (R-=5 fi) 


External volume = (nR?h) 
=(7 Rx 14) cm? = (44R°) cm’. 
Internal volume = (xr7h) cubic units 
-(2 xx 14) cm? = (44r?) cm’. 
Volume of metal = (external volume) - (internal volume) 
= (44R* - 44r?) cm? = 44(R?- r°) cm’. 


99 2 A 9 - 
44^ (R mcer ... (ii) 


44(R^ - ?) 299 > (R’-r’)= 
On dividing (ii) by (i), we get (R + r) = 2 s (iii) 


On solving (i) and (iii), we get R = 2 and r - 2. 
Hence, the outer radius = 2.5 cm and the inner radius = 2 cm. 


EXAMPLE 12 A solid iron rectangular block of dimensions (2.2 m X 1.2 m X 1 m) 
is cast into a hollow cylindrical pipe of internal radius 35 cm and 
thickness 5 cm. Find the length of the pipe. 


SOLUTION Volume of the iron block = (220 X 120 X 100) cm’. 
Volume of iron in hollow pipe formed 
= (220 X 120 X 100) cm’. 

Internal radius of the pipe, r = 35 cm. 

External radius of the pipe, R = (35 + 5) cm = 40 cm. 

Let the length of the pipe be x cm. 

Volume of iron in hollow pipe = (xR^h — nr”h) cu units 
= nh(R? - r°) cu units 
=nh(R+r)(R-r) cu units 


-2x x X (40+35)(40—-35) cm? 


= (2 xxx75x5) cm’. 
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EXAMPLE 13 


SOLUTION 
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22 


FX xX 75 X 5 = 220X120 x 100 
_ (220 X 120 X 100 X7\ _ 
=( 75X5 X22 ) = 2240. 


Hence, the length of the pipe is 2240 cm = 22.4 m. 


A copper wire of diameter 6 mm is evenly wrapped on a cylinder of 
length 15 cm and diameter 49 cm to cover its whole surface. Find 
the length and volume of the wire. If the specific gravity of copper be 
9 g per cu cm, find the weight of the wire. 

Length of the cylinder = 15 cm and its radius = 24.5 cm. 
Diameter of the wire = 0.6 cm. 

length of the cylinder 15 
diameter of the wire 0.6 - 
Length of wire in 1 turn = circumference of the base of cylinder 


= (2 x 2. x 24.5) cm = 154 cm. 


Number of turns = 25. 


Length of the wire in 25 turns = (154 X 25) cm = 3850 cm 
= 38.5 m. 
Volume of the wire = xi^ 


= (= x 0.30.3 3850) BS 


— 1089 cu cm. 


1089 x 9 


Weight of the wire = ( 1000 ) kg = 9.801 kg. 


SOME MORE EXAMPLES 


EXAMPLE 14 


SOLUTION 


The frame of a lampshade has base diameter 20 cm and height 30 cm. 
It is to be covered with a decorative cloth leaving a margin of 2.5 cm 
for folding it over the top as well as for bottom of the frame. Find how 
much cloth is required for covering the lampshade. 


Clearly, the decorative cloth forms a cylinder of base diameter 
20 cm and height = (30 + 2.5 + 2.5) cm = 35 cm. 
Thus, r = 10 cm and h = 35 cm. 
Area of the decorative cloth 
= lateral surface area of a cylinder having r= 10 cm and 
h = 35cm. 
= (2nrh) cm? 


=(2x 2 x 10x35) em? = 2200 cm?. 
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EXAMPLE 15 The sum of radius of the base and height of a cylinder is 37 m. If the 
total surface area of the cylinder is 1628 m), find the curved surface 
area and volume of the cylinder. 


SOLUTION Let the radius of the base of the given cylinder be r metres and 
its height be h metres. 


Then, its total surface area 
= (2nrh + 2nr?) m? 


= 2nr(h + r) m? 


= (2nr X 37) m? [^ (19 7) = 37 (given)]. 
But, total surface area = 1628 m’. 
2nr X 37 = 1628 > 2x 22 x rx 37 = 1628 
E Gol. - 
ES r= (1628 x zx 37) 7 m. 


Now, h+r = 37 h+7=37 > h=30. 
curved surface area of the cylinder 
= (2nrh) m? 


7 
Volume of the cylinder 


= (rr^ hi) m? 


= (2x x7 x 30) m? = 1320 m. 


= (2 x77 x30) m? = 4620 m°. 


EXAMPLE 16 A metal pipe is 77 cm long. The inner diameter of a cross section is 
4 cm, the outer diameter being 4.4 cm. Find its 
(i) inner curved surface area 
(ii) outer curved surface area 
(iii) total surface area. 


SOLUTION Let us denote the inner radius by r cm, outer radius by R cm 
and length of the metal pipe by h cm. Then, 
r=2,R=2.2andh=77. 
(i) Inner curved surface area 
= (2nrh) cm? 


=(2 TP x 2x77) cm? = 968 cm”. 
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(ii) Outer curved surface area 
= (2nRh) cm? 


2 (2 = x22x 77) cm? = 1064.8 cm?. 


(iii) Total surface area 


= (inner curved surface area) + (outer curved surface area) 
+ (area of two bases) 


968 + 1064.8 + 2(nR? — nr^)) cm? 
2032.8 + 2n (R? - ?)) cm? 


2032.8 +2 x 22 x (R+r)\(R r)} cm? 
44 2 
2032.8 +4 x (2.2+2) x Q2- 2 cm 


2032.8 + P X42 X 0.2} cm? 


I 
n m m n~ tire) 


» 44.,42..2N > 

- (2032.8 ML x 10 x 10) cm 

_ 132 PE 2. 2 
- (2032.8 ts ) cm? = (2032.8 + 5.28) cm? = 2038.08 cm?. 


EXAMPLE 17 Rainwater, which falls on a flat rectangular rooftop of dimensions 
22 m by 10 m, is transferred into a cylindrical vessel of internal 
radius 50 cm through a circular pipe. A certain day recorded a 
rainfall of 2.5 cm. Find the (i) volume and (ii) height of the water, 
filled in the cylindrical vessel. 

SOLUTION (i) Volume of water filled in the cylindrical vessel 


= volume of water collected on the rooftop 


= (22. 10x £2) m? =H m = 5.5 m*. 


100 2 
(ii) Let the required height of water in the vessel be h metres. 
. _50 1 
Radius of the vessel, r = 10g 75m. 
Volume of water in the cylindrical vessel 
= (ri^ I) m? 
_(2y1y1y,\) 3_1h 5 
-(7 X$3X$ Xh)m =a db 
11h 11 me a 
u` 2” aF xip) a7 


Hence, the height of water in the cylindrical vessel is 7 m. 
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EXAMPLE 18 (i) Find the lateral, or curved, surface area of a closed cylindrical 
storage tank which is 4.2 m in diameter and 4.5 m high. 


(ii) How much steel was actually used in it, if 5 of the steel 
actually used was wasted in making the tank? 


SOLUTION (i) Radius of the cylinder, r = Ae m=2.1m. 


Height of the cylinder, h = 4.5 m. 


Curved surface area of the cylinderical tank 


= (2nrh) m? = (0x x 21x 45) m? 
8 22 21. 45 2_ 297 n». 2 
=(2x z x 5 <q) m =f m? =59.4 m?, 


(ii) Total surface area of the tank 
= (2nrh+2nr’) m? = 2nr(h r) m? 


-px T x21xa5*22) m?=(F x 5x 16) m? 


7 7 10 10 
28702 3. 2 
- 100 m = 87.12 m^. 
Let the actual area of steel used be x m?. 
Then, wasted steel = m m’. 
Area of steel used in the tank = (x = 15) m= Ilg m’. 
12 12 
nra (87124125. 2_ 2 
= 87.12 > x= pem ) m! = (792x12) m 
= 95.04 m’. 


Hence, 95.04 m? of steel was actually used in the tank. 
EXAMPLE 19 Find the area of the chart paper used to make the curved surface of a 
model of cylindrical kaleidoscope of length 25 cm and radius 3.5 cm. 
SOLUTION For the given cylindrical kaleidoscope, we have radius of the 
base, r = 3.5 cm and height, h = 25 cm. 
Area of the chart paper required 
= curved surface area of the kaleidoscope 


= (2nrli) cm? 


= (2x 2 xa5x25) cm? 


422.285 2 2 
= (2x T x19 X25)em 550 cm”. 
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EXAMPLE 20 


SOLUTION 


EXAMPLE 21 


SOLUTION 
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How much cardboard is required to make 35 penholders in the shape 
of cylinders, each of radius 3 cm and height 10.5 cm? 
Cardboard required to make 1 penholder 

= (curved surface area + area of the base) 


= Qnrh + nr’) cm’, where r = 3 cm and h = a cm 


= nr (2h + r) cm? =|F x3x(2x es] cm? 
_ (22 2 
= (T x3x24) cm’, 

Cardboard required to make 35 penholders 


= (7 x3 x 24x35) cm? = 7920 cm?. 


A rectangular sheet of paper 44 cm X 20 cm is rolled along its length 
and a cylinder is formed. Find the volume of the cylinder formed. 


(Take n -2) 


When a rectangular sheet is rolled along its length then the 
length of the sheet becomes the circumferene of the base of the 
cylinder and breadth of the sheet becomes the height of the 
cylinder. 


20 cm 


44 cm 
Clearly, the height of the cylinder is 20 cm. 
Let the radius of its base be r cm. 


circumference of the base of the cylinder 
- length of the sheet 
> 2nr=44 


2. E" 
= 2x T xrcaa > re(ax 177. 


Thus, r = 7 cm and h = 20 cm. 
volume of the cylinder formed 


= (nr h) cm? 


= ($2 x7 x7 x 20) em? = 3080 cm’. 


EXAMPLE 22 


SOLUTION 


EXAMPLE 23 


SOLUTION 


EXAMPLE 24 


SOLUTION 
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The radii of two cylinders are in the ratio 2 : 3 and their heights are 
in the ratio 5 : 3. Calculate the ratio of their volumes and the ratio of 
their curved surfaces. 

Let their radii be 2R, 3R and their heights be 5H, 3H. 

V nXQR)X5H 20 
^V, nX(3RPx3H 27 
Sı 2nQR)(5H) 10 
S, 2n(3R)(3H) 9 
Hence, their volumes are in the ratio 20 : 27 and their surface 
areas are in the ratio 10: 9. 


Then V, : V, 7 20:27. 


an > $,:5,- 10:9. 


The volume of a metallic cylindrical pipe is 748 cm?. Its length is 
14 cm and its external radius is 9 cm. Find its thickness. 
Volume of the pipe, V = 748 cm?. Length of the pipe, h = 14 cm. 
External radius of the pipe, R = 9 cm. 
Let the internal radius of the pipe be r cm. Then, 
volume of the pipe = (zR°h - xi^ h) 
= {n(R?-1°)h} em? 


= ca X (81-1°) X 14} cm’. 


But, volume of the pipe = 748 cm’. 
2 x (81-1?) x 14 = 748 
44 x (81 - r°) = 748 
748 


CAH r = (81-17) =64=8° 


y 


> r=8cm. 

thickness = (R - r) cm = (9- 8) cm = 1 cm. 
A lead pencil consists of a cylinder of wood with a solid cylinder of 
graphite filled into it. The diameter of the pencil is 7 mm, the diameter 
of the graphite is 1 mm and the length of the pencil is 14 cm. 
Find the (i) volume of the graphite, (ii) volume of the wood, 
(iii) weight of the whole pencil, if the specific gravity of wood is 
0.7 g/cm’ and that of the graphite is 2.1 g /cm?. 


(i) Diameter of the graphite cylinder = 1 mm = ig cm. 


. : 7 L(l. 1 21 
Radius of the graphite cylinder = (5 x 1) cm = 59 em. 


Length of the graphite cylinder = 14 cm. 
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Volume of the graphite cylinder 


dud 3 (21x1 ) 3 
= (nr Il) cm = (FX 99 X39 X14] em 
= Fog em? =0.11 em. 


(ii) Diameter of the pencil = 7 mm = 15 cm. 


7 
20 


Radius of the pencil = (5 x 15) cm = 


Length of the pencil = 14 cm. 


cm. 


Volume of the pencil 


= (nR? 3 (2x 7) 7 ) 3 
= (nR h) cm = (FX 35 Xz) 


2239 S. 3 
= 100 cm” = 5.39 cm”. 


volume of wood in the pencil 
= (volume of the pencil) - (volume of graphite) 
= (5.39 - 0.11) cm? = 528 cm’. 
(iii) Weight of the pencil 
= (volume of wood) X (specific gravity of wood) 
* (volume of graphite) X (specific gravity of graphite) 
= (5.28 X 0.7) g + (0.11 X 2.1) g 
= (3.696 + 0.231) g = 3.927 g. 
EXAMPLE 25 30 circular plates, each of radius 14 cm and thickness 3 cm, are 
placed one above the other to form a cylindrical solid. 
Find (i) the total surface area, 
(ii) volume of the cylinder so formed. 
SOLUTION Clearly, the cylinder formed has base radius, r= 14 cm and 
height, h = (3 X 30) cm = 90 cm. 
(i) Total surface area of the cylinder formed 
= (2nrh + 2nr^) = 2nr (h + r) cm? 


= [2x 5x14 x (90+14)} cm? 


= (88 X 104) cm? = 9152 cm”. 


(ii) Volume of the cylinder formed 


7 
= 55440 cm?. 


- ah = (2 x14x 14x90) cm? 


= 


N 


o 


ol 


[en] 


N 
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EXERCISE 15B 


. The diameter of a cylinder is 28 cm and its height is 40 cm. Find the 


curved surface area, total surface area and the volume of the cylinder. 


. A patient in a hospital is given soup daily in a cylindrical bowl of 


diameter 7 cm. If the bowl is filled with soup to a height of 4 cm, how 
much soup the hospital has to prepare daily to serve 250 patients? 


. The pillars of a temple are cylindrically shaped. Each pillar has a 


circular base of radius 20 cm and height 10 m. How much concrete 
mixture would be required to build 14 such pillars? 


. A soft drink is available in two packs: (i) a tin can with a rectangular 


base of length 5 cm, breadth 4 cm and height 15 cm, and (ii) a plastic 
cylinder with circular base of diameter 7 cm and height 10 cm. Which 
container has greater capacity and by how much? 


. There are 20 cylindrical pillars in a building, each having a diameter of 


50 cm and height 4 m. Find the cost of cleaning them at € 14 per m^. 


. The curved surface area of a right circular cylinder is 4.4 m”. If the 


radius of its base is 0.7 m, find its (i) height and (ii) volume. 


. The lateral surface area of a cylinder is 94.2 cm’ and its height is 5 cm. 


Find (i) the radius of its base and (ii) its volume. (Take x = 3.14.) 


. The capacity of a closed cylindrical vessel of height 1 m is 15.4 litres. 


Find the area of the metal sheet needed to make it. 


. The inner diameter of a cylindrical wooden pipe is 24 cm and its outer 


diameter is 28 cm. The length of the pipe is 35 cm. Find the mass of the 
pipe, if 1 cm? of wood has a mass of 0.6 g. 

In a water heating system, there is a cylindrical pipe of length 28 m 
and diameter 5 cm. Find the total radiating surface in the system. 


Find the weight of a solid cylinder of radius 10.5 cm and height 60 cm 
if the material of the cylinder weighs 5 g per cm’. 

The curved surface area of a cylinder is 1210 cm? and its diameter is 
20 cm. Find its height and volume. 

The curved surface area of a cylinder is 4400 cm? and the circumference 
of its base is 110 cm. Find the height and the volume of the cylinder. 


The radius of the base and the height of a cylinder are in the ratio 2 : 3. 
If its volume is 1617 cm’, find the total surface area of the cylinder. 


The total surface area of a cylinder is 462 cm”. Its curved surface area is 
one third of its total surface area. Find the volume of the cylinder. 


The total surface area of a solid cylinder is 231 cm’ and its curved surface 


area is A of the total surface area. Find the volume of the cylinder. 
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The ratio between the curved surface area and the total surface area of a 
right circular cylinder is 1 : 2. Find the volume of the cylinder if its total 
surface area is 616 cm’. 

A cylindrical bucket, 28 cm in diameter and 72 cm high, is full of water. 
The water is emptied into a rectangular tank, 66 cm long and 28 cm 
wide. Find the height of the water level in the tank. 

The barrel of a fountain pen, cylindrical in shape, is 7 cm long and 
5 mm in diameter. A full barrel of ink in the pen will be used up on 
writing 330 words on an average. How many words would use up a 
bottle of ink containing one fifth of a litre? 

1 cm? of gold is drawn into a wire 0.1 mm in diameter. Find the length 
of the wire. 

If 1 cm? of cast iron weighs 21 g, find the weight of a cast iron pipe 
of length 1 m with a bore of 3 cm in which the thickness of the metal 
is 1 cm. 

A cylindrical tube, open at both ends, is made of metal. The internal 
diameter of the tube is 10.4 cm and its length is 25 cm. The thickness of 
the metal is 8 mm everywhere. Calculate the volume of the metal. 

It is required to make a closed cylindrical tank of height 1 m and base 
diameter 140 cm from a metal sheet. How many square metres of the 
sheet are required for the same? 

A juiceseller has a large cylindrical vessel of base radius 15 cm filled 
up to a height of 32 cm with orange juice. The juice is filled in small 
cylindrical glasses of radius 3 cm up to a height of 8 cm, and sold 
for X 15 each. How much money does he receive by selling the juice 
completely? 

A well with inside diameter 10 m is dug 8.4 m deep. Earth taken out of 
it is spread all around it to a width of 7.5 m to form an embankment. 
Find the height of the embankment. 

How many litres of water flows out of a pipe having an area of 
cross section of 5 cm? in 1 minute, if the speed of water in the pipe is 
30 cm/sec? 

A cylindrical water tank of diameter 1.4 m and height 2.1 m is being fed 
by a pipe of diameter 3.5 cm through which water flows at the rate of 
2 m per second. In how much time will the tank be filled? 

A cylindrical container with diameter of base 56 cm contains sufficient 
water to submerge a rectangular solid of iron with dimensions 
(32 cm X 22 cm X 14 cm). Find the rise in the level of water when the 
solid is completely submerged. 
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Find the cost of sinking a tube-well 280 m deep, having a diameter 3 m 
at the rate of X 15 per cubic metre. Find also the cost of cementing its 
inner curved surface at X 10 per square metre. 
Find the length of 13.2 kg of copper wire of diameter 4 mm, when 
1 cubic centimetre of copper weighs 8.4 g. 
It costs X 3300 to paint the inner curved surface of a cylindrical vessel 
10 m deep at the rate of € 30 per m^. Find the 

(i) inner curved surface area of the vessel, 

(ii) inner radius of the base, and 
(iii) capacity of the vessel. 
The difference between inside and outside surfaces of a cylindrical tube 
14 cm long, is 88 cm’. If the volume of the tube is 176 cm?, find the inner 
and outer radii of the tube. 


A rectangular sheet of paper 30 cm X 18 cm can be transformed into the 
curved surface of a right circular cylinder in two ways namely, either 
by rolling the paper along its length or by rolling it along its breadth. 
Find the ratio of the volumes of the two cylinders, thus formed. 


ANSWERS (EXERCISE 15B) 


. 3520 cm’, 4752 cm’, 24640 cm? 2. 38.5 litres — 3. 17.6 m? 
. Plastic cylinder has more capacity, 85 cm? 5. € 1760 
.()1m (i)154m? 7. (i)3cm (ii) 141.3 cm? 8. 4708 cm? 


.3.432kg 10. 44000cm? 11. 103.95 kg 12. 19.25 cm, 6050 cm? 
13. 
17. 
21. 
26. 
30. 
32. 


40 cm, 38500 cm? 14. 770 cm” 15. 539 cm? 16. 269.5 cm? 


1078cm? 18. 24cm 19. 48000 20. 127.27 m 

26.4 kg 22. 704cm? 23. 7.48m" 24. 1500 25. 1.6m 
9 litres 27. 28 minutes 28. 4 cm 29. € 29700, 3 26400 
125m 31. (i) 175m (ii) 110m? (iii) 96.25 m? 

1.5 cm, 2.5 cm 33. 5:3 


HINTS TO SOME SELECTED QUESTIONS 


. Volume of concrete mixture in 14 pillars 


(02,20 ..20. E 
= (2 x A x 25 x 1014) m 17.6 m. 


. Lateral surface area to be cleaned 


= (2x22 x x 4x20) m? = (822) mè. 


Cost of cleaning = € (579 x 14) - 1760. 
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8. h = 100 cm, V = (15.4 x 1000) cm? = 15400 cm’. 


Vanrh > 2x x100 15400 2 r?=49 > r=7 cm. 


Area of the metal sheet = (2xrli + 2x1?) = 2nr(h+r). 


9. Volume of the pipe = (x (R^ - ^) x h} 


-[2.x tao? - a3 a5] om? = 5720 env. 


Mass of the pipe - (5720 x D i T00) 


10. Given, r = 2.5 cm and h = 2800 cm. 


Total radiating surface area = (2rrh) cm’. 


kg = 3.432 kg. 


14. Suppose that radius = 2x cm and height = 3x cm. 


3 
Volume = zr?^h = (2 x Ax? x 3x) = [s cm’. 
7 7 
264x? 5 (1617 X7| (79 7. 
; niet = a -9 9-5 

Thus, r = 7 cm and h = 10.5 cm. 

Total surface area = (2nrh + 2nr’) = 2nr (h + r). 
15. Curved surface area = G x 462) cm’ = 154 cm. 

2nrh = 154 (1) and 2mr(h +r) - 462 sa (ii). 


2nrh 154 1 h 1 
2nr(h-r) 462 3 h+r 3 


> 3h=h+r > r-2h. 


2 
Putting r = 2h in (i), we get I^ = 2 = (2) > h= Z. 


Thus, r = 7 and h = 3.5. Now, find the volume. 
19. Wehavar= > om= im and bs ent: 


20 4 


2 221 3_ 11 3 
Volume of the full barrel = zr h ( 7 x 16 x 7) cm g cm. 


Given, volume of ink = G x 1000) cm? = 200 cm. 


> cm? is sufficient to write 330 words. 
200 cm? will be sufficient to write (330 x = x 200) = 48000 words. 


TUM UTER 9 
20. Radius of wire, r = 290 ™™ = 509 €m- 


24 22 1 1 " 
nr h-1 7 * 300 X 200 Ž” 1. 
; GL LAS - ena 
22 8 22 X 100 


127.27 m. 
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Internal radius = 1.5 cm and external radius = 2.5 cm. 


Volume of cast iron = 2  {(2.5)? - (1.5)7} x 1 cm? 


-( x axixaoo) om’. 
Weight = (82. 21.) kg = 26.4 kg. 


Internal radius = 5.2 cm, external radius = (5.2 + 0.8) cm = 6 cm. 
Also, h = 25 cm. 
Volume of metal = In (R2 -= r) X hj, where R = 6 cm and r = 5.2 cm. 
Volume of earth dug out = volume of earth in embankment. 
nX5X5X84= nX((12.5) - 5?) x h. Find h. 
Speed of water = 30 m/s. 
Volume of water that flows out of the pipe in 1s 
= area of cross section X length of water flown in 1 s 
= (5 X 30) cm? = 150 cm’. 
Volume of water that flows in 1 minute 


- 3 (150X60|,. mE 
- (150 x 60) cm? - (sma ) litres = 9 litres. 
= 2 2_(1029n\ 2 
Volume of water tank = (1 X (0.7) X 2.1} m =( 1000 ) : 


Volume of water that flows through the pipe in 1 s. 


(e> 209 00 2) = (30000) =": 


80000 
Let the tank be filled in x seconds. Then, 
497 xx- 10297 P (22 x 20) seconds 
80000 1000 49 
= 1680 s = 28 min. 


Let the rise in level be x cm. Then, 
volume of cylinder with base radius 28 cm and height x cm 
= volume of iron solid 


Z x 8x 28x x= 322214 => x-4cm. 


Here, r = 1.5 m and h = 280 m. 


Cost of sinking the tube-well = € EA x B x B x 280 x 15} - € 29700. 
Cost of cementing its inner curved surface 
glos 22,15 f 
=g (2x 2 x 15 x 280 x 10) - t 26400. 
Let the required length of wire be x cm. 
; [22 n 2, 2 3 (22x 3 
Then, its volume ( 7 x 10 x 10 x x) cm x) cm’. 


22x X 8.4 )k 
175 x 1000/ «8 


its weight = (= x 8.4) g= ( 


22x X84 _ 
175x1000 - 192 
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= (2 X175x 1000) m= (5 x175 X | nisd95 m 
22 X 8.4 22 X 84 X 100 ` 


31. Let the inner radius of the base be r metres. 


(i) Area of inner curved surface = a m! - 110m’. 


(ii) 2nrh=110 > 2x 2 xrx10=110 > r7 m- 175m. 


E : 22 d v 7. 3. 3 
(iii) Capacity of the vessel nh ( 7 X4X1 x10) m -9625m. 


32. Let the inner radius be r cm and outer radius R cm. 


(2nRh-2nrh) = 88 > 2nh(R-r) - 88 


às 2x 22 x x (R- 7) = 88 


R-r (88x Lu) 1. 


x(R - P)xh-176 > 22x (uer)x (R-1) X14 = 176 
> qenTÉ.. fv R-r=1} 


On solving R+r=4, R-r- 1, we get 


R 2 2.5 cm and r = 1.5 cm. 


38. Casel When the sheet is folded along its length: 
In this case, it forms a cylinder having height h,=18cm and the 
circumference of its base equal to 30 cm. 
Let the radius of its base be r,. Then, 
15, 
T 
15 _ 4050 s 
== em. 


2 
V, =nrih = fr x (2) x is} cm? E 


215 7302 n- 


Case Il. When the sheet is folded along its breadth: 
In this case, we get a cylinder having height h, = 30 cm and the circumference 
of its base equal to 18 cm. 
Let the radius of its base be r,. Then, 
215,718 > n-2. 


2 
Vi = ary hy = fx x (3) x xj em? = 2430 cm’. 


“(a0 n ) = 4050 5. 


V, Vx ~2430/~ 2430 3 
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RIGHT CIRCULAR CONE 


We see around us many objects such as an ice-cream cone, a conical vessel, a 
clown's cap, etc. These objects are said to have the shape of a right circular 
cone. In geometry, we define it as under. 


RIGHT CIRCULARCONE The solid generated by the rotation of a right-angled triangle 
about one of the sides containing the right angle is called a right circular cone. 


Thus, on rotating a right-angled triangular lamina 
AOB about OA, it generates a cone. 


The point A is the vertex of the cone. L 
Its base is a circle with centre O and radius OB. 


The length OA is the height of the cone and the length =" 
AB is called its slant height. 


Clearly, ZAOB = 90°. 


If radius of the base = r units, height = h units and slant height = / units 
then 


Pa(h’+r) > l=VJh +r’. 


Formulae: 


Cone 


For a right circular cone of radius = r units, height = h units and slant 
height = / units, we have: 


(i) Slant height of the cone (I) = y I! * r^ units. 


(ii) Volume of the cone — Inh cubic units. 


(iii) Area of curved surface = (nrl) sq units = (nry h^ +r’) sq units. 
(iv) Total surface area = (area of the curved surface) + (area of the base) 


= (nrl + nr’) sq units = nr(l * r) sq units. 


NOTE Take x = 2, unless stated otherwise. 


SOLVED EXAMPLES 


EXAMPLE1 The height of a cone is 24 cm and the diameter of its base is 14 cm. 
Find the slant height, volume, area of curved surface and the total 
surface area of the cone. 


SOLUTION Here, h = 24 cm and r = 7 cm. 
Let the slant height be / cm. Then, 
15 Ji! +r = (24) + (7)? = /625 = 25. 


slant height = I cm = 25 cm. C Aba B 
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EXAMPLE 2 


SOLUTION 


EXAMPLE 3 


SOLUTION 
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Volume of the cone = Ih 


3 
1..22 
"(x T X7 X7 x 24) cm? 
= 1232 cm’. 
Curved surface area of the cone = nrl 


= (2 x7 x25) om? = 550 cm’. 


Total surface area of the cone = zr(l +r) 


=| x7 (25+7)) cm? 


= 704 cm’. 


How many metres of cloth, 5 m wide, will be required to make a 
conical tent, the radius of whose base is 7 m and height is 24 m? 


Radius of the tent, r = 7 m and its height, h- 24m. o 


slant height, | = VP +h? = JY, +(24)* m 
625 m 7 25 m. 
Area of the curved surface = (nrl) sq units 
22 B 
(zr) 
= 550 m’. 


Thus, the area of the cloth = 550 m?. 


width) “(5 


Hence, length of the cloth required is 110 m. 


Length of the cloth required = ( ) m= 110 m. 


The height and the slant height of a cone are 21 cm and 28 cm 
respectively. Find the volume of the cone. 


We have, h = 21 cm and l = 28 cm. 
P=P4+h  r-/É-I - Q8) - Q1? cm 
> r-/(28-21)X 28-21) cm = /49 X7 cm 
= 74/7 cm. 


Volume of the cone = Enn 


-15 x 2 y (7/7? x21} cm? 
= (22 X 343) cm? = 7546 cm’. 
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EXAMPLE4 ‘The volume of a right circular cone is 9856 cm’. If the diameter of 
the base is 28 cm, find 
(i) height of the cone, (ii) slant height of the cone, 
(iii) curved surface area of the cone. 
SOLUTION We have, V = 9856 cm? and r = 14 cm. 
(i) Let the height of the cone be h cm. 


Then, volume = lah 


> 9856 =E x = X14 X14 Xh 
_ (9856 X3X7)\ _ 
n=(soseqascqa) = 48: 


height of the cone is 48 cm. 


(ii) Let the slant height of the cone be / cm. Then, 
L= 
=> I? = (14) + (48) = 196 +2304 = 2500 
— 1=,/2500 = 50. 


slant height of the cone is 50 cm. 


(iii) Curved surface area of the cone 
= trl 


= (= 14x 50) cm? = 2200 cm?. 


curved surface area of the cone is 2200 cm’. 


EXAMPLE5 ‘The radius and the height of a right circular cone are in the ratio of 
5 : 12 and its volume is 2512 cu cm. Find the curved surface area 
and the total surface area of the cone. (Use x — 3.14.) 


SOLUTION Let radius = 5x cm and height = 12x cm. Then, 


volume = ls X 3.14 X (bx)? X a2») cm? = (314x?) cm’. 


314x? = 2512 > x= GE) =8 > x=2. 


radius = 10 cm and height = 24 cm. 
slant height = yr +h = 107 + (24)? cm 
= 676 cm = 26 cm. 
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SOLUTION 


EXAMPLE 7 


SOLUTION 
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So, area of the curved surface = nrl 
= (8.14 X 10 X 26) cm? 
- 816.4 cm”. 
Total surface area = (curved surface area + base area) 
= (816.4 +3.14 X 10 X 10) cm? 
= (816.4 +314) cm? = 11304 cm’. 


A cone of height 8 m has a curved surface area 188.4 square metres. 
Find its volume. (Take n = 3.14.) 


Let the base radius be r metres and slant height be / metres. 
Then, 


curved surface area = nrl = ur r^ +h? 
= (3.14 Xr X r^ +64) m. 

3.14 Xr 7? +64 = 188.4 
r/r +64= 188.4 - 60 

3.14 
r^ (r^ + 64) = 3600 
rt E 641° — 3600 =0 vox 64x — 3600 = 0, where r=x 
=> (x+100)(x - 36) =0 


(r° + 100) (^ - 36) = 0 
10-36 [~ 1° =-100 gives imaginary value of r] 
r=6. 

So, the radius of the base = 6 m. 


Uu yy 


Volume = (zarn) cubic units 


= (53.14 6X68) m° = 30144 m°. 
Hence, the volume of the cone is 301.44 m°. 

What length of tarpaulin 3 m wide will be required to make a conical 
tent of height 8 mand base radius 6 m? Assume that the extra length 


of material required for stitching margins and wastage in cutting is 
20 cm. (Use n = 3.14.) 


Base radius of the tent, r = 6 m and its height, h = 8 m. 
1 |? +h’ - 6 8 m=/36+64m 
=/100 m 7 10 m. 
Curved surface area of the conical tent 
= nrl = (8.14 X 6 X10) m° = 188.4 m. 


EXAMPLE 8 


SOLUTION 


EXAMPLE 9 


SOLUTION 
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Area of tarpaulin required = 188.4 m^. 


Width of tarpaulin = 3 m. 


. _ area 1884 = 
Length of tarpaulin = width 3 ™ 62.8 m. 
Extra length required = 20 cm = a m = 0.2 m. 


Total length of tarpaulin required = (62.8 + 0.2) m = 63 m. 


A corn cob, shaped somewhat like a cone, has the radius of its broadest 
end as 2.1 cm and length as 20 cm. If each 1 cm? of the surface of 
the cob carries an average of four grains, find how many grains you 
would find on the entire cob. 
We know that the grains of corn 
are found on the curved surface 
of the corn cob. 

number of grains on the 

corn cob 

= (curved surface area 
of the corn cob) 


X (number of grains of corn on 1 cm”). 
So, we shall find the curved surface area of the corn cob. 
We have, r = 2.1 cm and h = 20 cm. 
P =° +h? = (2.1)*+ (20)? = 404.41. 
So, 1 = 404.41 cm = 20.109 cm = 20.11 cm. 


Curved surface area of the corn cob 


= nrl = (= X21x 2041) cm? 


= 132.726 cm* ~ 132.73 cm’. 
Number of grains on 1 cm? = 4. 
number of grains on entire corn cob 
= (132.73 X 4) = 530.92 ~ 531. 
So, there would be approximately 531 grains on the corn cob. 
A tent is in the form of a right circular cylinder, surmounted by 
a cone. The diameter of the cylinder is 24 m. The height of the 


cylindrical portion is 11 m, while the vertex of the cone is 16 m 
above the ground. Find the area of the canvas required for the tent. 


Radius of the cylinder, R = 12 m and its height, H = 11m. 
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Area of the curved surface of the cylindrical portion 
= 2nRH sq units 
= (2 X12 X11) m? = (2647) m°. 
Radius of the cone, r= 12m 
and its height, h = (16-11)m = 5 m. 
Slant height of the cone, l = (rth 
1 = (12)? + (6)? = /169 = 13 m. 


Area of curved surface of the cone 


= (nrl) sq units 
= (1 X12 X 13) m = (1567) m”. 
Area of canvas - (curved surface area of the cylindrical part) 
+ (curved surface area of the conical part) 
= (264r + 1567) m! = (420m) m? 


2) m? = 1320 m2. 


Hence, the area of canvas required is 1320 m’. 


= (420 x 


A right AABC with sides 5 cm, 12 cm and 13 cm is revolved about 
the side 12 cm. Find the volume of the solid so formed. If AABC is 
revolved about the side 5 cm then find the volume of the solid so 
formed. Find also the ratio of the volumes of the two solids obtained. 


Let AABC be right angled at B with c 


AB =5 cm, BC = 12 cm and AC = 13 cm. 
On revolving AABC about the side E 
2 E E o 
BC = 12 cm, we obtain a right circular cone 9, 
of radius 5 cm and height 12 cm. 
Volume of the cone so formed T à 
- li x(5) x 12) cm? 


= (100r) cm? = V, (say). 
On revolving AABC about the side AB = 5 cm, we obtain a 
right circular cone of radius 12 cm and height 5 cm. 
A 
5 
1 


73 m 


B 12 cm 


EXAMPLE 11 


SOLUTION 


EXAMPLE 12 
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Volume of the cone so formed 


= {3 x (12)? x 5} cm? 


= (2401) cm? = V, (say). 


V 1000 5 
V, 240 ^12 V:V,s 5:12. 


A semicircular sheet of diameter 28 cm is bent to form an open 
conical cup. Find the capacity of the cup. (Use y3 = 1.732.) 


When the semicircular sheet A 7 B 
is bent into an open conical 

cup, the radius of the sheet 
becomes the slant height of the 


aa oS 


Ew 
o 
E] 


` O A 14cm Ò 14cm C 
conical cup. 


1=14cm. 
Circumference of the base of the cone 
= length of arc ABC 
= (514) em = (Z x14) em = 44 em. 
Let the radius of the cone be r cm. Then, 
2nr=44 > 2x2 xr=44 => r=7cm. 


Let the height of the cone be h cm. Then, 
I? =P -1 = (14)*- (7)? = 196 -49 = 147. 
h= 147 = /7X7X3 =7/3 cm 
= (7 X 1.732) cm = 12.12 cm. 


Capacity of the conical cup 


= volume of the conical cup 
1 


= anh 


= (5x xx 7x22) cm? 


= (154 X 4.04) cm? = 622.16 cm’. 
Hence, the capacity of the conical cup is 622.16 cm’. 
A conical tent is to accommodate 11 persons. Each person must have 


4 m of the space on the ground and 20 m° of air to breath. Find the 
height of the tent. 
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Let the radius of the base of the conical tent be r metres and its 
height be h metres. 


Area of the base = (4X 11) m' = 44 m? 2 nr’ =44m’. _... (i) 
Volume of the cone = (20 X 11) m? = 220 m? 


> mh = 220 m? 2 nr’h=660 m°. ... (ii) 
On dividing (ii) by (i), we get 
2 3 
mh 660m > h=15m. 


n? 44m? 
Hence, the height of the tent is 15 metres. 
A cylinder lies within a cube touching all its vertical faces and a cone 


lies inside the cylinder. If their heights are same with the same base, 
find the ratio of their volumes. 


Let the length of each edge of the 
given cube be a units. 


Then, volume of the cube 


- à? cubic units = V, (say). a 
Itis given that the cylinder lies within 
the cube and touches all its vertical -$—- 
faces. 


So, the radius of the base of the cylinder 75 units and 


height of the cylinder = a units. 


Volume of the cylinder = nr*h 


[22 Tm 
t x (Sy xd cubic units 


116 
ETE cubic units = V, (say). 


A cone is drawn inside the cylinder such that both have the 
same base and same height. 


radius of the base of the cone = C units 


2 
and height of the cone = a units. 


volume of the cone = gh 


1. 22 
-(4 x 7 x n © xa) cubic units 
E 

42 


cubic units = V, (say). 


EXAMPLE 14 


SOLUTION 


EXAMPLE 15 


SOLUTION 
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ratio of their volumes is given as 


3 11a? 116 
U14 ^ 42 = 42:33:11. 


Find the volume of the largest right circular cone that can be cut out 
of a cube whose edge is 21 cm. 


WW: 


The base of the largest right circular cone will be the circle 
inscribed in a face of the cube and its height will be equal to an 
edge of the cube. 


radius of the base of the cone, r = 21 cm 


2 
and height of the cone, h = 21 cm. 
volume of the required cone 
1 2 

37 h : 
.[(1.,22.,21.,21 3 5 
= (5x Sx x F x21) om = 
-41 cm? = 2425.5 cm’. OS am 


The height of a cone is 30 cm. A small cone i cut off at the top by 
a plane parallel to the base. If its volume bed 7 of the volume of the 
given cone, at what height above the base, ie M has been made? 
Let the smaller cone have radius = r cm and height = h cm. 


And, let the radius of the given original cone be R cm. 


h _hR Ee e 

Then, 4 R^ 30 T— cU © [^ AOCD ~ AOAB]. 
Volume of smaller cone = d X (volume of larger cone) 

1 "PY 2 

am h= a7 X(xR x 30) (0) 
> rh= Dg D 

hRY 10 — 

> (35) xh= ge [using (i)] B 
> p= (s 5 x 900) = 1000 = (10)? 2 h=10cm. 

AC = OA - OC = (30-10) cm = 20 cm. 


Hence, the section has been made at a height of 20 cm from 
the base. 
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EXERCISE 15C 


NOTE Usen= 22 unless stated otherwise. 


1. 


10. 


11. 


12. 


7 


Find the curved surface area of a cone with base radius 5.25 cm and 
slant height 10 cm. 


. Find the total surface area of a cone, if its slant height is 21 m and 


diameter of its base is 24 m. 


. A joker’s cap is in the form of a right circular cone of base radius 


7 cm and height 24 cm. Find the area of the sheet required to make 
10 such caps. 


. The curved surface area of a cone is 308 cm’ and its slant height is 14 


cm. Find the radius of the base and total surface area of the cone. 


. The slant height and base diameter of a conical tomb are 25 m and 


14 m respectively. Find the cost of whitewashing its curved surface at 
the rate of € 12 per m”. 


. A conical tent is 10 m high and the radius of its base is 24 m. Find the 


slant height of the tent. If the cost of 1 m/ canvas is € 70, find the cost of 
canvas required to make the tent. 


. A bus stop is barricated from the remaining part of the road by using 


50 hollow cones made of recycled cardboard. Each one has a base 
diameter of 40 cm and height 1 m. If the outer side of each of the cones 
is to be painted and the cost of painting is ¥ 25 per m?, what will be the 
cost of painting all these cones? (Use x = 3.14 and 1.04 = 1.02.) 


. Find the volume, curved surface area and the total surface area of a 


cone having base radius 35 cm and height 12 cm. 


. Find the volume, curved surface area and the total surface area of a 


cone whose height is 6 cm and slant height 10 cm. (Take z = 3.14.) 

A conical pit of diameter 3.5 m is 12 m deep. What is its capacity in 
kilolitres? 

HINT 1m-1kilolitre. 

A heap of wheat is in the form of a cone of diameter 9 m and height 
3.5 m. Find its volume. How much canvas cloth is required to just cover 
the heap? (Use x = 3.14.) 

A man uses a piece of canvas having an area of 551m’, to make a 
conical tent of base radius 7 m. Assuming that all the stitching margins 
and wastage incurred while cutting, amount to approximately 1 m?, 
find the volume of the tent that can be made with it. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
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How many metres of cloth, 2.5 m wide, will be required to make a 
conical tent whose base radius is 7 m and height 24 m? 

Two cones have their heights in the ratio 1:3 and the radii of their 
bases in the ratio 3 : 1. Show that their volumes are in the ratio 3 : 1. 

A cylinder and a cone have equal radii of their bases and equal heights. 
If their curved surface areas are in the ratio 8 : 5, show that the radius 
and height of each has the ratio 3 : 4. 

A right circular cone is 3.6 cm high and the radius of its base is 1.6 cm. 
It is melted and recast into a right circular cone having base radius 
1.2 cm. Find its height. 

A circus tent is cylindrical to a height of 3 metres and conical above it. If 
its diameter is 105 m and the slant height of the conical portion is 53 m, 
calculate the length of the canvas 5 m wide to make the required tent. 
An iron pillar consists of a cylindrical portion 2.8 m high and 20 cm in 
diameter and a cone 42 cm high is surmounting it. Find the weight of 
the pillar, given that 1 cm? of iron weighs 7.5 g. 

From a solid right circular cylinder with height 10 cm and radius of the 
base 6 cm, a right circular cone of the same height and base is removed. 
Find the volume of the remaining solid. (Take x = 3.14.) 

Water flows at the rate of 10 metres per minute through a cylindrical 
pipe 5 mm in diameter. How long would it take to fill a conical vessel 
whose diameter at the surface is 40 cm and depth 24 cm? 


A cloth having an area of 165 m? is shaped into the form of a conical 
tent of radius 5 m. (i) How many students can sit in the tent if a student, 


on an average, occupies Zm on the ground? (ii) Find the volume of 
the cone. 


ANSWERS (EXERCISE 15C) 


. 165 cm? 2. 1244.57 cm? 3. 5500 cm? 4. 7 cm, 462 cm? 


. € 6600 6. 26 m, € 137280 7. € 800.70 

. 15400 cm?, 4070 cm’, 7920 cm? 9. 401.92 cm?, 251.2 cm’, 452.16 cm? 
. 38.5 kL 11. 74.1825 m, 80.54 m’ 12. 1232 m? 

.220m 16. 6.4 cm 17. 1947 m 18. 693 kg 


.753.6cm? 20. 51 min 12s 21. (i) 110 (ii) 241.7 m? 
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Z: 


10. 


11. 


12. 


13. 


14. 
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HINTS TO SOME SELECTED QUESTIONS 


_ 20. 1 = 
109 ™ 5 mand h 1m. 


T 


1 
25 


> 1=¥71.04m=1.02m. 
Curved surface area of 50 cones 


P=(P +h) ( +1) (0.04 +1) = 1.04 


= (arl x 50) m? = (3.14 x i x 1.02 x 50) m? -( 


157 X51 
2500 


157X 3) m 
2500 ` 


Cost of painting - € ( x 25) = 80070. 


. +h’ =P > r+36=100 > p-64 > r=8em. 


Volume = anh = G x 3.14 x 64X 6) cm? = 401.92 cm’. 


Curved surface area = nr] = (3.14 X 8 X 10) cm? = 2512 cm’. 
Total surface area = (nrl + nr’) = nr (l+ r) 


= (8.14 X 8 X 18) cm? = 452.16 cm’. 


r=} mandh=12m. 


4 
— 21 2, (1.222. 49 3 
Capacity = its volume zor h Gx 7 x x12) m 
= 7 m-385m'-385kL [Im'-1KL] 
29 -7 
r-3mandh-5m. 
ahs ay. fl 81.7Y 5. 3 
volume = 5 zr^h (5X 3.14x 5x 5m 74.1825 m°. 
2_,2,,2 (81 , 49\_ 130 4130 11.4 
P=(r +h) GR qol» 3 -5ym 
Area of canvas = nrl (3.143 x22) m? 80.54 m°. 


Area of canvas in making the tent = (551 - 1) m? = 550 m°. 


Curved surface area of the tent = 550 m?. 


nr =550 > 2 x7XI-550 5 1= 25m. 


I? = (P -1°) = (625 — 49) = 576. 


1-4(24) * 7 m= /625 m -25 m. 


Area of cloth = zrl = (= x7 x 25) m? = 550 m". 
. area (550) _ 
Length of cloth = width ^ ( 25) m = 220 m. 


Let their heights be h and 3h and their radii be 3r and r. 


Then, V, = inn x h and V, = am x (3h) 
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V 3 
W 1 


VWV:V73:1. 


15. Let their curved surfaces be 8x and 5x. Then, 


2nrh = 8x and nr I +r’ = 5x 
2 Anh’ = 64x and xr (If +r’) = 25x* 


Ax rl 64 2 2.r.8 
rer 25 9h* = 16r Ld 
16. Trx 16X16x3.6 -i« X12X12Xh.Find h. 


17. Area of canvas = (2nrH + x RI) sq units 


-[i 2o] ts] 


 [ area 
Length of canvas = (os d =) m. 


18. Volume of the pillar = (zh + IH) cm? 
=r (h + 3H) cm? 


2 1 s 
=% x10 10(280 +5 x42) cm 


92400 X 7.5 
1000 


19. Volume of the remaining solid 


Weight of the pillar — ( ) kg = 693 kg. 


= (2X 6X 6x10) cm -(3x 6 6x10) em? 


= Zr X6x6x10cm?- G x3.14 X 360) cm? 758,5 cm°. 


20. Volume that flows in 1 min = [x X (0.25)? x 1000] cm’. 
Volume of the conical vessel = s x 20)? x 24] cm’. 


Bmx (20) 24 


Required time min = 51 min 12 s. 


n X (0.25)? x 1000 
. 22:2 [22 2 
21. (i) Area of the floor of the tent = zr = (= X5x 5) mî. 


Area occupied by each student = $ m’. 


= x5 &X 5) 
Required number of students = ——=.—— = 110. 


(ii) Curved surface area of the tent = area of cloth = 165 m^. 


22 16x7^ 2 
nr - 165 > T X5X1- 165 1I- (o s)m 2 


m. 
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2 2 2 219 2| 341 
h = (2-7) (B 5} T = 8525. 


h = 485.25 = 9.23 m. 
1.22 


Volume of the tent = inh - (s x 7 X5X5X 923) m? = 241.7 m’. 


SPHERE 

Objects like football, volleyball, throwball, etc., are said to have the shape of 
a sphere. 

In geometry, the solid generated by revolving a circular 
lamina about any of its diameters is called a sphere. 

The centre and radius of this circle are called respectively 
the centre and the radius of the sphere. Sphere 
Formulae: 


For a solid sphere of radius r units, we have: 


(i) Volume of the sphere — (527°) cubic units. 


(ii) Surface area of the sphere = (4nr’) square units. 


SPHERICAL SHELL 


SPHERICAL SHELL The solid enclosed between two concentric spheres is called a 
spherical shell. 


For a spherical shell with external radius R and internal radius r, 
we have 


volume of the spherical shell = n (R? - r°) cubic units. 


HEMISPHERE 


HEMISPHERE When a plane through the centre of a sphere cuts it into two equal 
parts, then each part is called a hemisphere. 


For a hemisphere of radius r, we have: 


(i) Volume of the hemisphere — (nr) cubic units. 


(ii) Curved surface area of the hemisphere = (2nr^) square units. 


(iii) Total surface area of the hemisphere = (311^) square units. 
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SOLVED EXAMPLES 


EXAMPLE 1 Find the volume and surface area of a sphere of radius 21 cm. 


SOLUTION Radius of the sphere = 21 cm. 
Volume of the sphere = ($n) cubic units 


=($x Fx 21x21x21) cm? 


= 38808 cm. 


Surface area of the sphere = (477°) sq units 


=(4 x 2 x 21x21) cm? = 5544 cm?. 


EXAMPLE2 Find the surface area of a sphere whose volume is 4851 cm’. 


SOLUTION Let the radius of the sphere be r cm. 


Then, its volume = (Fr) cm’. 


4 3. 4224 178. 
an -4851 > $x$ x r^ = 4851 
" 3. 7 (AM X21V. [219 
> r =(4851x tx 95)=( 8 jetz) 
> r- 2-105, 


Thus, the radius of the sphere is 10.5 cm. 
Surface area of the sphere = (477°) sq units 


EE 
=(4x Fx 3x) om 


= 1386 cm’. 


Hence, the surface area of the given sphere is 1386 cm’. 


EXAMPLE3 The surface area of a sphere is 346.5 cm’. Find its radius and hence 
its volume. 


SOLUTION Let the radius of the sphere be r cm. 
Then, its surface area = (4nr’) cm’. 
22 


Anr’ = 346.5 > Ax T xr = 346.5 
2 7X (3465X7\_ 441 
eee - (46-5 ac) 0x8] 16 
ep n) nos. 


4 
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EXAMPLE 4 


SOLUTION 


EXAMPLE 5 


SOLUTION 


EXAMPLE 6 
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Thus, the radius of the sphere is 5.25 cm. 


Volume of the sphere = ($r) cm? 


= ($ x x 5.25 x 5.25 x 525) cm? 


3 

(4,22 525 525_ 525\_ 3 

-($x7 so p aep e 
_ 4851 


"8 cm? = 606.375 cm? 


Hence, the volume of the sphere is 606.375 cm. 


How many spherical bullets can be made out of a solid cube of lead 
whose edge measures 44 cm, each bullet being 4 cm in diameter? 


Length of each edge of the cube = 44 cm. 
Volume of the cube = (44 X 44 X 44) cm’. 


Radius of each bullet, r = 2 cm. 


Volume of each bullet = ($n) cm? 


3 
4 22 -704 om? 
-($x 7 X2X2x2)em' = 21 cm”. 


volume of the cube in cm? 


volume of each bullet in cm? 
21 


- (ax 44x 44x 20) = 2541. 


Hence, the number of bullets formed is 2541. 


Number of bullets formed = 


The diameter of a copper sphere is 6 cm. The sphere is melted and 
drawn into a long wire of uniform circular cross section. If the length 
of the wire is 36 cm, find its radius. 


Radius of the sphere, R = 3 cm. 
Volume of the sphere = (Snr) cm? 
-($ax3x3x3) cm? = (36x) cm’. 
Let the radius of the wire formed be r cm. 
Then, volume of the wire = (nr? X h) cm? = (nr? X 36) cm? 


36n1? = 367 521 r=1. 
Hence, radius of the wire is 1 cm. 


A metallic sphere of radius 21 cm is dropped into a cylindrical 
vessel, which is partly filled with water. The diameter of the vessel is 


SOLUTION 


EXAMPLE 7 


SOLUTION 


EXAMPLE 8 


SOLUTION 
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1.68 m. If the sphere is completely submerged, find by how much the 
surface of water will rise. 


Radius of the sphere, r = 21 cm. 


Volume of the sphere = ($m) cm? 
- (Fx x 21% 21x 21) cm? = (122481) cm?. 


Volume of water displaced by the sphere = (123487) cm’. 
Suppose that the water rises by h cm. Then, 


volume of water displaced = volume of cylinder of radius 


84 cm and height h cm 
E (12248 7 
n X 84 X 84 X hi = 123487 h- (gigi) 1 em 
= 1.75 cm. 


Hence, the surface of water will rise by 1.75 cm. 


A hollow sphere of external and internal diameters 8 cm and 4 cm 
respectively is melted into a cone of base diameter 8 cm. Find the 
height of the cone. 


External radius of the sphere = 4 cm. 


Internal radius of the sphere = 2 cm. 


Volume of the material of the sphere = $n (4°-2°) cm? 


_ (2240 3 
= ou ) cm’. 
Radius of the resulting cone, r = 4 cm. 


Let the height of this cone formed be h cm. 
Volume of the cone = (Son) cm? 


-(inxaxaxt)es -( 


167i cm? 
3 , 


lonh _ 224r _ (223, 3X. 
3° 3 z xi) 714 


Hence, the height of the cone is 14 cm. 


Find the volume, curved surface area and the total surface area of a 
hemisphere of diameter 7 cm. 


Radius of the hemisphere, r = 3.5 cm. 


Volume of the hemisphere = (iur) cm? 
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pego ese 


= ($x xixi xT] 


= om’ = 89.83 cm’. 


Curved surface area of the hemisphere = (21:7) cm? 


PARE cael 2. 2 
=(2x 7 xx) cm = 77 cm’. 


Total surface area of the hemisphere = (311^) cm? 


22 etx 7 2_ 231 2. 2 
7X5 x 5) em? = 2 cm = 115.5 cm’. 


The internal and external diameters of a hollow hemispherical vessel 
are 20 cm and 28 cm respectively. Find the cost of painting the 
vessel all over at 35 paise per cm’. 


- (x2 x 


Outer radius of the vessel, R = 14 cm. 
Inner radius of the vessel, r = 10 cm. 
Area of the outer surface = (2x R?) sq units 

= (27 X 14 X 14) cm? = (3927) cm’. 
Area of the inner surface = (2x7?) sq units 

= (21 X 10 X 10) cm? = (2001) cm 
Area of the ring at the top = n (R^ — 7^) sq units 

= n[(14)? - (10)?] cm? 

= n(14 + 10)(14 - 10) cm? = (96x) cm’. 
Total area to be painted = (3927 + 200r + 967) — = (6887) cm’. 


PEEN 35 22 2 
Cost of painting - X (658 x 00)" z (688x 7 Xo 100) 
=g 234 75680. 


SOME MORE EXAMPLES 


EXAMPLE 10 


SOLUTION 


On increasing the radius of a sphere by 10%, find the percentage 
increase in its volume. 


Let the original radius of the sphere be r units. 
Then, its original volume = (Smr) cubic units. 


Radius of the new sphere = (110% of r) units 


110 lir : 
- (66 x r) units = ( 10 ) units, 


EXAMPLE 11 


SOLUTION 


EXAMPLE 12 
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Volume of the new sphere = p TX Gra I cubic units 
- (Far x 1099) cubic units. 
: = 1099) 4 s ; 2 
Increase in volume = [E nr x 1000 H 3f )| cubic units 
-f4 sy (1331 - ) PEN 
l 3  (1oo 1 | cubic units 
[4.3 (0331- o) . : 
- | 3" X 1000 cubic units 
_(4_3., 331 ; ; 
- (5 mr X i000) cubic units. 
Percentage increase in volume 
4 3. 331 
sar X —— 
Ja" ^1000 "E o " 
=} X 100} % = (1655 X 100)% = 33.1%. 
am 


The surface area of a sphere of radius 5 cm is five times the area of 
the curved surface of a cone of radius 4 cm. Find the height and the 
volume of the cone. (Given n = 3.14.) 


Surface area of the given sphere 
= AnR = (4n X 5 X 5) cm? = (1001) cm 
Radius of the base of the cone, r = 4 cm. 
Let the slant height of the cone be / cm. Then, 
curved surface area of the given cone 
= (nrl) = (n X AXI) cm? = (4x1) cm? 
100r = 5 X (4rl) > 1=5 cm. 
Let the height of the cone be h cm. Then, 
Peah+r > P=(P-r)= (5-49 > h=3cm. 


Volume of the cone = anh 


=(5 x 3.14% 4X4 3) em? = 50.24 cm?. 


Hence, the height of the cone is 3 cm and its volume is 
50.24 cm?. 


The volumes of two spheres are in the ratio 64 : 27. Find the ratio of 
their surface areas. 
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EXAMPLE 13 


SOLUTION 


EXAMPLE 14 


SOLUTION 
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Let the radii of the given spheres be R, and R, respectively and 
let their volumes be V, and V, respectively. Then, 


4 p3 
LN EN A cda 
Vy 27” 4 2s 7 
3 2 
RÌ _ 64 N E, R 4, (i) 
m 27 CARI R, 3 i 


Let the surface areas of the given spheres be 5, and S, 
respectively. 


5, 4nR; (s j 16 [using (i)] 
= = = using (1)J. 
2 4xRj R, 9 : 


Hence, 5, :5, = 16:9. 


Then 


A sphere and a right circular cylinder of the same radius have equal 
volumes. By what percentage does the diameter of the cylinder exceed 
its height? 

Let the given sphere and cylinder have same radius r and let 
the height of the cylinder be h. Then, 


volume of sphere = volume of cylinder 
= ix -ajh 


3 
3h 3h 
=% > r=% > d= 


r 


where d is the diameter of the cylinder. 
Thus, the diameter of the cylinder is » : 
Excess of diameter of cylinder over its height = ( = n) = M : 


Excess % = G T 100)% = 50%. 

The water for a factory is stored in a hemispherical tank whose 
internal diameter is 14 m. The tank contains 50 kilolitres of water. 
Water is pumped into the tank to fill it to its capacity. Calculate the 
volume of water pumped into the tank. 


Radius of the hemispherical tank = H m-7m. 


Capacity of the full tank = volume of the tank 


2 3 
--Àmnur 


3 
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2.22 3_ 2156 3 
"(Ex 2 x7%7x7) m (3 m. 
Volume of water already contained in the tank = 50 kL = 50 m’. 
Volume of water pumped into the tank = a E 50) m* 
- ae. m? = 668.67 m". 


EXAMPLE 15 A shopkeeper has one spherical laddoo of radius 5 cm. With the same 
amount of material, how many laddoos of radius 2.5 cm can be made? 


SOLUTION Volume of one laddoo of radius 5 cm 


- lan x (5)} cm? = (=) cm’. 


From this laddoo, let n laddoos of radius 2.5 cm can be made. 


Volume of one laddoo of radius 2.5 cm 


= 4 5% 8 1257 3 
- [55x (3) {em -( 6 Jom’, 
_ volume of one laddoo of radius 5 cm 


volume of one laddoo of radius 2.5 cm 
_ (200 a 6 )= 8 


3 1257/ — 


Hence, the required number of laddoos is 8. 


EXAMPLE 16 A shot-put is a metallic sphere of radius 4.9 cm. If the density of 
metal is 7.8 g per cm’, find the mass of the shot-put. 


SOLUTION A shot-put is a solid sphere of metal and its mass is equal to 
the product of its volume and density. 


Volume of the shot-put 


= 37 
=($x2 22 ,,49.,49 x 1o) em 3 
3 10 ^10 * 10 
. 1479016 5. 3 
-^900 ™ = 493 cm” (nearly). 


Mass of 1 cm’ of the shot-put = 7.8 g. 
Mass of the shot-put 


= (7.8 X 493) g 
78. 493\, 38454 
x » 1000) = 10000 K8 = 3-85 kg (nearly). 


Hence, the mass of the given shot-put is 3.85 kg. 
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EXAMPLE 17 Two solid spheres made of the same metal have weights 5920 g and 
740 g respectively. Determine the radius of the larger sphere, if the 
diameter of the smaller one is 5 cm. 

SOLUTION — Letd g/cm’ be the density of the given metal and let the radius 
of the larger sphere be R cm. 

Radius of smaller sphere = 2.5 cm. 
volume of larger sphere Xd ^ 5959 


DON, volume of smaller sphere x d — 740 
4 p3 
4anR Xd 
37 3_ 9. (SV _ 8X125 _ 
E d R°=8x(5) = z = 125 
37b) *4 


Res R-5cm. 
Hence, the radius of the larger sphere is 5 cm. 


EXAMPLE 18 A hemispherical tank is made up of an iron sheet 1 cm thick. If the 
inner radius of the tank is 1 m then find the volume of iron used in 


the tank. 
SOLUTION Inner radius of the tank = 1 m = 100 cm. 
Outer radius of the tank = (100 + 1) cm = 101 cm. 


Volume of iron used in the hemispherical tank 


= 2 x X (101)? - (100)] cm? 


3 
- ix x 22 x (1030301 — 1000000) cm? 
= ($x FE x 30801) em? a ae 
3 a 
= 63487.81 cm. 


Hence, the volume of iron used in the tank is 63487.81 cm?. 


EXERCISE 15D 


NOTE Take x= = unless stated otherwise. 


1. Find the volume and surface area of a sphere whose radius is: 
(i) 3.5 cm (ii) 4.2 cm (iii) 5m 
2. The volume of a sphere is 38808 cm’. Find its radius and hence its 
surface area. 
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. Find the surface area of a sphere whose volume is 606.375 m°. 

. Find the volume of a sphere whose surface area is 154 cm’. 

. The surface area of sphere is (5767) cm’. Find its volume. 

. How many lead shots, each 3 mm in diameter, can be made from a 


cuboid with dimensions (12 cm X 11 cm X 9 cm)? 


. How many lead balls, each of radius 1 cm, can be made from a sphere 


of radius 8 cm? 


. A solid sphere of radius 3 cm is melted and then cast into smaller 


spherical balls, each of diameter 0.6 cm. Find the number of small balls 
thus obtained. 


. A metallic sphere of radius 10.5 cm is melted and then recast into 


smaller cones, each of radius 3.5 cm and height 3 cm. How many cones 
are obtained? 


. How many spheres 12 cm in diameter can be made from a metallic 


cylinder of diameter 8 cm and height 90 cm? 


. The diameter of a sphere is 6 cm. It is melted and drawn into a wire of 


diameter 2 mm. Find the length of the wire. 


. The diameter of a copper sphere is 18 cm. It is melted and drawn into 


a long wire of uniform cross section. If the length of the wire is 108 m, 
find its diameter. 

A sphere of diameter 15.6 cm is melted and cast into a right circular 
cone of height 31.2 cm. Find the diameter of the base of the cone. 


A spherical cannonball 28 cm in diameter is melted and cast into a right 
circular cone mould, whose base is 35 cm in diameter. Find the height 
of the cone. 

A spherical ball of radius 3 cm is melted and recast into three spherical 
balls. The radii of two of these balls are 1.5 cm and 2 cm. Find the radius 
of the third ball. 

The radii of two spheres are in the ratio 1 : 2. Find the ratio of their 
surface areas. 

The surface areas of two spheres are in the ratio 1 : 4. Find the ratio of 
their volumes. 

A cylindrical tub of radius 12 cm contains water to a depth of 20 cm. A 
spherical iron ball is dropped into the tub and thus the level of water is 
raised by 6.75 cm. What is the radius of the ball? 

A cylindrical bucket with base radius 15 cm is filled with water up to a 
height of 20 cm. A heavy iron spherical ball of radius 9 cm is dropped 
into the bucket to submerge completely in the water. Find the increase 
in the level of water. 


602 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


m 


a N 


10. 
14. 
18. 
21. 


25. 


Secondary School Mathematics for Class 9 


The outer diameter of a spherical shell is 12 cm and its inner diameter 
is 8 cm. Find the volume of metal contained in the shell. Also, find its 
outer surface area. 
A hollow spherical shell is made of a metal of density 4.5 g per cm’. If 
its internal and external radii are 8 cm and 9 cm respectively, find the 
weight of the shell. 


A hemisphere of lead of radius 9 cm is cast into a right circular cone of 
height 72 cm. Find the radius of the base of the cone. 


A hemispherical bowl of internal radius 9 cm contains a liquid. This 
liquid is to be filled into cylindrical shaped small bottles of diameter 3 cm 
and height 4 cm. How many bottles are required to empty the bowl? 


A hemispherical bowl is made of steel 0.5 cm thick. The inside radius of 
the bowl is 4 cm. Find the volume of steel used in making the bowl. 


A hemispherical bowl is made of steel, 0.25 cm thick. The inner radius 
of the bowl is 5 cm. Find the outer curved surface area of the bowl. 


A hemispherical bowl made of brass has inner diameter 10.5 cm. Find 
the cost of tin-plating it on the inside at the rate of € 32 per 100 cm’. 


The diameter of the moon is approximately one fourth of the diameter 
of the earth. What fraction of the volume of the earth is the volume of 
the moon? 


Volume and surface area of a solid hemisphere are numerically equal. 
What is the diameter of the hemisphere? [CBSE 2017] 
ANSWERS (EXERCISE 15D) 


(i) 179.67 cm’, 154 cm? (ii) 310.464 cm?, 221.76 cm? 
(iii) 523.81 m?, 314.28 m? 


. 21cm, 5544cm?  3.3465m* 4. 179.67 cm? 5. (23047) cm? 
. 84000 7. 512 8. 1000 9. 126 
5 11. 36 m 12. 0.6 cm 13. 15.6 cm 
35.84 cm 15. 2.5 cm 16. 1:4 17. 1:8 
9 cm 19. 4.32 cm 20. 636.95 cm?, 452.57 cm? 
4.092 kg 22. 4.5 cm 23. 54 24. 56.83 cm? 
173.25 cm? 26. € 55.44 a7, 7 28. 9 units 


HINTS TO SOME SELECTED QUESTIONS 


4,22, 3 73.3 


6. Volume of 1 lead shot ( x x x x ) cm? cm’. 


3 7 20 20 20 
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15. 


16. 


17. 


18. 


19. 
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Volume of cuboid = (12 X11 9) cm’. 


volume of the cuboid | 
volume of 1 lead shot 


Number of lead shots = 


. Volume of solid sphere = (Gx X3x3x 3) cm? = (36x) cm’. 


3 


Volume of 1 small ball = E TX M x M x i) cm? = (287) cm’. 


volume of solid sphere 


Number of small balls = volumeol Lemall bal 


; (4 21.21.21 3 [93087n 3 
. Volume of metallic sphere (Sn 7 XX = )em ( 2 Je. 
m Z4 3 [(49n 3 
Volume of 1 smaller cone (31x5X5X3)em = Jem*. 
volume of sphere 
Number of cones = — — —7; ———: 
volume of 1 cone 
4 2 ell eal _ 36100 
37X3X3x3 1X5 X 1g X^ h 100 m — 36 m. 
4 m 2 ; AX78X78X78 
37X78X78X78- XnXr x 31.2 r 312 
r=7.8 = d=2r=15.6cm. 
4 4 3,3 3,4 4 5 
371 X3X3x3 BUX 3X3 X5*3nX2X2X2* nr 
27 3 3 91| (216-91) 125 _/5% 
gt8tr=27 >r (27 z) 2 3 (5) 


r=2cm=25cm. 


Let the radii of the two spheres be x and 2x respectively. 
S 2 2 
Then, 1. 4nx : x : 1 

S, AnQx) 4x? 4 


645557114. 


1 

S 4  4nR} 4 R 4 

4 3 

X 37(R) R (R) (3) 1 
3 

fnri R 


Volume of water displaced = (n X (12)* X 6.75} cm? 


Volume of the ball = far. 


Snr = 1X 144X6.75 


radius of the ball is 9 cm. 


3. 144X6.75X3 
d 4 


Let the increase in level be h cm. 
Increase in volume of water = volume of the ball. 


xX15X18Xhi- $n X9X9x9. Find h. 


-729-(9)? > r-9cm. 
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20. Volume of iron contained in the shell 
4.22 


_4 3 3 F. 2 3 
Snx (6) - (4)] cm E x X152) cm = 636.95 cm’. 


Outer surface area = (4n X 6 X 6) cm? = (4 x E x 36) cm? = 452.57 cm’. 


. BN RES: 
21. Weight of the shell E x A x (9)? (8))x 1009] KS 


2 3 1, 2 2. 1458 
22. 37 x (9) 37 x72 r 72 20.25 r —4.5 cm. 
2 3 
23. Number of bottles = volume of bowl ___ l3 = 54, 
volume of each bottle 39 
T x (5) x 4 


24. Inner radius, r = 4 cm, and outer radius, R = 4.5 cm. 
Volume of steel = on X [(4.5)? - (4)?] cm? = 56.83 cm’. 


; 525 21 
25. Outer radius = 5.25 cm Too ™ =F em. 
Outer curved surface area = (2 x = x =: x 21) em? = 173.25 cm’. 
oo ad 
26. Inner radius = Zoom. 
Inner curved surface area = (2 x z2 x =! x 21) cm? = 173.25 cm’. 
Cost of tin-plating - (173.25 x 32) - t 55.44 
f 100 E 
1 1 1 
27. d zP 2r 4X2R r qk 
4. 23 
Volume of moon = zi ur = 2 (RY "- ii 
3 3 44 64 
Volume of earth = fnr’. 
volume of moon = a X volume of earth. 
2 3 2 9 . 
28. 37 3nr r=5 2r = 9 units. 


MULTIPLE-CHOICE QUESTIONS (MCQ) 
Choose the correct answer in each of the following: 


1. The length, breadth and height of a cuboid are 15 cm, 12 cm and 4.5 cm 
respectively. Its volume is 


(a) 243 cm? (b) 405 cm? (c) 810 cm? (d) 603 cm? 
2. A cuboid is 12 cm long, 9 cm broad and 8 cm high. Its total surface 
area is 


(a) 864 cm? (b) 552 cm? (c) 432 cm? (d) 276 cm? 
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. The length, breadth and height of a cuboid are 15 m, 6 m and 5 dm 


respectively. The lateral surface area of the cuboid is 
(a) 45 m? (b) 21m? (c) 201 m? (d) 90m? 


. A beam 9 m long, 40 cm wide and 20 cm high is made up of iron which 


weighs 50 kg per cubic metre. The weight of the beam is 
(a) 27 kg (b) 48 kg (c) 36 kg (d) 56 kg 


. Thelength of the longest rod that can be placed in a room of dimensions 


(10m X10 m X5 m) is 
(a) 15m (b) 16m (c) 10/5 m (d) 12m 


. What is the maximum length of a pencil that can be placed in a 


rectangular box of dimensions (8 cm X 6 cm X 5 cm)? (Given y5 = 2.24.) 
(a) 8cm (b) 9.5 cm (c) 19 cm (d) 11.2 cm 


. The number of planks of dimensions (4 m X 5 m X 2 m) that can be 


stored in a pit which is 40 m long, 12 m wide and 16 m deep, is 
(a) 190 (b) 192 (c) 184 (d) 180 


. How many planks of dimensions (5 m X 25 cm X 10 cm) can be stored 


in a pit which is 20 m long, 6 m wide and 50 cm deep? 
(a) 480 (b) 450 (c) 320 (d) 360 


. How many bricks will be required to construct a wall 8 m long, 6 m high 


and 22.5 cm thick if each brick measures (25 cm X 11.25 cm X 6 cm)? 

(a) 4800 (b) 5600 (c) 6400 (d) 5200 
How many persons can be accommodated in a dining hall of 
dimensions (20 m X 15 m X 4.5 m), assuming that each person requires 
5 m! of air? 

(a) 250 (b) 270 (c) 320 (d) 300 
A river 1.5 m deep and 30 m wide is flowing at the rate of 3 km per 
hour. The volume of water that runs into the sea per minute is 


(a) 2000 m? (b) 2250 m? (c) 2500 m? (d) 2750 m? 
. The lateral surface area of a cube is 256 m?. The volume of the cube is 
(a) 64 m? (b) 216 m? (c) 256 m? (d) 512. m° 
The total surface area of a cube is 96 cm?. The volume of the cube is 
(a) 8 cm? (b) 27 cm? (c) 64 cm? (d) 512 cm? 
The volume of a cube is 512 cm. Its total surface area is 
(a) 256 cm? (b) 384 cm? (c) 512 cm? (d) 64 cm? 


The length of the longest rod that can fit in a cubical vessel of side 
10 cm, is 


(a) 10cm (b) 20 cm (c) 10/2cm . (d) 10/3 cm 
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If the length of diagonal of a cube is 84/3 cm then its surface area is 
(a) 192 cm? (b) 384 cm? (c) 512 cm? (d) 768 cm? 
If each edge of a cube is increased by 50% then the percentage increase 
in its surface area is 
(a) 5096 (b) 75% (c) 10096 (d) 125% 
Three cubes of metal with edges 3 cm, 4 cm and 5 cm respectively are 


melted to form a single cube. The lateral surface area of the new cube 
formed is 


(a) 72 cm? (b) 144 cm? (c) 128 cm? (d) 256 cm? 
In a shower, 5 cm of rain falls. What is the volume of water that falls on 
2 hectares of ground? 

(a) 500 m? (b) 750 m? (c) 800 m? (d) 1000 m? 
Two cubes have their volumes in the ratio 1 : 27. The ratio of their 
surface areas is 

(a) 1:3 (b) 1:8 (c) 1:9 (d) 1:18 
If each side of a cube is doubled then its volume 

(a) is doubled (b) becomes 4 times 

(c) becomes 6 times (d) becomes 8 times 


The diameter of the base of a cylinder is 6 cm and its height is 14 cm. 
The volume of the cylinder is 


(a) 198 cm? (b) 396 cm? (c) 495 cm? (d) 297 cm? 
If the diameter of a cylinder is 28 cm and its height is 20 cm then its 
curved surface area is 

(a) 880 cm? (b) 1760 cm? (c) 3520cm? (d) 2640 cm? 


If the curved surface area of a cylinder is 1760 cm? and its base radius is 
14 cm then its height is 


(a) 10 cm (b) 15cm (c) 20 cm (d) 40 cm 
The height of a cylinder is 14 cm and its curved surface area is 264 cm’. 
The volume of the cylinder is 

(a) 308 cm? (b) 396 cm? (c) 12322cm? (d) 1848 cm? 
The curved surface area of a cylindrical pillar is 264 m^ and its volume 
is 924 m. The height of the pillar is 

(a) 4m (b) 5m (c) 6m (d) 7m 
The radii of two cylinders are in the ratio 2 : 3 and their heights are in 
the ratio 5 : 3. The ratio of their curved surface areas is 

(a) 2:5 (b) 8:7 (c) 10:9 (d) 16:9 
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The radii of two cylinders are in the ratio 2 : 3 and their heights are in 
the ratio 5 : 3. The ratio of their volumes is 

(a) 27:20 (b) 20:27 (c) 4:9 (d) 9:4 
The ratio between the radius of the base and the height of a cylinder is 
2:3. If its volume is 1617 cm? then its total surface area is 

(a) 308 cm? (b) 462 cm? (c) 540 cm? (d) 770 cm? 
Two circular cylinders of equal volume have their heights in the ratio 
1:2. The ratio of their radii is 

(a) 1:2 (b) /2:1 (c) 1:2 (d) 1:4 
The ratio between the curved surface area and the total surface area of 
a right circular cylinder is 1 : 2. If the total surface area is 616 cm” then 
the volume of the cylinder is 

(a) 1078cm? (b) 1232 cm? (c) 1848cm? (d) 924 cm? 
In a cylinder, if the radius is halved and the height is doubled then the 
volume will be 

(a) the same (b) doubled (c) halved (d) four times 
The number of coins 1.5 cm in diameter and 0.2 cm thick to be melted 
to form a right circular cylinder of height 10 cm and diameter 4.5 cm is 

(a) 540 (b) 450 (c) 380 (d) 472 
The radius of a wire is decreased to one third. If volume remains the 
same, the length will become 

(a) 2 times (b) 3 times (c) 6 times (d) 9 times 
The diameter of a roller, 1 m long, is 84 cm. If it takes 500 complete 
revolutions to level a playground, the area of the playground is 

(a) 1440 m? (b) 1320 m? (c) 1260 m? (d) 1550 m? 
2.2 dm? of lead is to be drawn into a cylindrical wire 0.50 cm in 
diameter. The length of the wire is 


(a) 110m (b) 112m (c) 98m (d) 124m 
The lateral surface area of a cylinder is 
(a) rh (b) narh (c) 2nrh (d) 2nr* 


The height of a cone is 24 cm and the diameter of its base is 14 cm. The 
curved surface area of the cone is 


(a) 528 cm? (b) 550 cm? (c) 616 cm? (d) 704 cm? 


The volume of a right circular cone of height 12 cm and base radius 
6 cm, is 


(a) (12r) cm? (b) (36x) cm? (c) 72x) cm? (d) (144m) cm? 
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How much cloth 2.5 m wide will be required to make a conical tent 
having base radius 7 m and height 24 m? 


(a) 120m (b) 180 m (c) 220m (d) 550 m 


. The volume of a cone is 1570 cm? and its height is 15 cm. What is the 


radius of the cone? (Use x = 3.14.) 

(a) 10cm (b) 9cm (c) 12cm (d) 8.5 cm 
The height of a cone is 21 cm and its slant height is 28 cm. The volume 
of the cone is 

(a) 7356cm? (b) 7546 cm? (c) 7506 cm? (d) 7564 cm? 
The volume of a right circular cone of height 24 cm is 1232 cm’. Its 
curved surface area is 

(a) 1254cm^ | (b) 704 cm? (c) 550 cm? (d) 462 cm? 
If the volumes of two cones be in the ratio 1 : 4 and the radii of their 
bases be in the ratio 4 : 5 then the ratio of their heights is 


(a) 1:5 (b) 5:4 (c) 25:16 (d) 25:64 
If the height of a cone is doubled then its volume is increased by 
(a) 100% (b) 200% (c) 300% (d) 40096 


The curved surface area of one cone is twice that of the other while the 
slant height of the latter is twice that of the former. The ratio of their 
radii is 

(a) 2:1 (b) 4:1 (c) 8:1 (d) 1:1 
The ratio of the volumes of a right circular cylinder and a right circular 
cone of the same base and the same height will be 

(a) 1:3 (b) 3:1 (c) 4:3 (d) 3:4 
A right circular cylinder and a right circular cone have the same radius 
and the same volume. The ratio of the height of the cylinder to that of 
the cone is 

(a) 3:5 (b) 2:5 (c) 3:1 (d) 1:3 
The radii of the bases of a cylinder and a cone are in the ratio 3 : 4 and 
their heights are in the ratio 2 : 3. Then, their volumes are in the ratio 

(a) 9:8 (b) 8:9 (c) 3:4 (d) 4:3 
If the height and the radius of a cone are doubled, the volume of the 
cone becomes 

(a) 3 times (b) 4 times (c) 6 times (d) 8 times 
A solid metallic cylinder of base radius 3 cm and height 5 cm is melted 
to make r solid cones of height 1 cm and base radius 1 mm. The value 
of n is 


(a) 450 (b) 1350 (c) 4500 (d) 13500 
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. A conical tent is to accommodate 11 persons such that each person 
occupies 4 m? of space on the ground. They have 220 m° of air to 
breathe. The height of the cone is 


(a) 14m (b) 15m (c) 16m (d) 20m 
The volume of a sphere of radius 2r is 

(a) Be p (S88. o 
The volume of a sphere of radius 10.5 cm is 

(a) 9702cm? (b) 4851 cm? (c) 19404 cm? (d) 14553 cm? 
The surface area of a sphere of radius 21 cm is 

(a) 2772cm* (b) 1386 cm” (c) 4158cm^ (d) 5544 cm? 
The surface area of a sphere is 1386 cm’. Its volume is 

(a) 1617cm? | (b) 3224cm? (c) 4851 cm? (d) 9702 cm? 


If the surface area of a sphere is (1447) m then its volume is 

(a) (2881) m? (b) (1881) m? (c) (3000) m? (d) (316m) m? 
The volume of a sphere is 38808 cm’. Its curved surface area is 

(a) 5544cm^ (b) 8316cm* (c) 4158cm? (d) 1386 cm? 
If the ratio of the volumes of two spheres is 1 : 8 then the ratio of their 
surface areas is 

(a) 1:2 (b) 1:4 (c) 1:8 (d) 1:16 
A solid metal ball of radius 8 cm is melted and cast into smaller balls, 
each of radius 2 cm. The number of such balls is 

(a) 8 (b) 16 (c) 32 (d) 64 
A cone is 8.4 cm high and the radius of its base is 2.1 cm. It is melted 
and recast into a sphere. The radius of the sphere is 

(a) 4.2 cm (b) 2.1 cm (c) 2.4 cm (d) 1.6 cm 
A solid lead ball of radius 6 cm is melted and then drawn into a wire of 
diameter 0.2 cm. The length of wire is 

(a) 272m (b) 288m (c) 292m (d) 296m 
A metallic sphere of radius 10.5 cm is melted and then recast into small 


cones, each of radius 3.5 cm and height 3 cm. The number of such cones 
will be 


(a) 21 (b) 63 (c) 126 (d) 130 
How many lead shots, each 0.3 cm in diameter, can be made from a 
cuboid of dimensions 9 cm X 11 cm X 12 cm? 


(a) 7200 (b) 8400 (c) 72000 (d) 84000 
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The diameter of a sphere is 6 cm. It is melted and drawn into a wire of 
diameter 2 mm. The length of the wire is 

(a) 12m (b) 18m (c) 36m (d) 66m 
A sphere of diameter 12.6 cm is melted and cast into a right circular 
cone of height 25.2 cm. The radius of the base of the cone is 

(a) 6.3 cm (b) 2.1 cm (c) 6 cm (d) 4 cm 
A spherical ball of radius 3 cm is melted and recast into three spherical 
balls. The radii of two of these balls are 1.5 cm and 2 cm. The radius of 
the third ball is 

(a) 1cm (b) 1.5 cm (c) 2.5 cm (d) 0.5 cm 
The radius of a hemispherical balloon increases from 6 cm to 12 cm as 
air is being pumped into it. The ratio of the surface areas of the balloons 
in two cases is 

(a) 1:4 (b) 1:3 (c) 2:3 (d) 1:2 
The volumes of two spheres are in the ratio 64 : 27 and the sum of 
their radii is 7 cm. The difference in their total surface areas is 

(a) 38 cm? (b) 58 cm? (c) 78 cm? (d) 88 cm? 
A hemispherical bowl of radius 9 cm contains a liquid. This liquid is to 
be filled into cylindrical small bottles of diameter 3 cm and height 4 cm. 
How many bottles will be needed to empty the bowl? 

(a) 27 (b) 35 (c) 54 (d) 63 
A cone and a hemisphere have equal bases and equal volumes. The 
ratio of their heights is 

(a) 1:2 (b) 2:1 (c) 4:1 (d) 42:1 
A cone, a hemisphere and a cylinder stand on equal bases and have the 
same height. The ratio of their volumes is 

(a) 1:2:3 (b) 2:1:3 (c) 2:3:1 (d) 3:2:1 
If the volume and the surface area of a sphere are numerically the same 
then its radius is 

(a) 1 unit (b) 2 units (c) 3 units (d) 4 units 


ANSWERS (MCQ) 


1() 2(b 3.) 4(o) 5 (a) 6 (d) 7(b 8& (a) 
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41. (a) 42. (b) 43. (c) 44. (d) 45. (a) 46. (b) 47. (b) 


49. (a) 50. (d) 51. (d) 52. (b) 53. (a) 54. (b) 55. (d) 
57. (a) 58. (a) 59. (b) 60. (d) 61. (b) 62. (b) 63. (c) 
65. (c) 66. (a) 67. (c) 68. (a) 69. (d) 70. (c) 71. (b) 
73. (c) 

HINTS TO SOME SELECTED QUESTIONS 
2. Total surface area = 2 (Ib + bh + Ib). 
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. Lateral surface area of the cuboid = [2 (I + b) X h] 


-b546)x 2} m 221m. 
[ 36) 


. Length of the longest rod - length of the diagonal 


= I b +h’ = /100+ 100+ 25 = /225 = 15 m. 


. Required length = / ^ +b? + h? 


= (644 36425 = 4125 = 54/5 = (5X 2.24) = 11.2 cm. 


Volume of water running into the sea per hour 
= G 30x 3000) m? = (45 x 3000) m°. 


Volume of water running into the sea per minute 
. (45 X 3000) 
i 60 


4a” -256 > a =64=8 > 2-8. 
volume = 4? = (8 X 8 X 8) m? = 512 m*. 
60° =9% > @ =16=4 > a=4. 


volume = à? = (4 X 4X 4) cm? = 64cm’. 


m? = 2250 m°. 


a=512=8 > a-8cm. 
Total surface area = 64° = (6 X 8 X 8) cm? = 384 cm’. 
Required length = length of its diagonal 
= (3a = (y3 X10) cm = 10/3 cm. 
/3a- 8/3 > a=8cm. 
its surface area = 6a° = (6 X 8 X 8) cm? = 384 cm’. 
Volume of new cube formed = (3? + 4? - 55) cm? 
= (27 + 64+125) cm? = 216 cm’. 
Let à? = 216 = 6°. Then, a = 6 cm. 
Lateral surface area of the new cube = 44? = (4 X 6 X 6) cm? = 144 cm’. 


Required volume = (2 x 10000 x 735) m° = 1000 m’. 


3 
ibo rd 
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48. (d) 
56. (c) 
64. (d) 
72. (a) 
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a (y 1.6/5 6x1 1. 
po3 9 6 6x9 9 
required ratio = 1 : 9. 
21. Let original side be a cm. Then, original volume = à? cm’. 
New side = 24 cm. So, new volume = (24)? cm? = (82°) cm’. 
So, the volume becomes 8 times. 


22. Here r - 3cm and h = 14 cm. 
volume = nr?h = (= X3Xx3x 14) cm? = 396 cm’. 
23. Here r = 14 cm and h = 20 cm. 
22 


curved surface area = 2nrh = (2 x uw X14X 20) cm? = 1760 cm’. 


24. Here r = 14 cm and 2arh = 1760 cm’. 


22 1760 
2x 7 x 14x h = 1760 h 88 20 cm. 


height = 20 cm. 
25. Here h = 14 cm and 2arh = 264 cm’. 


2x2 xx 14-064 > r= 22 5 


7 
22 
7 
26. Given: 2nrh = 264 m? and nr? h = 924 m°. 
xh 924 7 " ( 
2nrh 264 2 2 


22 _ _ 264 _ 
2x X7Xh 264 h 44 


volume = nr^h =( X3X3X 14) cm? = 396 cm’. 


x2) 7m. 


6m. 


R 2 H, 5 
27. Bier M ra 


: : O2RRH, | R H, (2,541.10. 
Required ratio 2xR,H, RB) lal 3 ( 3* 3 9 10:9 
R2 A, 5 
28. Lc Li e 
. ' mR; H, R d H, 20,5 [4.5 
Ratio of their volumes aR2H, R x H, (5) x 3 e x 3) 


29. Let the radius be 2x cm and the height be 3x cm. 
22 


Then, volume = x X (2x)? X 3x = y XBX. 
22 3. 3. 1 7X. 49X7 [79 
7. x12x3? - 1617 > x°= (tex 5 x)= a (5) 
> gal > r27 cm and hi == om. 
2 2 
total surface area = 2nrh + 2nr? = 2nr (h +r) 


iy 22.5 [21 " , 
=[2x = x7x(5 +7} em 770 cm?. 


30. 


31. 


34. 


35. 


36. 


38. 


40. 
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Let their heights be x cm and 2x cm respectively and let their radii be R, and R, 
respectively. Then, 


nx RIX x=nX Rj X 2x 
RY R; /2 
2nRH 1 2nR(H) 1 H 1 
2nRH42RnR 2 © 2nR(H+R) 2 '" H+R 2 
H+R=2H > H=R. 
Now, 2nR(H+R)= 616 > 4nR?=616 [~ H=R]. 
22 


M Fas 2. 7 E 72 
4x2 xR?=616 > R (616 x 4) 49 - 7. 


R 


Let the radii be R and ( 3 


) and the heights be h and H respectively. Then, 


R 
3 


zR'h = nX( J xH H - 9h. 


Radius of the roller, R = 42 cm and its length, h = 100 cm. 


Area covered by the roller in 1 revolution 
22 


= 2nRh = (2 x x 42 x 100) cm? = 26400 cm?. 


Area covered by the roller in 500 revolutions 


2 (ame x 500 
100 x 100 


) m? = 1320 m?. 


Volume of the wire = (2.2 X 10 X 10 X 10) cm? = 2200 cm’. 


Radius of the wire = 0.25 cm ix cm 


Let the length of wire be h cm. Then, 


T1 22 1 
TX AX | Xh= 2200 7 ŠIE% 


4 cm. 


h = 2200. 


11200 
100 


n = (2200 7 x16) cm =( ) m= 112 m, 


P= (r° +h?) = 7° + (24)? = (49 +576) = 625 
l= 7625 = 25 cm. 


Curved surface area = nrl = GE X7X 25) cm? = 550 cm’. 


Given: r 2 7 m and h 7 24 m. 
P = (r? +h’) = [7 + (24)’] = (49 +576) = 625 
=> ]l-24625-25m. 


Area of the cloth needed = nrl = E X7X 25) m! 2550 m’. 
| area _ 2 _ 
Length of the cloth width (550 x 3 m = 220 m. 
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41. 


44. 


46. 


47. 


48. 
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aR h=1570 > 3 X3.14xR X15 = 1570 
2 2 10 2 
157R5-1570 > R (1570 x 157) 100 = (10)?. 


Let the radii of the cones be 4x cm and 5x cm respectively and their volumes be v cm? 
and 4v cm? respectively. Let their heights be /! cm and H cm respectively. Then, 


1 2 

lai XR 16h 1 . h 25. 
Lre u A Sh 4 Ho 6d 
3 


Let their slant heights be / and 2/ and their radii be R, and R,. Then, 
nR 2 R 4 


RON 1 7 R ITEL 
2. 

Required ratio= ZOE = 3-321, 
1», 1 
37h 

24, l 2 h 1 . 

nr h 37 H H 3 1:3. 


49. Let the radii of the bases of a cylinder and a cone be 3x cm and 4x cm respectively and 


50. 


51. 


69. 


let their heights be 2y cm and 3y cm respectively. Then, 
nm X (3x)? x2y (54 9. 


ratio of their volumes = 48 8 9:8. 
Bmx (4x)? X 3y 
Volume of a cone of height h and radius r = Ia zy 
New height = 2h and new radius = 2r. 
new volume = grr)? X 2h =8 x (urn) = 8V. 
volume of the cylinder 
n = number of cones A esse 13500. 
volume of 1 cone loxlxl4 
3 10 10 
Let their radii be x cm and (7 - x) cm. Then, 
am xx? 
i 2-9) "55-9 2 a) -G): 
£nx (7-2) 27 48 (7-x) M 7—X 3 
X É 5 3y-28-4x > 71-28 > x4 
7-x 8 ` 


So, their radii are 4 cm and 3 cm. 
Required difference = 4r X (4)? -4r X (3)°. 


72. Let R be the radius of each. 


Height of hemisphere = its radius = R cm. 
height of each = R cm. 


Ratio of their volumes = (Snr? x R) : (Žar?) (XR? X R). 
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REVIEW OF FACTS AND FORMULAE 
1.CUBOID Let length = l, breadth = b and height = h. Then, we have: 
(i) Volume of cuboid = (I X b X h) cubic units. 
(ii) Total surface area of the cuboid = 2(/b + bh + lh) sq units. 
(iii) Lateral surface area of the cuboid = (2(I + b) X h} sq units. 
(iv) Diagonal of the cuboid = WE epe } units. 
2.CUBE Let each edge of the cube be a. Then, we have: 
(i) Volume of the cube = 4? cubic units. 
(ii) Total surface area of the cube = (64) sq units. 
(iii) Lateral surface area of the cube = (4a?) sq units. 
(iv) Diagonal of the cube - (a /3) units. 
3. CYLINDER Let the radius of the base be r and height be h. Then, we have: 
(i) Volume of the cylinder = (nr’h) cubic units. 
(ii) Total surface area of the cylinder = {2nr(r + h)} sq units. 
(iii) Curved surface area of the cylinder = (2rrh) sq units. 


4. CONE Let the radius of its base be r, height be h and slant height be 1. 
Then, we have: 


(i) Volume of the cone = (37h) cubic units. 


(ii) Curved surface area of the cone = (nrl) sq units. 
(iii) Total surface area of the cone = (nrl + nr?) sq units. 
(iv) Slant height of the cone | = y ktr. 


5. SPHERE Let the radius of the sphere be r. Then, we have: 
(i) Volume of the sphere = lor] cubic units. 
(ii) Surface area of the sphere = (4n7?) sq units. 


6. HEMISPHERE Let the radius of the hemisphere be r. Then, we have: 
(i) Volume of the hemisphere = (ur) cubic units. 
(ii) Curved surface area of the hemisphere = (2117) sq units. 


(iii) Total surface area of the hemisphere = (327°) sq units. 


& 


Presentation of Data 


_ 416 
p in Tabular Form 


FREQUENCY DISTRIBUTION 


INTRODUCTION 


The present-day society is essentially information-oriented. In various 
fields, we need information in the form of numerical figures, called data. 


These data may relate to the profits of a company during last few 
years, the monthly wages earned by workers in a factory, the expenditure 
in various sectors of a five-year plan, the marks obtained by the students of 
a class in a certain examination, etc. 


DATA The word data means information or set of given facts in numerical figures. 


STATISTICS It is the science which deals with the collection, presentation, analysis 
and interpretation of numerical data. 


In plural form, statistics means data. 
In singular form, statistics is taken as a subject. 
FUNDAMENTAL CHARACTERISTICS OF DATA 
(i) Numerical facts alone constitute data. 


(ii) Qualitative characteristics like intelligence, poverty, etc., which 
cannot be measured numerically, do not form data. 


(iii) Data are aggregate of facts. A single observation does not form data. 


(iv) Data collected for a definite purpose may not be suited for another 
purpose. 


(v) Data in different experiments are comparable. 
LIMITATIONS OF STATISTICS 
(i) Statistics deals with groups and does not study individuals. 
(ii) Statistics is not suited to the study of qualitative phenomenon, 
like honesty, poverty, etc. 
(iii) Statistical laws are not exact. They are true on averages only. 


TYPES OF DATA 


(i) PRIMARY DATA The data collected by the investigator himself with 
a definite plan in mind are known as primary data. These data are, 
therefore, highly reliable and relevant. 
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(ii) SECONDARY DATA The data collected by someone, other than the 
investigator, are known as secondary data. 
Secondary data should be carefully used, since they are collected with 


a purpose different from that of the investigator and may not be fully 
relevant to the investigation. 


RAW OR UNGROUPED DATA The data obtained in original form are called raw data 
or ungrouped data. 


GROUPED DATA We may condense data into classes or groups. Such a presentation 
is known as a grouped data. 


ARRAY An arrangement of raw numerical data in ascending or descending order 
of magnitude, is called an array. 


PRESENTATION OF DATA Putting the data, in the form of tables, in condensed form, 
is known as the presentation of data. 


FREQUENCY OF AN OBSERVATION The number of times an observation occurs is 
called its frequency. 


FREQUENCY DISTRIBUTION OF AN UNGROUPED DATA 
The tabular arrangement of data, showing the frequency of each observation, 
is called a frequency distribution, as shown in the example given below. 
EXAMPLE 1 The following data gives the number of children in 20 families: 
4, 5, 2, 4, 2, 2, 1, 3, 3, 2, 5, 3, 2, 1, 1, 4, 8, 2, 1, 1. 
Make an array of the above data and construct a frequency table. 
SOLUTION Arranging the numerical data in ascending order of 
magnitude, we get the array as under: 
1,1,1,1,1, 2, 2, 2, 2, 2, 2, 3, 3, 3, 3,4, 4, 4, 5, 5. 
For counting, we use tally marks |, | |, || |, | | | |, and the 
fifth tally mark is entered as NN] by crossing diagonally the 
four tally marks already entered. 


Frequency table may now be presented as under. 


Frequency Table 
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TYPES OF FREQUENCY DISTRIBUTION 
(I) EXCLUSIVE FORM (OR CONTINUOUS FORM) A frequency distribution in which 


each upper limit of each class is excluded and lower limit is included, is called an 
exclusive form. 


Example Suppose the marks obtained by some students are given. 


We may consider the classes 0-10, 10-20, etc. In class 0-10, we 
include 0 and exclude 10. In class 10-20, we include 10 and 
exclude 20. 
(ii) INCLUSIVE FORM (OR DISCONTINUOUS FORM) A frequency distribution in which 
each upper limit as well as lower limit is included, is called an inclusive form. 
Thus, we have classes of the form 0-10, 11—20, 21-30, etc. In 0-10, both 0 
and 10 are included. 
EXAMPLE2 The following data gives marks out of 50 obtained by 30 students of 
a class in a test: 
30, 27, 17, 37, 46, 12, 40, 6, 23, 2, 19, 5, 33, 25, 39, 21, 19, 12, 
17, 19, 17, 41, 8, 10, 12, 1, 9, 13, 21, 48. 
Arrange them in ascending order and present it as a grouped data 
(i) in exclusive form, (ii) in inclusive form. 
SOLUTION Arranging the marks in ascending order, we get 


1,2, 5,6, 8, 9, 10, 12, 12,12, 19, 17, 17, 17, 19, 19,19, 21, 21, 
23, 25, 27, 30, 33, 37, 39, 40, 41, 46, 48. 


We may now classify them into groups as shown below. 


(i) In exclusive form: 


Marks Number of students 
(Class interval) (Frequency) 
[. oe | s — 


20-30 
30-40 
40-50 
In 0-10, we include 0 but exclude 10. 
In 10-20, we include 10 but exclude 20, and so on. 


(ii) In inclusive form: 


Marks Number of students 
(Class interval) (Frequency) 


0-10 7 
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11-20 10 


Here, in 0-10, we include both 0 and 10. 
In 11-20, we include both 11 and 20. 


SOME DEFINITIONS 


(I) VARIATE OR VARIABLE Any character which is capable of taking several different 

values is called a variable. 

Example Suppose we make a survey of the workers in a factory and 
record the age, sex and income of each worker. Then, the three 
variables are: age, sex and income. Here, age and income are 
represented by numbers. So, age and income are quantitative 
variables. But the variable sex can take the value ‘male’ or 
‘female’. So, sex is a qualitative variable. 

(I) CLASS INTERVAL Each group into which the raw data is condensed, is called a 

class interval. 

Each class is bounded by two figures, which are called class limits. The 
figure on the left side of a class is called its lower limit and that on the right 
is called its upper limit. 


(II) CLASS BOUNDARIES OR TRUE UPPER AND TRUE LOWER LIMITS 


RULE I. In the exclusive form, the upper and lower limits of a class are 
respectively known as the true upper limit and true lower limit. 
RULE II. In an inclusive form of frequency distribution, the true lower 
limit of a class is obtained by subtracting 0.5 from the lower limit of 
the class. 
And, the true upper limit of the class is obtained by adding 0.5 to the 
upper limit. 
Example In class 11-20 above, we have true lower limit = 10.5 
and true upper limit = 20.5. 
(IV) CLASS SIZE The difference between the true upper limit and the true lower limit 
of a class is called its class size. 


Upper limit + Lower in 
2 


(V) CLASS MARK OF A CLASS = ( 


REMARK The difference between any two successive class marks gives the 
class size. 
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(V) RANGE The difference between the maximum value and the minimum value of 
the variate is called the range. 
METHOD OF FORMING CLASSES OF A DATA 


(i) Determine the maximum and minimum values of the variate 
occurring in the data. 


(ii) Decide upon the number of classes to be formed. 


(iii) Find the range, i.e., the difference between the maximum value 
and the minimum value. 


Divide the range by the number of classes to be formed. 
(iv) Besure that there must be classes having minimum and maximum 
values occurring in the data. 
(v) By counting, we obtain the frequency of each class. 
EXAMPLE3 The marks obtained by 40 students of class IX in an examination are 
given below: 
23, 5, 12, 16, 8, 6, 12, 8, 18, 2, 16, 10, 2, 23, 7, 9, 12, 20, 0, 3, 5, 
16, 18, 3, 17, 7, 23, 18, 13, 10, 21, 7, 1, 24, 20, 15, 13, 21, 13, 5. 


Present the data in the form of a frequency distribution using the 
same class size, starting with class 0—5 (where 5 is not included). 


SOLUTION Minimum observation is 0 and maximum observation is 24. 
The classes of equal size covering the given data are: 


0—5, 5-10, 10-15, 15-20 and 20-25. 


Thus, the frequency distribution may be given as under: 


EXAMPLE4 The water-tax bills (in X) of 30 houses in a locality are given below: 
144, 184, 130, 195, 132, 134, 196, 114, 212, 174, 188, 210, 202, 
145, 175, 154, 174, 178, 166, 146, 135, 115, 120, 114, 140, 188, 
176, 166, 210, 208. 
Construct a frequency distribution table with class size 10. 


SOLUTION 


EXAMPLE 5 


SOLUTION 


Presentation of Data in Tabular Form 621 


The minimum observation is 114 and the maximum 
observation is 212. 


range = (212 - 114) = 98. 
Class size = 10. 
Since 98 + 10 = 9.8, we should have 10 classes, each of size 10. 
The classes of equal size, covering the above data are: 


114-124, 124-134, 134-144,144-154, 154-164, 164-174, 
174-184, 184—194, 194—204 and 204-214. 


The frequency distribution table may be presented as shown 


below: 
Tally marks Frequency 


| Frequency | 
2 


The weights in grams of 50 apples picked at random from a 

consignment are as follows: 
131, 113, 82, 75, 204, 81, 84, 118, 104, 110, 80, 107, 111, 141, 
136, 123, 90, 78, 90, 115, 110, 98, 106, 99, 107, 84, 76, 186, 82, 
100, 109, 128, 115, 107, 115, 119, 93, 187, 139, 129, 130, 68, 
195, 123, 125, 111, 92, 86, 70, 126. 

Form the grouped frequency table by dividing the variable range into 

intervals of equal width of 20 g such that the mid-value of the first 

class interval is 70 g. 

Size of each class - 20. 

Let the lower limit of the first class interval be a. 

Then, its upper limit = (a + 20). 


Mid-value of the first class interval = 70. 
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a+ (a 20) 
s = 
the first class interval is 60-80. 


70 2a = 120 a = 60. 


So, we may give the frequency distribution as under. 


Weight (in grams) Tally marks Frequency 


13 
17 
10 
1 
3 
1 
50 


[ wa | mimi | 5 ] 
[ 95  [PMITRITHIH| a 
[ m3 | mur [| 9 | 
[ was | — 1| | 31 ] 
[ 11 | — | 9 —] 
[ 3x (| ii| | 3 —] 
[ xm | 1 | 31 ] 


EXAMPLE6 The relative humidity (in %) of a certain city for a month of 30 days 
was as follows: 


ma [ s [rs [e [957 [521 [sas [983 [962 | 902. 


(i) Construct a grouped frequency distribution table with classes 
84-86, 86-88, etc. 
(ii) Which season do you think this data is about? 
(iii) What is the range of this data? 
SOLUTION (i) The required frequency table is given below: 


Pees] 
s | 0 3 
[ 5» | d [|  - 
[  »*» | Hn [|  - 


oa | mii | 7 — 
[ 5m — | i | * - 


4 
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(ii) Since the humidity in the air is more in percentage, the 
data is therefore related to the rainy season. 


(iii) Range of the data = (99.2 — 84.9) = 14.3. 


CUMULATIVE FREQUENCY The cumulative frequency corresponding to a class 
is the sum of all frequencies up to and including that class. 

A table which shows the cumulative frequencies over various classes is 
called a cumulative frequency distribution table. 


EXAMPLE7 The marks obtained by 35 students in an examination are given 
below: 
380, 405, 378, 410, 170, 290, 370, 175, 318, 241, 275, 315, 
305, 375, 288, 325, 402, 355, 261, 380, 253, 178, 428, 240, 
154, 175, 210, 405, 425, 440, 306, 328, 370, 460, 380. 
Form a cumulative frequency table with class intervals of length 50. 


SOLUTION The minimum marks are 154 and the maximum marks are 460. 


So, we take the class intervals of length 50 as 150-200, 
200-250, 250-300, ..., 450-500. Thus, we may form the 
cumulative frequency table as under: 


EXERCISE 16 


1. Define statistics as a subject. 

2. Define some fundamental characteristics of statistics. 

3. What are primary data and secondary data? Which of the two is more 
reliable and why? 

4. Explain the meaning of each of the following terms: 

(i) Variate (ii) Class interval (iii) Class size 

(iv) Class mark (v) Class limit (vi) True class limits 
(vii) Frequency ofa class (viii) Cumulative frequency of a class 
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5. 


10. 


11. 
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The blood groups of 30 students of a class are recorded as under: 
A, B, O, O, AB, O, AO, A, B, O, B, A, O, O, A, AB, O, A, A, O, O, 
AB, B, A, O, B, A, B, O. 
(i) Represent this data in the form of a frequency distribution table. 


(ii) Find out which is the most common and which is the rarest blood 
group among these students. 


. Three coins are tossed 30 times. Each time the number of heads 


occurring was noted down as follows: 
0,1, 2, 21,2, 3, 1, 3,0, 1,3; 1,1, 2,2, 0,1, 2, 1,0, 3, 0,2, 1, 1,3, 2,0, 2. 
Prepare a frequency distribution table. 


. Following data gives the number of children in 40 families: 


1,2,6,5,1,5,1,3,2,6,2,3,4,2,0,4,4,3,2,2,0,0, 1, 2, 2, 4, 3, 2, 1, 
0, 5, 1, 2, 4, 3, 4, 1, 6, 2, 2. 
Represent it in the form of a frequency distribution, taking classes 0-2, 
2-4, etc. 


. Thirty children were asked about the number of hours they watched TV 


programmes in the previous week. The results were found as under: 
8, 4, 8, 5, 1, 6, 2, 5, 3, 12, 3, 10, 4, 12, 2, 8, 15, 1, 6, 17, 5, 8, 2, 3, 9, 6, 
7, 8, 14, 12. 
(i) Make a grouped frequency distribution table for this data, taking 
class width 5 and one of the class interval as 5-10. 


(ii) How many children watched television for 15 or more hours 
a week? 


. The marks obtained by 40 students of a class in an examination are 


given below. 
3, 20, 13, 1, 21, 13, 3, 23, 16, 13, 18, 12, 5, 12, 5, 24, 9, 2, 7, 18, 20, 3, 10, 
12, 7, 18, 2, 5, 7, 10, 16, 8, 16, 17, 8, 23, 24, 6, 23, 15. 
Present the data in the form of a frequency distribution using equal 
class size, one such class being 10-15 (15 not included). 
Construct a frequency table for the following ages (in years) of 30 
students using equal class intervals, one of them being 9-12, where 12 
is not included. 
18, 12, 7, 6,11, 15, 21, 9, 8, 13, 15, 17, 22, 19, 14, 21, 23, 8, 12, 17, 15, 6, 
18, 23, 22, 16, 9, 21, 11, 16. 
Construct a frequency table with equal class intervals from the 
following data on the daily wages (in X) of 28 labourers working in a 
factory, taking one of the class intervals as 210—230 (230 not included). 
220, 268, 258, 242, 210, 268, 272, 242, 311, 290, 300, 320, 319, 304, 302, 
318, 306, 292, 254, 278, 210, 240, 280, 316, 306, 215, 256, 236. 


12. 


13. 


14. 


15. 


16. 


17. 
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The weights (in grams) of 40 oranges picked at random from a basket 
are as follows: 
40, 50, 60, 65, 45, 55, 30, 90, 75, 85, 70, 85, 75, 80, 100, 110, 70, 55, 30, 35, 
45, 70, 80, 85, 95, 70, 60, 70, 75, 40, 100, 65, 60, 40, 100, 75, 110, 30, 45, 84. 
Construct a frequency table as well as a cumulative frequency table. 
The heights (in cm) of 30 students of a class are given below: 
161, 155, 159, 153, 150, 158, 154, 158, 160, 148, 149, 162, 163, 159, 148, 
153, 157, 151, 154, 157, 153, 156, 152, 156, 160, 152, 147, 155, 155, 157. 
Prepare a frequency table as well as a cumulative frequency table with 
160-165 (165 not included) as one of the class intervals. 
Following are the ages (in years) of 360 patients, getting medical 
treatment in a hospital: 


Nenbersipaiens] 90 | $ |& [9 [5 | 


Construct the cumulative frequency table for the above data. 


Present the following as an ordinary grouped frequency table: 


Marks (below) 10 20 30 40 50 60 
Number of students 5 12 32 40 45 48 


Given below is a cumulative frequency table: 


Number of students 
Below 10 


Below 20 22 
Do 60 | 


Below 40 
Below 50 
Below 60 


Extract a frequency table from the above. 


Make a frequency table from the following: 


More than 20 
More than 10 


Lo 9 —] 
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18. The marks obtained by 17 students in a mathematics test (out of 100) 
are given below: 
90, 79, 76, 82, 65, 96, 100, 91, 82, 100, 49, 46, 64, 48, 72, 66, 68. 
Find the range of the above data. 
19. (i) Find the class mark of the class 90-120. 
(ii) In a frequency distribution, the mid-value of the class is 10 and 
width of the class is 6. Find the lower limit of the class. 

(iii) The width of each of five continuous classes in a frequency 
distribution is 5 and lower class limit of the lowest class is 10. What 
is the upper class limit of the highest class? 

(iv) The class marks of a frequency distribution are 15, 20, 25, ... . Find 
the class corresponding to the class mark 20. 

(v) In the class intervals 10-20, 20-30, find the class in which 20 is 
included. 


20. Find the values of a, b, c, d, e, f, g from the following frequency 
distribution of the heights of 50 students in a class: 


; ] Cumulative 
[1617 | — b | 5 | 


ANSWERS (EXERCISE 16) 
5. (i) Frequency distribution table: 


Cre [A [=] o [= | 
Sese 3 |» |» [3] 


(ii) Clearly, the blood group O is most common and AB is the rarest. 


6. Frequency distribution table: 


[Nuewha [ 9 [7 [2 [3] 


ene | 9 fw | |_| 
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7. Frequency distribution table: 


7 [5] 
8. (i) Frequency distribution table: 


3 


(ii) 2 children watched TV for 15 or more hours. 


; 
renee e [| 


; Ree 
7 


EN NN NEN 
mee] : [5151317] 


reves] = fe pep DEDI 
requency 

? 

[mee | 3 — 


o|o RR NEN 
frequency 

. | Age (in years) |Below 20|Below 30 Below 40|Below 50|Below 60|Below 70 

Moorea 90 [ no | xo | zo | xe | xe | 


5 7 5 3 


Number of 
students 20 8 


628 Secondary School Mathematics for Class 9 


| Marks | | 10-20 | | 20-30 | | 30-40 | | 40-50 | 50 | 50-60 | 60 


Nu of 
students 


| 


Frequency 


18. 54 
19. )105 (ii)7 (ii)35 (iv)17.5-22.5 (v)20-30 
20. a = 15, b 2 20, c =47,d=3,e=5, f= 60, g = 60. 


HINTS TO SOME SELECTED QUESTIONS 


18. Range = (maximum value) - (minimum value) = (100 - 46) = 54. 


(upper limit + lower limit) (120-90) 210 
2 2 2 
(ii) Let the lower limit of the required class be a. 


19. (i) Class mark 105. 


Then, its upper limit is (a * 6). 


a (a6) 
2 
Hence, the lower limit of the class is 7. 


10 2a t6 = 20 2a =14 a=7. 


(iii) The classes are 10-15, 15-20, 20-25, 25-30 and 30-35. 
Upper class limit of the highest class is 35. 


(iv) Class size = (20 - 15) = 5. 


a+(at+5) 
Let = —3 7 20. Then, 24 2 35 > a= 17.5. 
Required class is 17.5-22.5. 


(v) Clearly, 20 is included in 20-30. 


MULTIPLE-CHOICE QUESTIONS (MCQ) 
Choose the correct answer in each of the following questions: 
1. The range of the data 
12, 25, 15, 18, 17, 20, 22, 6, 16, 11, 8, 19, 10, 30, 20, 32 is 
(a) 10 (b) 15 (c) 18 (d) 26 
2. The class mark of the class 100-120 is 
(a) 100 (b) 110 (c) 115 (d) 120 


> 


m 


[en] 


N 


ge 


9 


$9 Em 


N HB 


Boo 
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In the class intervals 10-20, 20-30, the number 20 is included in 

(a) 10-20 (b) 20-30 

(c) in each of 10-20 and 20-30 (d) in none of 10-20 and 20-30 
The class marks of a frequency distribution are 15, 20, 25, 30, ... . 
The class corresponding to the class mark 20 is 

(a) 12.5-17.5 (b) 17.5-22.5 (c) 18.5-21.5 (d) 19.5-20.5 


In a frequency distribution, the mid-value of a class is 10 and width of 
each class is 6. The lower limit of the class is 


(a) 6 (b) 7 (c) 8 (d) 12 


. The mid-value of a class interval is 42 and the class size is 10. The lower 


and upper limits are 
(a) 37-47 (b) 37.5-47.5 (c) 36.5-47.5 (d) 36.5-46.5 


. Let m be the midpoint and u be the upper class limit of a class in a 


continuous frequency distribution. The lower class limit of the class is 
(a) 2m -u (b) 2m+u (c) m-u (d) m+u 
The width of each of the five continuous classes in a frequency 
distribution is 5 and the lower class limit of the lowest class is 10. The 
upper class limit of the highest class is 
(a) 45 (b) 25 (c) 35 (d) 40 
Let L be the lower class boundary of a class in a frequency distribution 
and m be the midpoint of the class. Which one of the following is the 
upper class boundary of the class? 


(a) eo (b) p+ meh 


(c) 2m - L (d) m —2L 


ANSWERS (MCQ) 
(d 2.0) 3.0) 4(b 5() &6(a 7.(a 8 (c) 


HINTS TO SOME SELECTED QUESTIONS 


. Range = (maximum value) - (minimum value) = (32 - 6) = 26. 


220 


. Class mark = 100 +120) = ^7 110. 


Clearly, 20 is included in 20-30. 


. Class size = (20 - 15) = 5. 


Class mark - 20. 
sug cíon 9) 39. 
Lower limit = (20 3)= 37175 
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2)-$-225 


Required class is 17.5-22.5. 


5. Let the lower limit be a. Then, upper limit = a+ 6. 


Upper limit = (20 + 


a+a+6_2a+6_ 
2 2 


a+3=10 > a=7. 
lower limit of the class is 7. 


Mid-value = 


at+3. 


6. Let the lower limit be x. Then, upper limit = (x * 10). 
x+(x+10) 
2 
lower limit = 37 and upper limit = 47. 
7. Let 1 be the lower limit. Then, 


42 2x +10 = 84 2x = 84 x = 37. 


m= P > 1=2m-u. 
8. Upper class limit of the highest class = 10 +5 X 5 = 35. 
9. m- E*U. S gp s (om L). 


2 


REVIEW OF FACTS AND FORMULAE 


1.() TABULATION The arrangement of the raw data under various heads in the form 
of a table is called tabulation. 


(Il) RANGE OF A DATA The difference between the largest and the smallest 
observations is called the range. 


(m) FREQUENCY The number of observations in a particular class is called its 
frequency. 

(IV) CUMULATIVE FREQUENCY The cumulative frequency of a particular class is the 
sum of all frequencies up to this class. 


(V) FREQUENCY DISTRIBUTION The distribution of frequency in various classes is 
known as frequency distribution. 


2. TYPES OF FREQUENCY DISTRIBUTION 


(I) EXCLUSIVE OR CONTINUOUS FORM Here, the classes are of the form 0-10, 
10-20, 20-30, etc. 


Here, 10-20 means 10 and more but less than 20. 
Thus, in 10-20 we include 10 and exclude 20. 
Here in 10-20, we have 


lower limit = 10, upper limit = 20. 
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True lower limit = 10, true upper limit = 20. 
Class size = (20 - 10) = 10. 


(I) INCLUSIVE OR DISCONTINUOUS FORM Here, the classes are of the form 0-10, 
11-20, 21-30, etc. 


Here, 11-20 means 11 and more but less than 20. 
Thus, in 11-20 both 11 and 20 are included. 
In 11-20, we have 

lower limit = 11, upper limit = 20. 
True lower limit = 10.5, true upper limit = 20.5. 
Class size = (20.5 — 10.5) = 10. 
(upper limit * lower limit) 

2 


(IV) Range = (maximum value) - (minimum value). 


(i) Class mark of a class = 


& 


17 Bar Graph, Histogram and 
P Frequency Polygon 


BAR GRAPH 


GRAPHICAL REPRESENTATION OF DATA 


The tabular representation of data is an ideal way of presenting them 
in a systematic manner. When these numerical figures are represented 
pictorially or graphically, they become more noticeable and easily 
intelligible, leaving a more lasting effect on the mind of the observer. With 
the help of these pictures or graphs, data can be compared easily. 


In this chapter, we shall deal with three types of graphs, namely 
(i) bar graph, (ii) histogram and (iii) frequency polygon. 


BAR GRAPH, OR COLUMN GRAPH 


As compared to written statements, the graphical representation of 
statistical data has a more soothing effect on mind. We understand them 
more clearly. 


In a bar graph, bars of uniform width are drawn with various heights. The 
height of a bar represents the frequency of the corresponding observation. 


Same space is left between consecutive bars. 


The following examples will give a clear idea about a bar graph. 


SOLVED EXAMPLES 


EXAMPLE1 — 70 students from a locality use different modes of transport to go to 
school as given below: 


Draw the bar graph representing the above data. 


SOLUTION Take the mode of transport along the x-axis and the number of 
students along the y-axis. 


632 


EXAMPLE 2 


SOLUTION 
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All the bars should be of the same width and same space 
should be left between the consecutive bars. 


These bars may be drawn as shown below. 


Number of students 
L 


o! d 


[9] Car Bus Scooter Bicycle Rickshaw X 


Mode of transport ————» 


There are 840 creatures in a zoo as per list given below: 


Beast Other land Water 
Birds Reptiles 
animals animals animals 


Represent the above data by a bar chart. 


Take the kinds of animals along the x-axis and the 
corresponding number of these animals along the y-axis. 


Draw the bars of the same width and the same space should be 
left between the consecutive bars. 


The heights of these bars should be proportional to their 
number, as shown below. 
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EXAMPLE 3 


SOLUTION 
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Number of creatures ———— —» 
L 


Y 


O Beast Otherland Birds Water Reptiles 
animals animals animals 


Kinds of animals ————» 


The expenditure of a family on different heads in a month is given 
below: 


Cee 4000 | 2500 1000 | 3500 | 2000 | 1500 


Draw a bar graph to represent the above data. 


Take the difference heads of expenditure along the x-axis and 
the corresponding expenditure (in 3) along the y-axis. 


Draw the bars of the same width having their heights 
proportional to the expenditure in corresponding heads, 
keeping the same space between two consecutive bars, as 
shown below. 
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A 
Yr 
4000 
3500 
3000+ 
ç 2500 
= 
S 2000 
E 
5 1500 a 
= 
2 
E 1000  -- z 
S| o |8 o 
- NE 
9 = 
7 i$ |e} jo; 3| je; à 
0 LI— 
iS) X 


Heads ——» 


EXAMPLE4 The following table gives the frequencies of most commonly used 
letters a, e, i, o, v, t, u from a page of a book: 


ue [s [* 1:5 [* L7 T 


[mes mw» e e 


Represent the above information by a bar graph. 


SOLUTION Take the letters along the x-axis and their corresponding 
frequencies along the y-axis. 


Draw the bars of the same width having their heights 
proportional to their frequencies, keeping the same space 
between two consecutive bars, as shown below. 


125 


1004 95 


80 80 


75 


T75 
is 70 


Frequency ————> 


oO a e i o r t u 


Letters ——> 
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EXAMPLE 5 


SOLUTION 
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Expenditure on education of a country during a five-year period 
(2013-17), in crores of rupees, is given below: 


Expenditure (in crores of rupees) 


Elementary education 
Secondary education 
University education 
Teacher training 
Social education 
Other educational programmes 
Cultural programmes 


Technical education 


Represent the above information by a bar graph. 


Take the heads along the x-axis and their corresponding 
expenditures (in crores of X) along the y-axis. 

Draw the bars of the same width having their heights 
proportional to their expenditures, keeping the same space 
between two consecutive bars, as shown below. 


240 


2004 190 


1401 125 


120r 77 115 


25 


N 
e 

1 

T 

1 

N 

= 
e 


0 


Elementary 
education 
Secondary 
education 
University 
education 
Teacher 
training 
education 
programmes 
Cultural 
programmes 
Technica 
education 


Other educationa 


Heads ——» 


EXAMPLE 6 


SOLUTION 
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A survey conducted by an organisation for the cause of illness 
and death among the women between the ages 15-44 (in years) 
worldwide, found the following figure (in %): 


S. No. Cause of illness and death Female fatality rate % 


Reproductive health conditions 
Neuropsychiatric conditions 
Injuries 


Cardiovascular conditions 


Respiratory conditions 


Other causes 


(i) Represent the information given above graphically. 
(ii) Which condition is the major cause of women's ill health and 
death worldwide? 

Take the causes of illness and death among the women along 
the x-axis and the female fatality rate % along the y-axis. 
Draw the bars of the same width having their heights 
proportional to female fatality rate %, keeping the same space 
between two consecutive bars, as shown below. 


oo 
i 
um 


Female fatality rate % 
S 
I 


EN 


$-G m mM EM 


Causes of illness ———» 


0 


(i) The required information has been given above 
graphically. 

(ii) Clearly, the reproductive health conditions are the major 
cause of women's ill health and death worldwide. 
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EXAMPLE 7 


SOLUTION 
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The following data on the number of girls per thousand boys in 
different sections of the society is given below: 


Section of the society Number of girls per thousand boys 
Scheduled caste (SC) 940 
Scheduled tribe (ST) 970 


Non-SC/ST 920 


Backward districts (BD) 950 


Rural 930 
Urban 910 


(i) Represent the above information by a bar graph. 


(ii) Write two conclusions derived from the graph with justification. 


We denote the different sections of the society along the x-axis 
and the corresponding number of girls (per thousand boys) 
along the y-axis. 

Draw the bars of the same width having their heights 
proportional to the number of girls, keeping the same space 
between two consecutive bars, as shown below. 


y+ 


9801 


9101-- F3 EE 


Number of girls (per thousand boys) ———»- 


0 |< 
O SC ST Non BD Non-BD Rural Urban x 


SC/ST 
Sections of the society ——»- 


(i) The given information has been represented above 
graphically. 

(ii) From the graph, it is clear that the number of girls per 
thousand boys, is maximum in schedule tribes and it is 
minimum in urban. 
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READING A BAR DIAGRAM 


EXAMPLE8 Given below is a bar graph showing the heights of six mountain 


peaks. 
A 
yt 
9000+ 8800 
| 8200 8600 
eor T] — 
7000 nM 6500 
6000 6000 
$ 
z 50004 
E 
£ 40004 
= 
2 3000- 
I 
20004 E S "i B 
1000. |S 8e |a i$ {sg 
LS 8 3 s s is 
S D S 5 o E E 
S S 5 S o E 
2 < 4 2 = T 
0 H= 
9 Mountain peaks ————» X 


Read the above diagram and answer the following questions: 
(i) Which is the highest peak and what is its height? 


(ii) Write down the ratio of the heights of the highest peak and the 
lowest peak. 


(iii) Write the heights of the given peaks in ascending order. 
(iv) Which peak is the second highest and what is its height? 


SOLUTION (i) Clearly, Mount Everest is the highest peak and its height 
is 8800 m. 


(ii) Height of the highest peak = 8800 m. 
Height of the lowest peak = 6000 m. 
required ratio = 8800 : 6000 = 22 : 15. 
(iii) The heights of the given peaks in ascending order are 
6000 m « 6500 m « 7500 m « 8200 m « 8600 m « 8800 m. 


(iv) The height of Kunchenjunga is next to that of Mount 
Everest. 


So, the second highest peak is Kunchenjunga. 
Its height is 8600 m. 
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EXAMPLE 9 


Number of families ———» 


SOLUTION 


EXAMPLE 10 
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In a survey of 85 families of a colony, the number of members in 
each family was recorded and the data has been represented by the 
following bar graph: 


2 3 4 5 x 
Number of members ———» 


Read the bar graph carefully and answer the following questions: 
(i) What information does the bar graph give? 
(ii) How many families have 3 members? 
(iii) How many people live alone? 
(iv) Which type of family is the most common? How many members 
are there in each family of this kind? 


(i) The bar graph shows the number of members in each of 
the 85 families of a colony. 


(ii) Clearly, 40 families have 3 members each. 
(iii) Clearly, 5 couples, i.e., 10 people live alone. 


(iv) Most common is the family having 3 members. 


Read the given bar graph and answer the questions given below: 
(i) What information is given by the bar graph? 

(ii) In which year was the production maximum? 

(iii) After which year was there a sudden fall in the production? 


(iv) Find the ratio between the maximum production and the 
minimum production during the given period. 
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90 


80 


Production of food grains (in million tonnes) ———> 
a 
oO 


0 


oO 2013 2014 2015 2016 2017 X 


Years — ——» 
Production of food grains in an Indian state during 5 consecutive years 


SOLUTION (i) The given bar graph shows the annual production 
(in million tonnes) of food grains in an Indian state 
during the period from 2013 to 2017. 


(ii) It is clear that the bar of maximum height corresponds 
to the year 2015. So, the production was maximum in 
that year. 


(iii) From the bar graph, we find that there was a sudden fall 
in the production after the year 2015. 


(iv) The maximum production in a year during the given 
period = 100 million tonnes. 


The minimum production in a year during the given 
period = 40 million tonnes. 


642 Secondary School Mathematics for Class 9 


maximum production : minimum production 
= 100:40=5: 2. 


EXERCISE 17A 


1. The following table shows the number of students participating in 
various games in a school. 


Draw a bar graph to represent the above data. 


2. On a certain day, the temperature in a city was recorded as under: 


Illustrate the data by a bar graph. 


3. The approximate velocities of some vehicles are given below: 


Pwo z | s | * | 2 | 9 | 


Draw a bar graph to represent the above data. 


B 


The following table shows the favourite sports of 250 students of a 
school. Represent the data by a bar graph. 


Sports Cricket | Football | Tennis | Badminton | Swimming 
No. of students 75 35 50 25 65 


5. Given below is a table which shows the yearwise strength of a school. 
Represent this data by a bar graph. 


6. The following table shows the number of scooters sold by a dealer 
during six consecutive years. Draw a bar graph to represent this data. 


Number of scooters 
sold (in thousands) 
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7. The air distances of four cities from Delhi (in km) are given below: 


City Kolkata Mumbai Chennai | Hyderabad 


Distance from Delhi 


à 1340 1100 1700 1220 
(in km) 


Draw a bar graph to represent the above data. 


8. The birth rate per thousand in five countries over a period of time is 
shown below: 


Represent the above data by a bar graph. 


9. The following table shows the life expectancy (average age to which 
people live) in various countries in a particular year. Represent the 
data m a bar — 


| Country | | Japan | | Cambodia | ES 
Life expectancy 
(in years) 


10. Given below are the seats won by different political parties in the 
polling outcome of a state assembly elections: 


Draw a bar graph to represent the polling results. 


11. Various modes of transport used by 1850 students of a school are given 
below: 


Draw a bar graph to represent the above data. 
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12. Look at the bar graph given below. 


80 


70 


60 


50 


40 


Marks ——» 


30 


20 


10 


English 

Hindi 
Mathematics 
Social science 
Science 


iS) Subjects —— X X 


Bar graph showing the marks obtained by a student in an examination 


Read it carefully and answer the following questions. 
(i) What information does the bar graph give? 

(ii) In which subject is the student very good? 

(iii) In which subject is he poor? 

(iv) What is the average of his marks? 


ANSWERS (EXERCISE 17A) 
12. (i) The bar graph shows the marks obtained by a student in various 
subjects in an examination. 
(ii) The student is very good in mathematics. 
(iii) He is poor in Hindi. 


. (60+35+75+50+60) 280 
(iv) Average marks = 5 =; = 56. 
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HISTOGRAM AND FREQUENCY POLYGON 


HISTOGRAM A histogram is the graphical representation of a frequency distribution 
(in exclusive form) in the form of rectangles with class intervals as bases and 
the corresponding frequencies as heights, there being no gap between any two 
successive rectangles. 


METHOD OF DRAWING A HISTOGRAM 


Steps: (i) Convert the frequency distribution in an exclusive form, if it 
is in inclusive form. 


(ii) Taking suitable scale, mark the class intervals on the x-axis. 


(iii) Taking suitable scale, mark the corresponding frequencies on 
the y-axis. 
(iv) Construct rectangles with class intervals as bases and the 


corresponding frequencies as heights. 


CASE 1. HISTOGRAM WHEN FREQUENCY DISTRIBUTION IS IN EXCLUSIVE FORM 


EXAMPLE1 Represent the following frequency distribution by means of a 
histogram: 


| Marks fio 20 | 20-30 | 30-40 | 40-50 | 50-60 | 60-70 | 70-80 


Number of 
students 7 11 13 16 4 2 
(Frequency) 


SOLUTION Clearly, the given frequency distribution is in exclusive form. 


We represent the class intervals along the x-axis on a suitable 
scale and the corresponding frequencies along the y-axis on 
another suitable scale. 


We construct rectangles with class intervals as bases and the 
corresponding frequencies as heights. 


Thus, we obtain a histogram as shown below. 
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EXAMPLE 2 


SOLUTION 
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Number of students ——> 
o 
| 
| 
| 


O 10 20 30 40 50 60 70 80 90 X 


Marks —» 


Draw a histogram of the following distribution: 


Number of 7 14 10 5 
students 


Clearly, the given frequency distribution is in exclusive form. 
We represent the class intervals (showing heights in cm) 
along the x-axis on a suitable scale and the corresponding 
frequencies (showing the number of students) along the y-axis 
on another suitable scale. 


We construct rectangles with class intervals as bases and the 
corresponding frequencies as heights. 


Thus, we obtain a histogram, as shown below. 


11 10 


Number of students ——*» 


Y 


150 153 156 159 162 165 168 X 


Heights (in cm) ——» 


EXAMPLE 3 


SOLUTION 
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Depict the following frequency distribution by a histogram: 


Daily wages (in &) |500—525 | 525-550 | 550-575 | 575-600 | 600-625 


Number of workers 20 15 25 30 10 
(Frequency) 


Clearly, the given frequency distribution is in exclusive form. 
Here, the class intervals represent the daily wages in rupees 
and the corresponding frequencies represent the number of 
workers. 

We represent the class intervals along the x-axis on a suitable 
scale and the corresponding frequencies along the y-axis on 
another suitable scale. 

Since the scale along the x-axis starts at X 500, so a kink, i.e. a 
break ( Ay, —), is indicated at the origin. 

We construct rectangles with class intervals as bases and the 
corresponding frequencies as heights. 


Thus, we obtain a histogram, as shown below. 


30 


Number of workers ——»- 
a 


eo 


[9] Nv 500 525 550 575 600 625 X 


Daily wages (in X) ——* 


CASE 2. HISTOGRAM WHEN FREQUENCY DISTRIBUTION IS IN INCLUSIVE FORM 


METHOD When the frequency distribution is in inclusive form, then first we 
convert it into an exclusive form and then draw the histogram, as 
shown above. 


EXAMPLE 4 


The following table shows the number of literate females in the age 
group (10—57 years) in a village: 
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10-17 | 18-25 | 26-33 | 34-41 | 42-49 | 50-57 | Total 


Draw a histogram to represent the above data. 
SOLUTION The given frequency distribution is in inclusive form. 


So, first we convert it into exclusive form, as shown below. 


We represent the class intervals along the x-axis on a suitable 
scale and mark frequencies along the y-axis on another 
suitable scale. 


1000 3 980 


740 


580 


Frequency —» 
i 


J 300 


260 


J 140 


10: go — 30 40 10 
M ite) e < [e>] 
- N O t Ë 
Age group —» 


EXAMPLE 5 


SOLUTION 
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Since reading along the x-axis do not start with 0, we use a 


kink (_/\—) at the origin. 


We construct rectangles with class intervals as bases and the 
corresponding frequencies as heights. 


Thus, we obtain the histogram as shown just above. 


The lengths of 62 leaves of a plant are measured in millimetres and 
the data is represented in the following table: 


Length | 118 127. 136 154 163 172 
(inmm)| 126 135 144 162 171 180 


C MHERESEHEBERERI 
of leaves 


Draw a histogram to represent the above given data. 


The given frequency distribution is in inclusive form. 


So, we convert it into an exclusive form, as shown below. 


Length (in mm) Number of leaves (Frequency) 


117.5-126.5 
126.5-135.5 
135.5-144.5 


162.5-171.5 
171.5-180.5 


We represent the class intervals along the x-axis, using a 
suitable scale and mark frequencies along the y-axis, using 
another suitable scale. 


EMEN CENE 
144.5-153.5 17 
153.5-162.5 7 


Since we do not start the length from 0, so we use a kink 
(_/\-—) in the beginning of the x-axis, as shown below. 


Now, we obtain the required histogram, as shown below. 
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Number of leaves ——> 


117.5 
126.5 
135.5 
144.5 
153.5 
162.5 
180.5 


B 
— 
~ 
is 


Lengths of leaves (in mm) ——* 


CASE 3. HISTOGRAM WHEN CLASS INTERVALS ARE OF UNEQUAL SIZE 
In this case, for each class interval, we calculate the adjusted frequency by 
using the formula: 

minimum class size 
class size of this class 


Adjusted frequency = X its frequency. 


EXAMPLE6 Following is the frequency distribution of the total marks obtained by 
the students of all sections of a class in an examination: 


raae] & | xe [iw | w | 0 | 


Draw a histogram for the above given distribution. 


SOLUTION In the given frequency distribution, the class intervals are 
not of equal width. So, we would make modifications in the 
heights of rectangles in the histogram in such a way that the 
areas of rectangles are proportional to the frequencies. 


Here, minimum class size = 50. 
Height of the rectangle for a given class interval 
its frequency | 
Z4————————— x . 
| its width " 
For example, the height for class interval 300—500 is 


(206 x 50) = 20. 


EXAMPLE 7 


SOLUTION 


Bar Graph, Histogram and Frequency Polygon 651 


Thus, we have 


Marks EEC Width of the | Height of the 
(Class interval) Hd class m 


100-150 
150-200 


Since along the x-axis we do not start with 0, so we use a kink 
(_/\— ) in the beginning. 

Now, we draw rectangles with given class intervals along 
the x-axis on a suitable scale and their corresponding heights 
along the y-axis on another suitable scale. Thus, we obtain the 
histogram of the given data, as shown below. 


Height of the rectangle ——»- 
~ 
o 


0 
ooo o o o 
o one o o So X 
SEN o Ire] © 


Marks (class interval) ——— 


A random survey of the number of children of various age groups 
playing in a park was found as follows: 


Ramer] = [3 To] els [ols | 


Draw a histogram to represent the above given data. 


In the given frequency distribution, the class intervals are 
not of equal width. So, we would make modifications in the 
heights of the rectangles in the histogram in such a way that 
the areas of the rectangles are proportional to the frequencies. 
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Here, minimum class size = 1. 
height of the rectangle for a given class interval 
its frequenc 
(A x1): 
its width 
For example, the height of the rectangle for 10-15 is 


(2q)- 2. 


The height of the rectangle for 7-10 is 2 x 1) = 3, etc. 


Thus, we have 


Age (in years) Frequency Width of Height of the 
(Class interval) ue the class —e 


Now, we draw rectangles with given class intervals along 
the x-axis on a suitable scale and their corresponding heights 
along the y-axis on another suitable scale. Thus, we obtain the 
histogram of the given data, as shown below. 


Number of children ——> 


O 123 5 7 10 15 47 X 
Age (in years) ——» 
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FREQUENCY POLYGON 

Let x, Xy Xy ..., X, be the class marks (i.e., midpoints) of the given frequency 
distribution and let f, f, f, ..., f, be the corresponding frequencies. We plot 
the points (x,, f), (G5, f), (Xs, f, --- (X, f.) on a graph paper and join these 
points by line segments. We complete the diagram in the form of a polygon 
by taking two more classes (called imagined classes), one at the beginning 
and the other at the end. 

This polygon is known as the frequency polygon of the given 
frequency distribution. 


METHOD OF DRAWING A FREQUENCY POLYGON 
Steps: (i) Calculate the class marks x, x,, x,, ..., x, of the given class 
intervals. 
(ii) Mark x, x,, x,, ..., x, along the x-axis on some suitable scale. 
(iii) Mark the frequencies f, f f, ..., f, along the y-axis on some 
suitable scale. 
(iv) Join the points (x, f), G5, f£), (Xs fh) +1 (x, f) by line 
segments. 
(v) Take two class intervals each of frequency zero, one at the 
beginning and the other at the end of the frequency table. 
Find their class marks. (These classes are imagined classes.) 
(vi) Join the midpoint of the first class interval to the midpoint of 
the imagined class at the beginning. Also, join the midpoint of 
the last class interval to the midpoint of the imagined class at 
the end. 
The method will become clear from the examples given below. 


EXAMPLE8 Following table shows a frequency distribution for the speeds of cars 
passing through a particular spot on a highway: 


Class interval so 4040. 50 50. 6060-70 70-80 | 80-90 90-100 
(km/hr) 


Frequency 
(Number of cars) i[s[sje|m|sw 


Draw a histogram and frequency polygon representing the 
above data. 


SOLUTION Adding two more class intervals, namely 20-30 and 100-110, 
each with frequency 0, we have the frequency distribution 
table as under: 
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s 
30-40 35 3 
[ «s | € 1. * — 


We represent the class intervals along the x-axis on a suitable 
scale and the corresponding frequencies along the y-axis on 
another suitable scale. 


We construct rectangles with class intervals as the bases and 
the respective frequencies as the heights. 

Thus, we obtain the histogram, shown below. 

We take the imagined classes 20-30 and 100-110, each with 
frequency 0. 

Now, we plot the points A(25, 0), B(35, 3), C(45, 6), D(55, 25), 
E(65, 65), F(75, 50), G(85, 28), H(95, 14) and 1(105, 0). 

Joining these points in pairs successively, we obtain the 
required frequency polygon ABCDEFGHI, as shown below. 


O N 
oo 


Number of cars 


O "20 30 40 50 60 70 80 90 100 110 X 
Speed (in km/hr) —» 


The daily pocket expenses of 150 students in a school are given below: 


Pocket expenses 90- |100- | 110- 


Number of students 12 16 | 25 | 20 | 32 | 27 | 18 
(Frequency) 


Construct a frequency polygon representing the above data. 
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SOLUTION We take two imagined classes, namely 40-50 and 120-130, 
each with frequency 0. 


Now, we have the following frequency table: 


Taking suitable scale along the x-axis and another along the 
y-axis, we plot the following points: 


A(45, 0), B(55, 12), C(65, 16), D(75, 25), E(85, 20), F(95, 32), 
G(105, 27), H(115, 18) and 1(125, 0). 


Join these points successively in pairs to get the required 
frequency polygon ABCDEFGHI, as shown below. 


F(95, 32) 


20 


Frequency —* 


T T T 
45 55 65 75 85 95 105 115 125 X 
Class marks —» 
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Draw the frequency polygon representing the following frequency 
distribution: 


30-34 | 35-39 | 40-44 | 45-49 | 50-54 | 55-59 


ees e e e e 


Though the given frequency table is in inclusive form, yet we 


find that class marks in case of inclusive and exclusive forms 
are the same. 


We take the imagined classes 25-29 at the beginning and 
60-64 at the end, each with frequency zero. 


Thus, we have 


50-54 


55-59 


60-64 


Along the x-axis, we mark 27, 32, 37, 42, 47, 52, 57 and 62 ona 
suitable scale. 


Along the y-axis, we mark 0, 12, 16, 20, 8, 10, 4 and 0 on another 
suitable scale. 

Plot the points A(27, 0), B(32, 12), C(37, 16), D(42, 20), E(47, 8), 
F(52, 10), G(57, 4) and H(62, 0). 

We draw line segments AB, BC, CD, DE, EF, FG and GH to 
obtain the required frequency polygon, shown below. 
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D(42, 20) 


F (52, 10) 


Frequency —» 
aS _,A Bap 
Q a N O0 4 O1 O - 00 (Qo O 3 N 0 4 O1 0 - 00 (CO O < 


G (57, 4) 
A H(62, 0) , 
O "27 32 37 42 47 52 57 62 x” 


Class marks —» 


EXAMPLE 11 The following two tables give the distribution of students of two 
sections according to the marks obtained by them: 


Section A Section B 


Represent the marks of both the sections on the same graph by two 
frequency polygons. 
SOLUTION First we obtain the class marks as shown below. 


Marks Class marks 
3 5 


0-10 5 
10-20 15 


30-40 35 
40—50 45 


We represent the class marks along the x-axis on a suitable 
scale and frequencies along the y-axis on another suitable scale. 
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To obtain the frequency polygon of section A, we plot the 
points A(-5, 0), BG, 3), C(15, 9), D(25, 17), E(35, 12), F(45, 9) 
and G(55, 0). 

Now, join these points in pairs successively to obtain the 
frequency polygon ABCDEFG, as shown below. 


To obtain the frequency polygon of section B, we plot the 
points A(-5, 0), P(5, 5), Q(15, 19), R(25, 15), S(35, 10), T(45, 1) 
and G(55, 0). 

Now, join these points successively to obtain the frequency 
polygon APQRSTG, as shown below. 


yt 
204 Q(15, 19) 
194 n 
184 T3 
N 
174 | N. ADOS, 17) 


S 
C(15,9) (35,10). 


EXERCISE 17B 


1. The daily wages of 50 workers in a factory are given below: 


uc 340-380 | 380-420 | 420-460 | 460-500 | 500-540 


— BRR 
workers 


Construct a histogram to represent the above frequency distribution. 


2. The following table shows the average daily earnings of 40 general 
stores in a market, during a certain week: 
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Draw a histogram to represent the above data. 


3. The heights of 75 students in a school are given below: 


Draw a histogram to represent the above data. 


4. The following table gives the lifetimes of 400 neon lamps: 


(i) Represent the given information with the help of a histogram. 
(ii) How many lamps have a lifetime of more than 700 hours? 


5. Draw a histogram for the frequency distribution of the following data: 


[memes [a [me [we so [oo | w | 9 | 


6. Construct a histogram for the following frequency distribution: 


rene fe [stats] 


7. The following table shows the number of illiterate persons in the age 
group (10-58 years) in a town: 


10-16 | 17-23 | 24-30 | 31-37 | 38-44 | 45-51 | 52-58 


Draw a histogram to represent the above data. 
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8. Draw a histogram to represent the following data: 


[memes | 5 | s | * | 5 | 9 


9. 100 surnames were randomly picked up from a local telephone 
directory and frequency distribution of the number of letters in the 
English alphabet in the surnames was found as follows: 


Number of letters 14 4-6 6-8 8-12 12-20 
Number of surnames 


) Draw a histogram to depict the given information. 


h Write the class interval in which the maximum number of 
surnames lie. 


10. Draw a histogram to represent the following information: 


aeo | s | 2 | w | * [9 


11. Draw a histogram to represent the following information: 


| Mas | | 030 | 10 10-30 30-45 | 45-50 | 50 | 50-60 | 60 


ER M of 
students 


12. In a study of diabetic patients in a village, the following observations 
were noted. 


Sees] 2 | 5 [2 fe | * | | 


Represent the above data by a frequency polygon. 


13. Draw a frequency polygon for the following frequency distribution: 


[mwee[:jsie]m[217. 


14. The ages (in years) of 360 patients treated in a hospital on a particular 
day are given below: 


Names w | » [ @ | 2 [m] | 


Draw a histogram and a frequency polygon on the same graph to 
represent the above data. 
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15. Draw a histogram and the frequency polygon from the following data: 


16. Draw a histogram for the following data: 


Class interval | 600—640 | 640-680 | 680—720 | 720-760 | 760—800 | 800-840 
Frequency 18 45 153 288 171 63 


Using this histogram, draw the frequency polygon on the same graph. 


HINTS TO SOME SELECTED QUESTIONS 


4. (ii) Number of lamps having a lifetime of more than 700 hours = (74 + 62 + 48) = 184. 


6. Convert the given inclusive form into an exclusive form by taking intervals (4.5-12.5), 
(12.5-20.5), (20.5-28.5), (28.5-36.5), (36.5-44.5), and (44.5-52.5). 


8. The class sizes are 4, 6, 12, 20 and 28. 
Minimum class size = 4. 


minimum class size 
class size of this class 


Adjusted frequency X its frequency. 


So, the adjusted frequencies of the given class intervals are 


4 _-f4 E 4 _ 4 = 4 = 

(E*5)=5,(§ x6) =4, (75 *9)=3, (35% 25)=5: (a5 21)=3. 
9. The class sizes of the given frequency distribution are 

(4-1) =3, (6-4) = 2, (8-6) =2, (12-8) = 4 and (20 - 12) =8. 


Minimum class size = 2. 


Adjusted frequencies of the given class intervals are 


2 
8 


2 x 6)=4,(2 x30)=30,(2 x 44) = 44,(2 x16)=8, 
3 2 2 4 


(ii) Maximum surnames lie in class interval 6-8. 


x4) =1. 


10. The class sizes of the given class intervals are 
(10-5) = 5, (15 - 10) = 5, (25 - 15) = 10, (45 — 25) = 20 and (75 - 45) = 30. 


Minimum class size = 5. 


Adjusted frequencies of the given class intervals are 


> x 6)=6,(2x12)=12, (2 x10) 5, (3. x 8) 2 2, (2 x15)=5,(2x18)=3. 
5 5 10 20 15 30 


& 


18 Mean, Median and Mode 
p of Ungrouped Data 


ARITHMETIC MEAN 


ARITHMETIC MEAN The average of a given set of numbers is called the 
arithmetic mean, or simply the mean, of the given numbers. 


sum of observations 
number of observations 


Mean = 


Thus, the mean of n observations x,, x,, ..., x, is given by 


n 
Xx 

z= (x +2, +...+%,) _ i=l 
n n” 


where the symbol £, called sigma, stands for summation, and we write, 


n 
(xxt... tx) Mx. 
ii 


SOLVED EXAMPLES 


EXAMPLE 1 The heights of five players are 153 cm, 140 cm, 148 cm, 150 cm and 
154 cm respectively. Find the mean height of the five players. 


sum of the heights of the players 


SOLUTION Mean height = number of players 


(153 + 140 + 148 + 150 + 154) 
= 5 cm 


= 79 om = 149 cm. 


Hence, the mean height of the five players is 149 cm. 


EXAMPLE 2 Find the mean of the first six multiples of 3. 
SOLUTION The first six multiples of 3 are 3, 6, 9, 12, 15 and 18. 


GFOrAtIA EIS T) 3 qd 
6 6 2 


their mean = 


EXAMPLE3 Find the mean of first eight prime numbers. 


SOLUTION The first eight prime numbers are 2, 3, 5, 7, 11, 13, 17, 19. 
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EXAMPLE 4 


SOLUTION 


EXAMPLE 5 


SOLUTION 


EXAMPLE 6 


SOLUTION 


EXAMPLE 7 
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(2+34+5+7+114+13+17+19) 
8 


their mean = 


77 _ 99, 
=g ?g 


If the mean of 6, 8,9, x, 13 is 10, find the value of x. 


(6-8*9*x-13) (36x) 
5 ENS CENE 


Mean of the given numbers = 


But, mean - 10 (given). 


3065 X = 10 > 36+x=50 


> x-(50-36)- 14. 
Hence, the value of x is 14. 
If the mean of the observations x, x +3, x * 5, x * 7, x * 10 is 9, find 
the mean of the last three observations. 
Mean of the given five observations 
|Oxt(xt3)* (x5) t (x t7) + (x +10) 
5 
(5x*25) 5(x+5) 
5 - s T 
But, mean of these observations is 9 (given). 
x+5=9 > x=9-5=4. 
So, the last three observations are (4+5), (4+7), (4+10), i.e., 
9, 11, 14. 


x5). 


(FEET) OR ud. 
3 3 3 


The mean of five numbers is 30. If one number is excluded, their 
mean becomes 28. Find the excluded number. 


Mean of these three observations = 


Mean of the given five numbers - 30. 

Sum of these five numbers = (30 X 5) = 150. 

Mean of the remaining four numbers - 28. 

Sum of these four numbers = (28 X 4) = 112. 

Excluded number = (150 - 112) = 38. 

The mean of the heights of six girls is 148 cm. If the individual 


heights of five of them are 150 cm, 154 cm, 146 cm, 142 cm and 
145 cm, find the height of the sixth girl. 
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SOLUTION 


EXAMPLE 8 


SOLUTION 


EXAMPLE 9 


SOLUTION 


EXAMPLE 10 


SOLUTION 
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Mean of the heights of six girls = 148 cm. 
Sum of the heights of six girls = (148 X 6) cm = 888 cm. 
Sum of the heights of the five girls 
= (150 + 154 + 146 + 142 + 145) cm = 737 cm. 
Height of the sixth girl = (888 — 737) cm = 151 cm. 
Hence, the height of the sixth girl is 151 cm. 
The mean of 40 numbers was found to be 38. Later on, it was detected 


that a number 56 was misread as 36. Find the correct mean of the 
given numbers. 


Calculated mean of 40 numbers = 38. 
calculated sum of these numbers = (38 X 40) = 1520. 
Correct sum of these numbers 
= [1520 - (wrong item) + (correct item)] 
= (1520 - 36 + 56) = 1540. 


the correct mean = PE = 38.5. 


The mean of 25 observations is 36. Out of these observations, if the 
mean of first 13 observations is 32 and that of the last 13 observations 
is 40, find the 13th observation. 


Mean of 25 observations - 36. 

Sum of 25 observations = (36 X 25) = 900. 
Mean of first 13 observations = 32. 

Sum of first 13 observations = (32 X 13) = 416. 
Mean of last 13 observations = 40. 

Sum of last 13 observations = (40 X 13) = 520. 
13th observation 


= (sum of first 13 observations) + (sum of last 13 observations) 
— (sum of 25 observations) 


= (416 + 520) - (900) = 936 — 900 = 36. 
Hence, the 13th observation is 36. 


The mean of 100 items was found to be 64. Later on it was discovered 
that two items were misread as 26 and 9 instead of 36 and 90 
respectively. Find the correct mean. 


Mean of 100 items, as calculated - 64. 


EXAMPLE 11 


SOLUTION 


EXAMPLE 12 


SOLUTION 


EXAMPLE 13 
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Sum of 100 items, as calculated = (64 X 100) = 6400. 

Correct sum of 100 items 
= {6400 — (sum of wrong items) + (sum of correct items)} 
= (6400 — (26 + 9) + (36 + 90) 
= (6400 — 35 + 126) = (6526 — 35) = 6491. 


_ (6491\ _ 
Correct mean = (Soo. 00 ) = 64.91. 


The mean weight of a class of 35 students is 45 kg. If the weight of 
the teacher be included, the mean weight increases by 500 g. Find the 
weight of the teacher. 


Mean weight of 35 students = 45 kg. 
Total weight of 35 students = (45 X 35) kg = 1575 kg. 
Mean weight of 35 students and the teacher 

= (45 + 0.5) kg = 45.5 kg. 
Total weight of 35 students and the teacher 

= (45.5 X 36) kg = 1638 kg. 
Weight of the teacher = (1638 — 1575) kg = 63 kg. 
Hence, the weight of the teacher is 63 kg. 


The average temperature of Monday, Tuesday and Wednesday 
was 40°C. The average temperature of Tuesday, Wednesday and 
Thursday was 41°C. If the temperature on Thursday was 42°C, 
what was the temperature on Monday? 


Sum of temperatures on Monday, Tuesday and Wednesday 


= (40 X 3)°C = 120°C. sa) 
Sum of temperatures on Tuesday, Wednesday and Thursday 
= (41 X 3)°C = 123°C. ... (ii) 
Temperature on Thursday = 42°C. ... (iii) 


the temperature on Monday = (120 + 42 - 123)°C = 39°C 
[by (() + (iii) - Gi)}].- 
Hence, the temperature on Monday was 39°C. 


A cricketer has a mean score of 58 runs in nine innings. Find out 
how many runs are to be scored by him in the tenth innings to raise 
the mean score to 61. 
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SOLUTION 


EXAMPLE 14 


SOLUTION 


EXAMPLE 15 


SOLUTION 
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Mean score of 9 innings = 58 runs. 
Total score of 9 innings = (58 X 9) runs = 522 runs. 
Required mean score of 10 innings = 61 runs. 
Required total score of 10 innings = (61 xX 10) runs = 610 runs. 
Number of runs to be scored in the 10th innings 
= (total score of 10 innings) - (total score of 9 innings) 
= 610 — 522 = 88. 
Hence, the number of runs to be scored in the 10th innings = 88. 
A batsman in his 12th innings makes a score of 63 runs and thereby 
increases his average score by 2. What is his average after the 12th 
innings? 
Let the average score of 12 innings be x. 
Then, the average score of 11 innings - (x - 2). 
Total score of 12 innings = 12x. 
Total score of 11 innings = 11(x - 2) = (11x - 22). 
Score of the 12th innings 
= (total score of 12 innings) - (total score of 11 innings) 
= [12x - (11x - 22)] = (x + 22). 
x+22=63 > x=41. 
Hence, the average score after the 12th innings is 41. 
A train travels between two stations A and B. While going from A 
to B, its average speed is 80 km/hr, and when coming back from B 


to A, its average speed is 120 km/hr. Find the average speed of the 
train during the whole journey. 


Let the distance between A and B be x km. 
Average speed while going from A to B = 80 km/hr. 


Time taken to cover x km from A to B= (5 50) hours. 
Average speed while coming from B to A = 120 km/hr. 
Time taken to cover x km from B to A= (50) hours. 


hours = (is jg) hours. 


Total time taken to cover 2x km= (s+ 80 1 Do 
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Average speed during the whole journey 


distance — 2x 
= = km/hr = 96 km/hr. 
me (/48) / 96 km/hr 
Hence, the average speed of the train during the whole journey 
is 96 km/hr. 


PROPERTIES OF ARITHMETIC MEAN 


THEOREM 1 lf x is the arithmetic mean of n observations x, x, xs, ..., x, then 
(a -x)*GQS5-7x)*tQS-7x)*...t(x,-7x)70. 
PROOF We know that 
= Oy xXStxQtusgbxd) [| 
pe ie < ular (x, +2, +x, +... +x) Enx. ... (i) 
(x, - x) + (x, X)+ (x, X)t.F(x 


Y 


-X) 


cix bx tye PR) BR 
-(nx-nx)-0 [using (i)]. 
Hence, (x, - X) + (x; 7 X) (x47 X)... (x, - X) = 0. 


THEOREM2 The mean of n observations xi, x», ..., x, is x. If each observation is 
increased by p, the mean of the new observations is (x * p). 


(xj Fie) 


PROOF x- a > (x, +x, +...+x,) =X. 


.. (i) 
Mean of (x, + p), (x; +p), ..., (x, * p) 


(x, +p) + (x. tp)t...*G,*p) - (x, txt... tx,)t*np 


n n 
nx np . . 
EET [using (i)] 
=, 7 
_ nx 2M 


Hence, the mean of the new observations is (x * p). 


THEOREM3 The mean of n observations xi, x», ..., x, is x. If each observation is 
decreased by p, the mean of the new observations is (x — p). 


PROOF  Leftasan exercise. 


THEOREM4 The mean of n observations xi, x», ..., x, is x. If each observation is 
multiplied by a nonzero number p, the mean of the new observations 
is px. 

(xj X ux) 


PROOF X= 7 > (x, +x) t+... +x,) = nx. ... (i) 
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Mean of px, px,, ..., PX, 


px,t*px,t...tpx, pota ture) p(nx) š r 
= "ü - T =- [using (i)]. 


= px. 
Hence, the mean of the new observations is px. 


THEOREMS The mean of n observations x, X, ..., x, is x. If each observation 
is divided by a nonzero number p, the mean of the new observations 


PROOF X- T (+x +... +x) =n. Gi) 
aei) 
Mean of (A Np pools 
-1(5 X» , is cee e UE : ; 
n Vp + pret > np np [using (i)]. 


SOME MORE EXAMPLES 

EXAMPLE 16 The mean of 8 numbers is 25. If 5 is subtracted from each number, 
what will be the new mean? 

SOLUTION Let the given numbers be x, x,, ..., Xs. 

(x, txt... t xg 


Then, the mean of these numbers = 8 


XQtXx,t...tXg 
8 
The new numbers are (x, — 5), (x, — 5), ..., (x4 —5). 


(x, —5) + 65-5) +... + (0-5) 


=25 (x, t xt... xy = 200. wae (ht) 


Mean of the new numbers = 


8 
_ tx, +...+%)-40 200-40 
2» 8 BE: 

[using (i)]. 
EUH g (i) 
seg ca 


Hence, the new mean is 20. 
EXAMPLE 17 The mean of 16 numbers is 8. If 2 is added to every number, what 
will be the new mean? 
SOLUTION Let the given numbers be x,, x,, x,, ..., Xs. 
atx txt... Xe 
16 l 


Then, the mean of these numbers = 


EXAMPLE 18 


SOLUTION 
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Ltx txt... + Xe 2 
16 
> (x, +x, tnt... +X) = 128. D 


The new numbers are (x, + 2), (x, + 2), (x, * 2), ..., (4 * 2). 


Mean of the new numbers 


(0*2) t *2) + (x,*2) +... t (x6 * 2) 

i 16 

Qutx,;tx,t.stxg)t32 (128-32) A 
= 16 - 16 [using (i)]. 
_ 160 _ 

= 16 10. 


Hence, the new mean is 10. 


There are 50 numbers. Each number is subtracted from 53 and the 
mean of the numbers so obtained is found to be —3.5. Find the mean 
of the given numbers. 


Let the given numbers be x, x,, Xz, ..., Xy. Then, 
(53 — x,) + (53 7 x5) +... + (53 — X59) E 
50 
= (53+53+...to 50 times) — (x, +x, +... + Xs) = (73.5 X 50) 
> (x, +x, +... xg) = (63x50) (3.5 x 50) = (56.5 x 50) 


3.5 


(X, xy +... + X50) 
50 
= mean of the given numbers = 56.5. 


= 56.5 


Hence, the mean of the given numbers is 56.5. 


EXERCISE 18A 


1. Find the mean of: 


(i) the first eight natural numbers 


(ii) the first ten odd numbers 


(iii) the first seven multiples of 5 
(iv) all the factors of 20 
(v) all prime numbers between 50 and 80. 


2. The number of children in 10 families of a locality are 


2,4, 3,4, 2,0, 3,5, 1, 6. 


Find the mean number of children per family. 
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15. 


16. 
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. The following are the numbers of books issued in a school library 


during a week: 
105, 216, 322, 167, 273, 405 and 346. 
Find the average number of books issued per day. 


. The daily minimum temperature recorded (in °F) at a place during six 
days of a week was as under: 


Find the mean temperature. 


. If the mean of five observations x, x +2, x - 4, x * 6, x * 8 is 13, find the 


value of x and hence find the mean of the last three observations. 


. The mean weight of 6 boys in a group is 48 kg. The individual weights 


of five of them are 51 kg, 45 kg, 49 kg, 46 kg and 44 kg. Find the weight 
of the sixth boy. 


. The mean of the marks scored by 50 students was found to be 39. Later 


on it was discovered that a score of 43 was misread as 23. Find the 
correct mean. 


. The mean of 24 numbers is 35. If 3 is added to each number, what will 


be the new mean? 


. The mean of 20 numbers is 43. If 6 is subtracted from each of the 


numbers, what will be the new mean? 


. The mean of 15 numbers is 27. If each number is multiplied by 4, what 


will be the mean of the new numbers? 


. The mean of 12 numbers is 40. If each number is divided by 8, what will 


be the mean of the new numbers? 


. The mean of 20 numbers is 18. If 3 is added to each of the first ten 


numbers, find the mean of the new set of 20 numbers. 


. The mean of six numbers is 23. If one of the numbers is excluded, the 


mean of the remaining numbers is 20. Find the excluded number. 


. The average height of 30 boys was calculated to be 150 cm. It was 


detected later that one value of 165 cm was wrongly copied as 135 cm 
for the computation of the mean. Find the correct mean. 

The mean weight of a class of 34 students is 46.5 kg. If the weight of 
the teacher is included, the mean rises by 500 g. Find the weight of the 
teacher. 

The mean weight of a class of 36 students is 41 kg. If one of the students 
leaves the class then the mean is decreased by 200 g. Find the weight of 
the student who left. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 
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The average weight of a class of 39 students is 40 kg. When a new 
student is admitted to the class, the average decreases by 200 g. Find 
the weight of the new student. 


The average weight of 10 oarsmen in a boat is increased by 1.5 kg when 
one of the crew who weighs 58 kg is replaced by a new man. Find the 
weight of the new man. 


The mean of 8 numbers is 35. If a number is excluded then the mean is 
reduced by 3. Find the excluded number. 


The mean of 150 items was found to be 60. Later on, it was discovered 
that the values of two items were misread as 52 and 8 instead of 152 and 
88 respectively. Find the correct mean. 


The mean of 31 results is 60. If the mean of the first 16 results is 58 and 
that of the last 16 results is 62, find the 16th result. 


The mean of 11 numbers is 42. If the mean of the first 6 numbers is 37 
and that of the last 6 numbers is 46, find the 6th number. 


The mean weight of 25 students of a class is 52 kg. If the mean weight of 
the first 13 students of the class is 48 kg and that of the last 13 students 
is 55 kg, find the weight of the 13th student. 


The mean score of 25 observations is 80 and the mean score of another 
55 observations is 60. Determine the mean score of the whole set of 
observations. 


Arun scored 36 marks in English, 44 marks in Hindi, 75 marks in 
mathematics and x marks in science. If he has secured an average of 
50 marks, find the value of x. 


A ship sails out to an island at the rate of 15 km/hr and sails back to the 
starting point at 10 km/hr. Find the average sailing speed for the whole 
journey. 

There are 50 students in a class, of which 40 are boys. The average 
weight of the class is 44 kg and that of the girls is 40 kg. Find the 
average weight of the boys. 


The aggregate monthly expenditure of a family was X 18720 during the 
first 3 months, X 20340 during the next 4 months and X 21708 during the 
last 5 months of a year. If the total savings during the year be 35340 
find the average monthly income of the family. 

The average weekly payment to 75 workers in a factory is X 5680. The 
mean weekly payment to 25 of them is X 5400 and that of 30 others is 
3 5700. Find the mean weekly payment of the remaining workers. 

The mean marks (out of 100) of boys and girls in an examination are 
70 and 73 respectively. If the mean marks of all the students in that 
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examination is 71, find the ratio of the number of boys to the number 
of girls. 

31. The average monthly salary of 20 workers in an office is X 45900. If 
the manager's salary is added, the average salary becomes X 49200 per 
month. What's manager's monthly salary? 


ANSWERS (EXERCISE 18A) 


1.)45 (i)10 (iii)20 (iv)7 (v) 661 2.3 3. 262 
4. 29.9°F 5. x - 9, mean = 15 6. 53 kg 7. 39.4 
8. 38 9. 37 10. 108 11. 5 12. 19.5 
13. 38 14. 151 cm 15. 64 kg 16. 48 kg 17. 32 kg 
18. 73 kg 19. 56 20. 61.2 21. 60 22. 36 
23. 39 kg 24. 66.25 25. 45 26. 12km/hr 27. 45 kg 
28. 3 23450 29. 3 6000 30. 2:1 31. 3115200 


HINTS TO SOME SELECTED QUESTIONS 


53 +59 + 61+67+71+73 +79 
1. (v) Required mean = ( 7 Me Xs = 661 i 


_ 20X18) +(3X10) 390 39 _ 
12. New mean 20 20 2 19.5. 


15. Total weight of 34 students = (46.5 x 34) kg = 1581 kg. 
Total weight of (34 students + 1 teacher) = (47 X 35) kg = 1645 kg. 
16. Total weight of 36 students = (41 X 36) kg = 1476 kg. 
New mean = (41 - 0.2) kg = 40.8 kg. 
Total weight of 35 students = (40.8 X 35) kg = 1428 kg. 
17. Total weight of 39 students = (40 X 39) kg = 1560 kg. 
New mean = (40 - 0.2) kg = 39.8 kg. 
Total weight of 40 students = (39.8 X 40) kg = 1592 kg. 
18. Total weight increased = (1.5 X 10) kg = 15 kg. 
Weight of the new man = (58 + 15) kg = 73 kg. 
26. Let the distance of one side journey be x km. Then, 


total distance covered = 2x km. 


Total time taken Ge + 5) hr (25) hr (S) hr. 


Average speed for the whole journey = PS km/hr = 12 km/hr. 
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28. Total yearly income 
= X (18720 X 3 + 20340 X 4 + 21708 X 5 + 35340) 
= X (56160 + 81360 + 108540 + 35340) = 3 281400. 
29. Total weekly payment to remaining 20 workers 
= x [(5680 X 75) - (5400 x 25 + 5700 x 30)]. 
30. Let the required ratio be x : 1. Then, 
70x +73 X1=71X(x+1) 
= 70x+73=71x+71 > x=2. 
Hence, the ratio of boys and girls is 2 : 1. 
31. Manager's monthly salary 
= € (49200 x 21 — 45900 x 20) = X (1033200 - 918000) = X 115200. 


MEAN FOR AN UNGROUPED FREQUENCY DISTRIBUTION (DIRECT METHOD) 


Let n observations consist of values x, x, ..., x, of a variable x, occurring 
with frequencies f, f,..., f, respectively. Then, the mean, x, of these 
observations is given by 

PE (fos *fx,t est 5) = x(fx x;) . 


Qt fte f) Yf 


SOLVED EXAMPLES 


EXAMPLE 1 The following table shows the weights of 12 persons of a health club: 


We 


Find the mean weight per person. 


SOLUTION For calculating the mean, we prepare the table given below: 


Weight (in kg) Number of persons 


(xa) = 843 
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EXAMPLE 2 


SOLUTION 


EXAMPLE 3 


SOLUTION 
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E(áXx) 843 
zy 12 


Hence, the mean weight is 70.250 kg. 


mean, x = = 70.25. 


The heights of 100 plants in a garden are given below: 


EEE 
16 


Find the mean height per plant. 


For calculating the mean, we prepare the table given below: 


Height (in cm) Number of plants 
Xi D 


Hence, the mean height per plant is 68.88 cm. 
If the mean of the following data is 18.75, find the value of p. 


|o 2 | o  — | 
Sa) = 


EXAMPLE 4 


SOLUTION 


EXAMPLE 5 
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E(fXx) 460*7p 
xf | 32 — 
But, mean = 18.75 (given). 
460 + 7p 
32 


mean — 


= 18.75 > 460+ 7p = 18.75 X 32 


=> 460+ 7p = 600 
7p =140 > p=20. 


Hence, p = 20. 


The mean of the following data is 21.6. Find the value of p. 


Cray TEES 


X(fXx) 558+18p 
mean = = . 


xf 25+p 
But, mean = 21.6 (given). 
aimed = 21.6 => 558+ 18p = 540 + 21.6p 
25+p 
> 3.6p = 18 
p=(3.6)=(36)=5 
Hence, p = 5. 


The mean of the following frequency distribution is 1.46. 


Pise [o [1 [2 [3 4 [5 [tour] 


enmen M 


Find the missing frequencies. 
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SOLUTION Let the missing frequencies be p and q respectively. For 
calculating the mean, we prepare the table given below: 


Here, Lf = 86 +p +q. 
But, Xf, = 200 (given). 


86+p+q=200 > p*q-14. s0 
| X(fxx) 140+p+2q 140+114+4] — 
Also, mean = Sf =- S6*p*q MFI [using (i)] 
254+q 
200 
But, mean = 1.46. 
254+q — E 
200 =146 > 254+q = 292 


=> q= 292-254 = 38. 
Putting q = 38 in (i), we get p = 76. 


Hence, the missing frequencies are 76 and 38 respectively. 


EXERCISE 18B 


1. Obtain the mean of the “ens distribution: 


Variable (x;) 


Tc [3 ] 9 [8 [3 


2. The following table shows the weights of 12 workers in a factory: 


wee [e [sf |e [| 


Find the mean weight of the workers. 
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3. The measurements (in mm) of the diameters of the heads of 50 screws 
are given below: 


oee | 5 [ 9 7 | 9 |< | 


Calculate the mean diameter of the heads of the screws. 


4. The following data give the number of boys of a particular age in a class 
of 40 students. 


maewo 3 | 5 ] 3 [9 1-5 15 


Calculate the mean age of the students. 


5. Find the mean of the following frequency distribution: 


[wwe » [ » | * [ » T9] 
Taes 7 [5 1-9 [9 1-9] 


6. Find the mean of daily wages of 40 workers in a factory as per data 
given below: 


r | 5 [ m | 5 | | 5] 


7. If the mean of the following data is 20.2, find the value of p. 


Disp] s [5 1-7 1-9 1-5 


8. If the mean of the following data is 8, find the value of p. 


9. Find the missing frequency p for the following frequency distribution 
whose mean is 28.25. 


10. Find the value of p for the following frequency distribution whose 
mean is 16.6. 
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11. Find the missing frequencies in the following frequency distribution 
whose mean is 34. 


[x [»[p[»]T*T*T5*]e [eal 


NENEENMEENMENENENM 


12. Find the missing frequencies in the following frequency distribution 
whose mean is 50. 


Find the value of a and hence the frequencies of 30 and 70. 


ANSWERS (EXERCISE 18B) 


1. 8.05 2.64250kg 3. 40.24mm 4.1745 years 5.55 
6.334125 7. p=20 8. p=25 9. p=10 10. p=18 
11. f =6, f} = 10 12. f =28, f, =24 13. p=1 


14. a =5, f =28, fy = 24 


HINTS TO SOME SELECTED QUESTIONS 


14 170 + 30 (5a + 3) + 1600 + 70 (7a — 11) + 1710 
j 60 + 12a 
= 640a +2800 = 3000 + 600a = 40a = 200 > a=5. 


MEDIAN OF UNGROUPED DATA 


MEDIAN After arranging the given data in an ascending or a descending order 
of magnitude, the value of the middle-most observation(s) is called the median of 
the data. 
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MEDIAN OF AN UNGROUPED DATA 


METHOD Arrange the data in an increasing or a decreasing order of 
magnitude. Let the total number of observations be n. 


(i) If n is odd, then median = value of Es 2 observation. 


(ii) If n is even, then median = mean of (5 yn and (5 + 1}th observations. 


EXAMPLE 1 


SOLUTION 


EXAMPLE 2 


SOLUTION 


EXAMPLE 3 


SOLUTION 


SOLVED EXAMPLES 


The runs scored by 11 members of a cricket team are 
15, 29, 43, 13, 31, 50, 20, 0, 27, 56, 34. 

Find the median score. 

Arranging the runs in an ascending order, we have 
0, 13, 15, 20, 27, 29, 31, 34, 43, 50, 56. 

Here, n = 11, which is odd. 


median score = value of (US Zr term 


= value of 6th term = 29. 
Hence, the median score is 29. 
The weights of 10 students (in kilograms) are 
36, 45, 31, 52, 35, 40, 55, 60, 38, 44. 
Find the median weight. 
Arranging the weights in an ascending order, we have 
31, 35, 36, 38, 40, 44, 45, 52, 55, 60. 


Here, n = 10, which is even. 
median weight = average of (> > th and (> + 1) th terms 
= average of 5th and 6th terms 
1 84 
= z (40 +44) kg = 2 kg = 42 kg. 
Hence, the median weight is 42 kg. 


Ten observations 6, 14, 15, 17, x * 1, 2x — 13, 30, 32, 34, 43 are 
written in an ascending order. The median of the data is 24. Find the 
value of x. 


Here n = 10, which is even. 
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EXAMPLE 4 


SOLUTION 
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median = mean of (> > th and (> + 1)th terms 
= mean of 5th and 6th terms 
= F[x+1)+ (2x-13)] =F @x-12). 
But, median = 24 (given). 
1Qx-12) =24 > 3x-12-48 
3x = 60 > x=20. 
Hence, x = 20. 


Find the median of the data 61, 92, 41, 57, 43, 71, 58, 99, 108. If 58 
is replaced by 85, what will be the new median? 


Arranging the given data in an ascending order, we get 
41, 43, 57, 58, 61, 71, 92, 99, 108. 


The given number of observations, n = 9 (odd). 


median - value of (47 2 Din observation 


= value of (75 2 2; jm observation 


= value of 5th observation = 61. 


On replacing 58 by 85 and arranging the new observations in 
an ascending order, we get 


41, 43, 57, 61, 71, 85, 92, 99, 108. 


new median - value of 5th observation - 71. 


EXERCISE 18C 


1. Find the median of: 
(i) 2,10) 9,9, 5, 2,3, 7,11 
(ii) 15, 6, 16, 8, 22, 21, 9, 18, 25 
(iii) 20, 13, 18, 25, 6, 15, 21, 9, 16, 8, 22 
(iv) 7,4,2,5,1,4,0,10,3,8,5,9,2 
2. Find the median of: 
(i) 17, 19, 32, 10, 22, 21, 9, 35 
(ii) 72, 63, 29, 51, 35, 60, 55, 91, 85, 82 
(iii) 10, 75, 3, 15, 9, 47, 12, 48, 4, 81, 17, 27 
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3. The marks of 15 students in an examination are 
25, 19, 17, 24, 23, 29, 31, 40, 19, 20, 22, 26, 17, 35, 21. 
Find the median score. 
4. The heights (in cm) of 9 students of a class are 
148, 144, 152, 155, 160, 147, 150, 149, 145. 
Find the median height. 
5. The weights (in kg) of 8 children are 
13.4, 10.6, 12.7, 17.2, 14.3, 15, 16.5, 9.8. 
Find the median weight. 
6. The ages (in years) of 10 teachers in a school are 
32, 44, 53, 47, 37, 54, 34, 36, 40, 50. 
Find the median age. 


7. If 10, 13, 15, 18, x * 1, x - 3, 30, 32, 35, 41 are ten observations in an 
ascending order with median 24, find the value of x. 


8. The following observations are arranged in ascending order: 
26, 29, 42, 58, x, x * 2, 70, 75, 82, 93. 
If the median is 65, find the value of x. 


9. The numbers 50, 42, 35, (2x + 10), (2x — 8), 12, 11, 8 have been written in 
a descending order. If their median is 25, find the value of x. 


10. Find the median of the data 
46, 41, 77, 58, 35, 64, 87, 92, 33, 55, 90. 
In the above data, if 41 and 55 are replaced by 61 and 75 respectively, 
what will be the new median? 


ANSWERS (EXERCISE 18C) 


1.()7 (ii) 16 (iii)16 (iv)4 2. (i)20 (ii) 61.5 (iii) 16 
3. 23 4. 149 cm 5. 13.85 kg 6. 42 years 
7. x 222 8. x ^ 64 9. x - 12 10. 58,64 


MODE OF UNGROUPED DATA 


Mode is the most frequently occurring observation. 


SOLVED EXAMPLES 


EXAMPLE 1 Find the mode of the following data: 
14, 25, 14, 28, 18, 17, 18, 14, 23, 22, 14, 18. 
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SOLUTION 


EXAMPLE 2 


SOLUTION 


EXAMPLE 3 


SOLUTION 
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Arranging the given data in an ascending order, we get 
14, 14, 14, 14, 17, 18, 18, 18, 22, 23, 25, 28. 
Here, 14 occurs most often. 


Hence, mode of the given data = 14. 


The points scored by a basketball team in a series of matches are as 
follows: 


17, 2, 7, 27, 25, 5, 14, 18, 10, 24, 48, 10, 8, 7, 10, 28. 
Find the median and mode of the above data. 
Arranging the scores in an ascending order, we get 
2, 5, 7, 7, 8, 10, 10, 10, 14, 17, 18, 24, 25, 27, 28, 48. 
Here, n = 16 (even). 


Median score = mean of (5 Ji and (5 + 1)th scores 


= mean of (2 ? th and ($ F 1)th scores 


= mean of 8th and 9th scores 


E [e + 14)- 24 
» 33 


Mode = most occurring score = 10. 


=12. 


The following number of goals were scored by a team in a series of 
10 matches: 


2, 3,4, 5, 0, 1, 3, 3, 4, 3. 
Find the mean, median and mode of these scores. 
Arranging the number of goals scored in an ascending order, 
we get 

0, 1, 2, 3, 3, 3, 3, 4, 4, 5. 
0il- 4> ands) 28 

10 10 

Mode = most occurring score = 3. 


Mean = ( = 2.8. 


Total number of matches = 10 (even). 


Median score = mean of (> > th and (> + 1}th scores 


= mean of 5th and 6th scores 
E 343) _ 6 - 
-( 5 )=$=3. 


mean = 2.8, mode = 3 and median = 3. 
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EXAMPLE 4 In a mathematics test given to 15 students, the following marks (out 
of 100) are recorded: 


52, 60, 42, 40, 98, 52, 48, 39, 41, 62, 46, 52, 54, 40, 96. 
Find the mean, median and mode of the given data. 


sum of the given observations 


SOLUTION Mean = : 
total number of observations 


.822 274. 
= 45 5 54.8. 
Now, we arrange the given data in an ascending order, as 


under: 

39, 40, 40, 41, 42, 46, 48, 52, 52, 52, 54, 60, 62, 96, 98. 
In this data, the most occurring item is 52. 

mode = 52. 
Total number of terms = 15 (odd). 


median = marks obtained by (Bim student 


= marks obtained by 8th student = 52. 


mean = 54.8, median = 52 and mode = 52. 


EXERCISE 18D 


1. Find the mode of the following items. 
0, 6, 5, 1, 6, 4, 3, 0, 2, 6, 5, 6 
2. Determine the mode of the following values of a variable. 
23, 15, 25, 40, 27, 25, 22, 25, 20 
3. Calculate the mode of the following sizes of shoes sold by a shop on a 
particular day. 
5, 9, 8, 6, 9, 4,3,9,1,6,3,9,7,1,2, 5,9 
4. A cricket player scored the following runs in 12 one-day matches: 
50, 30, 9, 32, 60, 50, 28, 50, 19, 50, 27, 35. 
Find his modal score. 
5. If the mean of the data 3, 21, 25, 17, (x +3), 19, (x — 4) is 18, find the value 
of x. Using this value of x, find the mode of the data. 


6. The numbers 52, 53, 54, 54, (2x + 1), 55, 55, 56,57 have been arranged 
in an ascending order and their median is 55. Find the value of x and 
hence find the mode of the given data. 
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7. For what value of x is the mode of the data 24, 15, 40, 23, 27, 26, 22, 25, 
20, x +3 found 25? Using this value of x, find the median. 

8. The numbers 42, 43, 44, 44, (2x + 3), 45, 45, 46, 47 have been arranged in 
an ascending order and their median is 45. Find the value of x. Hence, 
find the mode of the above data. 


ANSWERS (EXERCISE 18D) 
1. 6 2. 25 3.9 4. 50 
5. x = 21, mode = 17 6. x = 27, mode = 55 
7. x ^ 22, median = 24.5 8. x - 21, mode - 45 


MULTIPLE-CHOICE QUESTIONS (MCQ) 
Choose the correct answer in each of the following questions: 


1. If the mean of five observations x, x +2, x - 4, x - 6and x * 8 is 11 then 
the value of x is 


(a) 5 (b) 6 (c) 7 (d) 8 
2. If the mean of x,x+3,x+5,x+7,x+10 is 9, the mean of the last three 
observations is 


(a) 105 (b) 102 (c) u$ (d) us 


n 
3. If x is the mean of x, Xy Xz, ..., x, then X(x;- x) =? 
ii 


(a) -1 (b) 0 (c) 1 (d) n-1 
4. If each observation of the data is decreased by 8 then their mean 
(a) remains the same 
(b) is decreased by 8 
(c) is increased by 5 
(d) becomes 8 times the original mean 
5. The mean weight of six boys in a group is 48 kg. The individual weights 
of five of them are 51 kg, 45 kg, 49 kg, 46 kg and 44 kg. The weight of 
the 6th boy is 
(a) 52 kg (b) 52.8 kg (c) 53 kg (d) 47 kg 
6. The mean of the marks scored by 50 students was found to be 39. Later 
on it was discovered that a score of 43 was misread as 23. The correct 
mean is 


(a) 38.6 (b) 39.4 (c) 39.8 (d) 39.2 


N 


Kel 


10. 


11. 


13. 


14. 
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. The mean of 100 items was found to be 64. Later on it was discovered that 


two items were misread as 26 and 9 instead of 36 and 90 respectively. 
The correct mean is 


(a) 64.86 (b) 65.31 (c) 64.91 (d) 64.61 


. The mean of 100 observations is 50. If one of the observations 50 is 


replaced by 150, the resulting mean will be 
(a) 50.5 (b) 51 (c) 51.5 (d) 52 


. Let x be the mean of x, x,, ..., x, and y be the mean of y, Yz ..., Yp If Z 


is the mean of x, Xa ..., X,, Vy V». V, then Zz =? 


= — La T aes 
(a) (x+y) (b) 4 (x*y) (c) 5G *y) (d) 3c (x* v) 
If x is the mean of x,x,...,x, then for a#0, the mean of 
ny» Xn. 
AX, AXo; +++) 0X, 37 Gr Gq 3S 


n 


1 1x 1\x (1+3) 
ok oe oeii et 


If X,,X,...,X, are the means of n groups with n, ny ..., n, number 
of observations respectively then the mean x of all the groups taken 
together is 


> n;X; x n;x; x n;x; 
(a) Enx; (b) — C= Ce 
i=1 n xn, n 


Then, the value of p is 
(a) 23 (b) 24 (c) 25 (d) 21 
The runs scored by 11 members of a cricket team are 
15, 34, 56, 27, 43, 29, 31, 13, 50, 20, 0. 
The median score is 
(a) 27 (b) 29 (c) 31 (d) 20 
The weight of 10 students (in kg) are 
55, 40, 35, 52, 60, 38, 36, 45, 31, 44. 
The median weight is 
(a) 40 kg (b) 41 kg (c) 42 kg (d) 44 kg 
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15. 


16. 


17. 


18. 
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The median of the numbers 4, 4, 5, 7, 6, 7, 7, 12, 3 is 
(a) 4 (b) 5 (c) 6 (d) 7 
The median of the numbers 84, 78, 54, 56, 68, 22, 34, 45, 39, 54 is 
(a) 45 (b) 49.5 (c) 54 (d) 56 
Mode of the data 15, 17, 15, 19, 14, 18, 15, 14, 16, 15, 14, 20, 19, 14, 15 is 
(a) 14 (b) 15 (c) 16 (d) 17 
The median of the data arranged in ascending order 8, 9, 12, 18, 
(x + 2), (x + 4), 30, 31, 34, 39 is 24. The value of x is 


(a) 22 (b) 21 (c) 20 (d) 24 


ANSWERS (MCQ) 


1() 2() 3) 4(b 5(o) 6) 7(co) 8. (b) 


17. 


.(b) 10.(b 1.) 12(c) 13.(b 14(c 15. (o) 16 (o) 
(b 18. (b) 
HINTS TO SOME SELECTED QUESTIONS 
SAE STAT eT tX H0 d ia peted cs son cs qe 


5 
Last 3 observations are 9, 11, 14. 


: .9*11414 34 ,.1. 
Their mean 3 3 113 


. X(5- X) = (5 -3) 657 X) +... +(x,- X) 


i=l 


=(x+x +... +x) nx=(nx-nx)=0. 
1 2 n. 


. If each observation is decreased by 8 then the mean is decreased by 8. 


. Let the weight of the 6th boy be x kg. Then, 


51+45+49+46+44+x = 48 X6 
=>  2854x-288 > x= 288-235 =53. 
weight of the 6th boy = 53 kg. 


. Calculated sum = (39 x 50) = 1950. 


Correct sum = (1950 + 43 — 23) = 1970. 


Correct mean = D. = 394. 


. Calculated sum = (64 X 100) = 6400. 


Correct sum = (6400 + 36 + 90 — 26 — 9) = 6491. 


_ 6491 . 
Correct mean = 100 7 64.91. 


8. 


10. 


T. 


12. 


13. 


14. 


15: 
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Resulting sum = (50 x 100 — 50 + 150) = (5150 — 50) = 5100. 


Resulting mean = E x 
2o Qy txtecx)t(utkutectu) 
.z- 2n . 
— Xtxt.. tx, = 
Butx2——— 4, > mtrt... +X) = NX. 
+y +... + 
Aang ys Ec P > (utyutectywy) = ny. 
nx*ny n(xty) (x+y) 
2n 2n zo 


tax +. o hp a 
(ax, tax, +...+ax,)+ |Z tg tet 


2n 


Required mean 


1 
ifort XE MES] 
2 n ü n 


spas] (0+ a) 9° 


Sum of all terms = m Xy +N, Xa +... F Xp Xp 


Number of terms = nj +n, +... +n. 


xn, 
. i-1 
required mean = — 
DN; 
i=l 
Mean ZÍ% 8X0): (6X8) + (7 X15) +9p + (11 x8) * (1354) 
on ae (6+8+15+p+8+4) 
_ (18 +40 +105 + 9p + 88452) 303+ 9p 
4l+p 41+p 
303 + 9p 
EIN => 303+ 9p =328+8p => p=25. 


Arranging the runs in an ascending order, we have 
0, 13, 15, 20, 27, 29, 31, 34, 43, 50, 56. 
Here n = 11, which is odd. 


Median score = value of ial +1)th term = value of 6th term = 29. 
Arranging the weights in an ascending order, we have 


31, 35, 36, 38, 40, 44, 45, 52, 55, 60. 
Here, n = 10, which is even. 


Median = i [5th term + 6th term] = Zao +44) kg = 42 kg. 


Arranging the given numbers in an ascending order, we get 
3,4,4,5,6,7, 7,7, 12. 
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Here n = 9, which is odd. 
Median score = value of 50 + 1)th term = 5th term = 6. 
16. The given numbers in an ascending order are 22, 34, 39, 45, 54, 54, 56, 68, 78, 84. 
Here n = 10 which is even. 
Median = H {5th item + 6th item} = i04 + 54) = 54. 
17. Here 14, 15, 16, 17, 18, 19, 20 respectively occur 


4 times, 5 times, 1 time, 1 time, 1 time and 1 time. 
15 occurs most often. 
mode = 15. 

18. Here n = 10 and median = 24. 


Median = value of {5th term + 6th term} = value of il +2)(x+4)] 


x+3=24 x=21. 


SUMMARY OF FACTS AND FORMULAE 


sum of observations . 
number of observations 


1. MEAN We have, mean = 


(i) Mean of Raw Data 


Mean of n observations x, Xz X3,..., x, is given by 


n Qu E PEORES jei 
x= i = 


(ii) Mean of Ungrouped Data 
If the frequencies of n observations x, Xy... X, are f, f,..., f, 
respectively then their mean is given by 


Xx) 


x= 


xj 
i-1 


2. Let the mean of n observations x;, Xy ..., x, be x. 
(i) If each observation is increased by p then new mean - (x * p). 
(ii) If each observation is decreased by p then new mean - (x - p). 


(iii) If each observation is multiplied by a nonzero number p then 
new mean is (px). 
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(iv) If each observation is divided by a nonzero number p then new 


ec 
P 
3. MEDIAN It is the value of the middle-most observation(s). 
Case 1. When n is odd: 


ntl 
2 


Median - value of the ( Ji Observation. 


Case 2. When n is even: 


Median = mean of (F)tn and (5 + 1)th observations. 


4. Mode is the most frequently occurring observation. 


& 


Probability 


=, 


INTRODUCTION 
In everyday life, we come across statements such as: 
(i) Most probably it will rain today. 
(ii) Chances are high that the price of petrol will go up. 
(iii) I doubt that he will win the race. 


The words ‘most probably’, ‘chances’, ‘doubt’, etc., show uncertainty or 
probability of occurrence of an event. 


Though probability started with gambling, it is now used extensively 
in science, commerce, biological sciences, weather forecasting, etc. 


HISTORY 


The origin of the subject can be traced in the correspondence between 
two French mathematicians Blaise Pascal (1623-62) and Pierre de Fermat 
(1601-65). In 1654, a French nobleman and gambler Charles Mere asked 
Pascal to solve certain dice problems. Pascal solved these problems in 
collaboration with Fermat. 


Dutch scientist Huygens (1629-95) wrote the first book on probability. 
In 1713, a more comprehensive book was written by J Bernoulli. 

In 1748, A De Moivre published his book “The Doctrine of Chances’. 

In 1812, Laplace published his book ‘Analytic Theory of Probability’. 


In the 20th century, important contributions were made by Russian 
mathematicians, A A Markov and A N Kolmogorov. 


These days, probability theory is extensively used in various fields. 


(Ta 


Blaise Pascal Pierre de Fermat 


690 


Probability 691 


SOME TERMS RELATED TO PROBABILITY 


EXPERIMENT Ar operation which can produce some well-defined outcomes, is 
called an experiment. 


Each outcome is called an event. 


RANDOM EXPERIMENT Ar experiment in which all possible outcomes are known 
and the exact outcome cannot be predicted in advance, is called a random 
experiment. 


TRIAL. By a trial, we mean performing a random experiment. 


EMPIRICAL PROBABILITY 


Suppose we perform an experiment and let n be the total number of trials. The 
empirical probability of happening of an event E is defined as 


number of trials in which the event happened 


FOR) total number of trials 


REMARK In this chapter, by probability, we shall mean empirical 
probability. 


SOME OPERATIONS AND THEIR OUTCOMES 


1. Tossing A Coin 
When we toss a coin, we get either heads or tails. 


2. Tossing Two Coins 
When we toss 2 coins, we get: 
2 heads or 1 head or 0 head. 
2 tails or 1 tail or 0 tail. 


3. Throwing A Die 
A die (whose plural is dice) is a cubical solid having six faces, 
marked as 1, 2, 8, 4, 5, 6 respectively. 
In throwing a die, whatever number comes on the upper face, is 
called the outcome. 


4. Choosing Various Types of Numbers Out of Given Numbers 
Suppose counting numbers 1 to 10 are given. 
If E, is the event of choosing even numbers then the favourable 
outcomes are 2, 4, 6, 8, 10. 
If E, is the event of choosing prime numbers then the favourable 
outcomes are 2, 3, 5, 7. 
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SOLVED EXAMPLES 


A coin is tossed 600 times with the frequencies as: 
heads: 342 and tails: 258. 
If a coin is tossed at random, what is the probability of getting 
(i) a head? (ii) a tail? 
Total number of trials = 600. 
Number of heads - 342. 
Number of tails = 258. 


On tossing a coin, let E, and E, be the events of getting a head 
and of getting a tail respectively. Then, 
(i) P(getting a head) = P(E,) 


_ number of heads coming up 


total number of trials 
-32 3-057. 


~ 600 100 
(ii) P(getting a tail) = P(E,) 


_ number of tails coming up 


total number of trials 


258 43 _ 
7600-100 °-4: 


REMARK It may be noted here that E, and E, are the only possible outcomes 
of each trial and P(E,) + P(E,) = (0.57 + 0.43) = 1. 


EXAMPLE 2 


SOLUTION 


Two coins are tossed simultaneously 400 times, and we get 
two heads: 180 times 
one head: 148 times 
no head: 72 times. 


If two coins are tossed at random, what is the probability of getting 
(i) 2heads? (ii) 1head? (iti) 0 head? 


Total number of trials = 400. 

Number of times 2 heads appear = 180. 
Number of times 1 head appears = 148. 
Number of times 0 head appears = 72. 


In a random toss of two coins let E,, E, E; be the events of 
getting 2 heads, 1 head and 0 head respectively. Then, 


REMARK 
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(i) P(getting 2 heads) = P(E,) 


_ number of times 2 heads appear 


total number of trials 


(ii) P(getting 1 head) = P(E;) 


_ number of times 1 head appears 


total number of trials 
_ 148 _ 37 


~ 400 100 
(iii) P(getting 0 head) = P(E;) 


= 0.37. 


number of times no head appears 


total number of trials 
_ 72 _ 18 


~ 400 100 


In tossing 2 coins, the only possible outcomes are E, E, E, and 
P(E,) + P(E;) + P(E) = 0.45 + 0.37 + 0.18 = 1. 


= 0.18. 


EXAMPLE3 A die is thrown 500 times and the outcomes are noted as given below: 


SOLUTION 


Tommy 1 [2 [5 [3 [5 [5 


If a die is thrown at random, find the probability of getting 
(01  6G)2  (di)3 (v4 (v5  C(v)6. 


Total number of trials = 500. 


In a random throw of a die, let E, E, E,, E, E; and E, be the 
events of getting 1, 2, 3, 4, 5 and 6 respectively. Then, 


number of times 1 appears 


Gi) Pieiting 1)- P(E) = — otal number of trials 
95 _ 19 


= 500 109 919 


number of times 2 appears 
(ii) P(getting 2) = P(E,) = 


total number of trials 


_ 80 _ 16 _ 
= 500 30g 7 %16 


x number of times 3 appears 
(iii) P(getting 3) = P(E) = 


total number of trials 


_ 84 . 
= spp = 0-168. 
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TM T— number of times 4 appears 
av) Pgertmg 4) PUR) ial number of tials 
-68 
= 500 = 0.136. 
" MR number of times 5 appears 
Re) igen) EE)" TRmBEROEEGSES 
SG. ae 
= 500 507 0.14. 
Tm number of times 6 appears 
bel igen) = Tig s, dalotttiberet dials 
_ 103 


= 500 = 0.206. 


REMARK In throwing a die, all possible outcomes are E, E, Ej, E, Es, Eg, 
and P(E,) + P(E,) + P(E;) + P(Ej) + P(Es) + P(Es) 
= 0.19 + 0.16 + 0.168 + 0.136 + 0.14 + 0.206 = 1. 


EXAMPLE 4 1500 families with 2 children each, were selected randomly and the 
following data were recorded. 


Out of these families, one family is selected at random. What is 
the probability that the selected family has (i) 2 girls, (ii) 1 girl, 
(iii) no girl? 

SOLUTION Total number of families = 1500. 
Let E,, E, E, be the events that the selected family has 2 girls, 
1 girl and 0 girl respectively. Then, 

(i) P(selected family has 2 girls) 
number of families having 2 girls — 102 


= P(E) = total number of families ~ 1500 — Dien. 
(ii) P(selected family has 1 girl) 
number of families having 1 girl 675 
=P(E,)= total number of families "nog Co 
(iii) P(selected family has 0 girl) 
number of families having 0 girl 773 
= TE) = total number of families = 1500 ~ 0482 


REMARK In the example given above, the only possible outcomes are 
E, Ey, E, and P(E,) + P(E>) + P(E;) = 0.068 + 0.45 + 0.482 = 1. 


EXAMPLE 5 


SOLUTION 
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On one page of a telephone directory, there were 200 telephone 
numbers. The frequency distribution of their unit’s digits is given in 
the following table: 


Ponsa [o [1 [2 5 T3 T5 T5 T7 5 15] 


een [22 [25 [22 [22 [5 [o a s e 9] 


Out of the numbers on the page, a number is chosen at random. 
What is the probability that the unit's digit of the chosen number is 


(i) 6? (ii) a nonzero multiple of 3? 
(iii) a nonzero even number? (iv) an odd number? 
Number of all telephone numbers on the given page = 200. 


(i) Let E be the event of choosing a number with unit's digit 
6. Number of such numbers - 14. 


P(getting a number with unit's digit 6) 
= P(E,) 


number of times 6 appears as unit’s digit 


~ total number of numbers on the given page 


ER ee aes 
= 200 ~ 100 ~ 2-97: 


(ii) Let E, be the event of choosing a number whose unit’s 
digit is a nonzero multiple of 3. 
Each such number has unit’s digits 3, 6 or 9. 
P(getting a number whose unit's digit is a nonzero multiple 
of 3) 
= P(E,) 


B number of numbers with unit's digits 3, 6 or 9 


~ total number of numbers on the given page 

_22+14+20 56 

200 200 

(iii) Let E, be the event of choosing a number whose unit's 
digit is a nonzero even number. 


= 0.28. 


Each such number has unit's digits 2, 4, 6 or 8. 
P(getting a number whose unit's digit is a nonzero even 
number) 
= P(Ej 


B number of numbers with unit's digits 2, 4, 6 or 8 


total number of numbers on the given page 


22420-14416 72 _ 36 
200 200 100 


= 0.36. 
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(iv) Let E, be the event of choosing an odd number. 
Each such number has unit's digits 1,3, 5, 7 or 9. 
P(getting a number whose unit's digit is an odd number) 
= P(E,) 


B number of numbers with unit's digits 1, 3, 5,7 or 9 


total number of numbers on the given page 


(26+22+10+28+20) 106 53 _ 
200 200 100 ~ 


= 0.53. 

EXAMPLE6 Fifty seeds were selected at random from each of 5 bags of seeds and 
were kept under standardised conditions favourable to germination. 
After 20 days, the number of seeds which had germinated in each 
collection were counted and recorded as follows: 


germinated 


What is the probability of germination of 
(i) more than 40 seeds from a bag? 

(ii) 49 seeds from a bag? 

(iii) more than 35 seeds from a bag? 


SOLUTION Total number of bags = 5. 


(i) Let E, be the event of germination of more than 40 seeds 
from a bag. Then, 
P(germination of more than 40 seeds from a bag) 
= P(E) 


number of bags from which more than 40 seeds germinate 


total number of bags 


- 
75706. 


[There are 3 bags from which more than 40 seeds germinate.] 
(ii) Let E, be the event of germination of 49 seeds. Then, 
P(germination of 49 seeds from a bag) 
= P(E,) 
_ number of bags from which 49 seeds germinate 


total number of bags 
a 
=5 =0. 
[Clearly, seeds from none of the given bags contain 49 


germinated seeds. | 


EXAMPLE 7 


SOLUTION 
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(iii) Let E; be the event of germination of more than 35 seeds 
from a bag. Then, 


P(germination of more than 35 seeds from a bag) 
= P(Es) 
_ number of bags from which more than 35 seeds germinate 


total number of bags 
5. 
-75-l 
[Seeds from each of the five given bags contain more than 35 


germinated seeds.] 


A tyre manufacturing company kept a record of the distance covered 
before a tyre needed to be replaced. The table given below shows the 
results of 1000 cases. 


Distance Lessthan | 4000 to 9001 to |More than 
in km 4000 9000 14000 14000 


If you buy a tyre of this company, what is the probability that 
(i) it will need to be replaced before it has covered 4000 km? 
(ii) it will last more than 9000 km? 


(iii) it will need to be replaced after it has covered somewhere 
between 4000 km and 14000 km? 


Total number of cases = 1000. 


(i) Let E be the event that a tyre will need to be replaced 
before covering 4000 km. 


Number of tyres to be replaced before covering 4000 km 
= 20. 
20 


P(Ej) = 1000 = 0.02. 


(ii) Let E, be the event that a tyre will last more than 9000 km. 
Number of tyres that will last more than 9000 km 


= 325 + 445 = 770. 
770 


P(E,) = 1000 = 0.77. 


(iii) Let E, be the event that a tyre needs replacement between 
4000 km and 14000 km. 


Number of tyres which need replacement after covering 
between 4000 km and 14000 km = 210 + 325 = 535. 
535 


PEs) = 159; = 0.535. 
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EXAMPLE 8 Bulbs are packed in cartons, each containing 40 bulbs. 700 cartons 
were examined for defective bulbs and the results are given in the 
following table: 


Number of More than 
defective bulbs 1/2)]3 )4 45 6 


Frequency 
(No. of cartons) 


One carton is selected at random. What is the probability that it has 
(i) no defective bulb? 

(ii) defective bulbs less than 4? 

(iii) defective bulbs more than 3 but less than 6? 

(iv) defective bulbs 6 or more? 


SOLUTION Total number of cartons = 700. 


(i) Let E, be the event of choosing a carton having no 
defective bulb. Then, 


P(choosing a carton having no defective bulb) 
= P(E,) 


_ number of cartons having 0 defective bulb 


total number of cartons 


_371_ 53 _ 
= 700 100 7 2: 


(ii) Let E, be the event of choosing a carton having defective 
bulbs less than 4. Then, 


P(choosing a carton having defective bulbs less than 4) 
= P(E,) 


_ number of cartons having defective bulbs 0, 1, 2 or 3 


total number of cartons 


_ 371+162+55+49 _ 637 91 
i 700 ~ 700 100 


(iii) Let E, be the event of choosing a carton having defective 
bulbs more than 3 but less than 6. Then, 


P(choosing a carton having defective bulbs more than 3, but 
less than 6) 


= P(E;) 


_ number of cartons having defective bulbs 4 or 5 


= 0.91. 


total number of cartons 
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_41+15_ 56 8 _ 
~ 700 700 100 ~ 


(iv) Let E, be the event of choosing a carton having defective 
bulbs 6 or more. Then, 


0.08. 


P(choosing a carton having defective bulbs 6 or more) 
P(E,) 


number of cartons having defective bulbs 6 or more 


total number of cartons 


2542 7 1 
700 700 100 


= 0.01. 


EXAMPLE9 Over the past 200 working days, the number of defective parts 
produced by a machine is given in the following table: 


OA ae EA EN EC ES 7 10|11 12|13 
defective parts 


days 


From these days, one day is chosen at random. What is the 
probability that on that day, the output has 


(i) no defective part? 
(ii) at least 1 defective part? 
(iii) not more than 5 defective parts? 
(iv) more than 5, but less than 8 defective parts? 
(v) more than 13 defective parts? 
SOLUTION Total number of working days = 200. 


(i) Let E, be the event that the output has 0 defective part on 
the chosen day. Then, 


P(event of producing 0 defective part on the chosen day) 
= P(E,) 


_ number of days when the output has 0 defective part 


total number of working days 


eels 
"ang 4 ^ 025. 


(ii) Number of days on which the output has at least 
1 defective part 
= 200 — number of days with 0 defective part 
= 200 - 50 = 150. 
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Let E, be the event that the output has at least 1 defective 
part on the chosen day. Then, 
_ 150 _ 3. 
PE) = 500 7 4 
(iii) Let E, be the event that the output has not more than 

5 defective parts, i.e., 5 or less defective parts, on the 
chosen day. Then, 

P(event that the output has not more than 5 defective parts 

on the chosen day) 


= P(event that the output has 5 or less defective parts on the 
chosen day) 


P(E;) 


number of days when the output has 5 or less 


defective parts 


total number of working days 


_ 50+32+22+18+12+12 146 73 
200 200 100 


(iv) Let E, be the event that the output has more than 5, but 
less than 8 defective parts on the chosen day. Then, 


= 0.73. 


P(event that the output has more than 5 but less than 
8 defective parts on the chosen day) 


= P(E,) 
number of days when the output has 6 or 7 
defective parts 


total number of working days 


_10+10_ 20_1_ 
200 200 10 


(v) Let E; be the event that the output has more than 13 
defective parts on that day. Then, 


0.1. 


P(event that the output has more than 13 defective parts 
on that day) 


= P(E;) 
number of days when the output has more than 13 
defective parts 


total number of working days 
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EXAMPLE 10 The table given below shows the months of birth of 40 students of a 
class in a school. 


ur 


Noof NEED 5) a |e 3] ab]: 
students 


If one student is chosen at random, what is the probability that the 
student is born 


(i) in the latter half of the year? 
(ii) in a month having 31 days? 


(iii) in a month having 30 days? 
SOLUTION Total number of students in the class = 40. 
(i) Let E, be the event that the chosen student is born in the 
latter half of the year. Then, 
no. of students born in latter half of the year 
total number of students 
_2+6+3+4+4+4_ 23 
40 40 
(ii) Let E, be the event that the chosen student is born in a 
month having 31 days. Then, 


P(E) = 


= 0.575. 


number of students born in a month having 


31 days 
P(E,) = 


total number of students 


_34+24+54+2+6+4+4 26 13 
40 40 20 


— 0.65. 


(iii) Let E, be the event that the chosen student is born in a 
month having 30 days. Then, 


number of students born in a month having 
30 days 


P(E,) = total number of students 


_2+1+3+4_10_1 
40 40 4 
EXAMPLE 11 According to a meteorological report for 300 consecutive days in a 
year, its weather forecasts were correct 180 times. 
Out of these days, one day is chosen at random. 
What is the probability that the weather forecast was 
(i) correct on that day? (ii) not correct on that day? 


=0.25. 
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SOLUTION Total number of days = 300. 


(i) Let E = event that the forecast was correct on the chosen 
day. Then, 


no. of days for which the forecasts were correct 


He total number of days 


=I SH 06. 
(ii) Number of days on which the forecast was not correct 
= 300 - 180 = 120. 
Let F= event that the forecast was not correct on the 
given day. 


REMARK Clearly, E and F are the possible outcomes such that 
P(E)+ P(E) =0.6+0.4=1. 


EXAMPLE 12 A survey of 250 girls of a school was conducted and it was found that 
105 girls like tea while 145 dislike it. Out of these girls, one girl is 
selected at random. 


What is the probability that the selected girl (i) likes tea, (ii) does not 
like tea? 


SOLUTION Total number of girls = 250. 
Number of girls who like tea = 105. 
Number of girls who dislike tea = 145. 
(i) Let E, = event that the selected girl likes tea. Then, 
P(selected girl likes tea) 
number of girls who like tea 195 


= P(E) = “total number of girls ^ 250 


= 0.42. 


(ii) E, = event that the selected girl dislikes tea. Then, 

P(selected girl dislikes tea) 
number of girls who dislike tea — 145 
total number of girls 250 


-P(E)- = 0.58. 
REMARK In selecting 1 girl at random, the possible outcomes are E,, E,, and 
P(E,) + P(E,) = 0.42 + 0.58 = 1. 


EXAMPLE 13 In a cricket match, a batsman hits the boundary 5 times out of 40 
balls played by him. Find the probability that the boundary is not hit 
by the ball. 


SOLUTION 


EXAMPLE 14 


SOLUTION 
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Total number of balls thrown = 40. 

Number of times, the boundary is hit by the ball = 5. 

Number of times, the boundary is not hit by the ball = 40 — 5 
= 35. 


Let E be the event that the boundary is not hit by the ball. 
Then, 


P(E) = number of times the boundary is not hit by the ball 


total number of balls thrown 
35. 7. 


0 8 

Two dice are thrown simultaneously 500 times. Each time, the sum 
of the two numbers appearing on their tops is noted and recorded as 
given below: 


| sum [2|s[a|s|e]|7 8 9 |10 1 |12| 


If the two dice are thrown once more, what is the probability of 
getting a sum 


(i) 5? (ii) more than 9? 
(iii) less than or equal to 6? (iv) between 6 and 10? 
Total number of times the two dice are thrown - 500. 
(i) Let E, be the event of getting the sum 5. Then, 
P(getting the sum 5) 
-P(E) 


number of times the sum 5 is obtained 
total number of times the two dice are thrown 

_ 56 14. 

~ 500 125 


(ii) Let E, be the event of getting a sum more than 9. Then, 


E, = event of getting a sum 10, 11 or 12. 
P(getting a sum more than 9) 
= P(E,) 
. number of times a sum 10, 11 or 12 is obtained 
~ total number of times the two dice are thrown 


_53+29+28 110 11. 
500 500 50 


704 


Secondary School Mathematics for Class 9 


(iii) Let E, be the event of getting a sum less than or equal to 6. 
Then, E, = event of getting a sum 2, 3, 4, 5 or 6. 
P(getting a sum less than or equal to 6) 
= P(Es) 
_ number of times a sum 2, 3, 4, 5 or 6 is obtained 
total number of times the two dice are thrown 
_ 22+30+48+56+64 _ 220 11. 
500 500 25 
(iv) Let E, be the event of getting the sum between 6 and 10. 


Then, E, = event of getting a sum 7, 8 or 9. 
P(getting the sum between 6 and 10) 
= P(E,) 
_ number of times a sum 7, 8 or 9 is obtained 
~ total number of times the two dice are thrown 


.70-64*26 160 8. 
500 500 25 


EXAMPLE 15 A recent survey shows that the ages of 200 workers in a factory is 


SOLUTION 


distributed as follows: 


Age (in years) | 20—29 | 30-39 | 40-49 | 50-59 | 60 and above 


[RIE 


If a worker is selected at random, find the probability that the selected 
worker is 


(i) 40 years or more 
(ii) under 40 years 
(iii) having an age from 30 to 39 years 
(iv) under 60 but over 39 years. 
Total number of workers in the factory = 200. 


(i) Let E, be the event of selecting a worker who is 40 years 
or more. Then, 


P(selecting a worker who is 40 years or more) 
= P(E,) 
_ number of workers who are 40 years or more 


total number of workers 


.86*46*3 135 27 
200 200 40 
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(ii) Let E, be the event of selecting a worker who is under 
40 years. Then, 


P(selecting a worker who is under 40 years) 
= P(E;) 
number of workers having an age less than 40 years 


total number of workers 
_ 37+28 _ 65 13. 
200 200 40 
(iii) Let E, be the event of selecting a worker having an age 
from 30 to 39 years. Then, 


P(selecting a worker having an age from 30 to 39 years) 
= P(Ej 


_ number of workers having age from 30 to 39 years 


total number of workers 
_ 28 _ 7 


200 50 
(iv) Let E, be the event of selecting a worker who is under 60, 
but over 39 years. Then, 
P(selecting a worker who is under 60 but over 39 years) 
= P(E} 
number of workers having age more than 39 years, 
but less than 60 years 


total number of workers 


86-46 132 33. 
200 200 50 


EXAMPLE 16 Following frequency distribution gives the weights of 40 students of 
a class. 


ns 31-35 | 36-40 | 41-45 | 46-50 | 51-55 | 56-60 | 61-65 | 66-70 | 71-75 


ov" 10 BE Dow. 3 p A). oe | * || a 
students 
A student from the class is chosen at random. What is the probability 


that the weight of the chosen student is 
(i) at most 60 kg?  (ii)atleast 56 kg? (iii) not more than 50 kg? 


SOLUTION Total number of students - 40. 
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(i) Let E, be the event of choosing a student whose weight is 
at most 50 kg. Then, 


P(choosing a student whose weight is at most 60 kg) 
= P(E) 
_ number of students whose weight is 60 kg or less 
B total number of students 
_10+6+14+4+1+1_ 36 9. 
40 40 10 
(ii) Let E, be the event of choosing a student whose weight is 
at least 56 kg. Then, 
P(choosing a student whose weight is at least 56 kg) 
= P(E,) 
_ number of students whose weight is 56 kg or more 
E total number of students 
_1+2+1+1_5_1, 
40 40 8 
(iii) Let E, be the event of choosing a student whose weight is 
not more than 50 kg. Then, 


P(choosing a student whose weight is not more than 50 kg) 
= P(E;) 
_ number of students whose weight is 50 kg or less 
7 total number of students 


_10+6+14+4 34 17. 
40 40 20 


EXAMPLE 17 An insurance company selected 2000 drivers at random in a 
particular city to find a relationship between age and accidents. The 
data obtained are given in the following table. 


Age of drivers Accidents in one year 


puer amem zs S dress] 


[ 1 [1 |n | « | 9- 
[3 wu e 35 
[ wem | 30 [ 5] 5s [9 


Find the probability of each of the following events for a driver chosen 
at random from the city: 
(i) being 18-29 years of age and having exactly 3 accidents in 
one year 
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(ii) being 30-50 years of age and having one or more accidents in 
one year 
(iii) having no accident in one year. 
SOLUTION Total number of drivers = 2000. 
(i) Let E, be the event of choosing drivers of age 18-29 years 
with exactly 3 accidents in a year. Then, 
P(choosing drivers of age 18-29 years with exactly 3 
accidents in one year) 
= P(E) 
number of drivers of age 18-29 years having exactly 
3 accidents in 1 year 


total number of drivers 
60 3 


~ 2000 100 
(ii) Let E, be the event of choosing drivers of age 30-50 years 
and having one or more accidents in one year. Then, 
P(choosing drivers of age 30-50 years with 1 or more 
accidents in 1 year) 
= P(E,) 
number of drivers of age 30-50 years with 1 or more 
accidents in 1 year 


total number of drivers 


_125+60+22+18 225 9. 
2000 2000 80 
(iii) Let E, be the event of choosing drivers having no accident 
in 1 year. Then, 


P(choosing drivers having no accident in 1 year) 
= P(E;) 


number of drivers having no accident in 1 year 


total number of drivers 


_ 440+505+360 1305 261. 
2000 2000 400 


EXAMPLE 18 The table given below shows the marks obtained by 80 students of a 
class in a test with maximum marks 100. 


Number of 13 | 17 | 24 | 16 4 
students 
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A student of the class is selected at random. 
Find the probability that he gets 

(i) less than 15% marks, (ii) 60 or more marks and 
(iii) less than 45 marks. 


NOTE Here 15-30 means 15 and more but less than 30. 
SOLUTION Total number of students - 80. 
(i) P(The student gets less than 15% marks) 


_ number of students getting less than 15 marks 


total number of students 
EE 
80 40 


(ii) P(The student gets 60 or more marks) 
_ number of students getting 60 or more marks 


total number of students 
.16*4 20 1. 
80 80 4 
(iii) P(The student gets less than 45 marks) 
_ number of students getting less than 45 marks 


total number of students 


.6*13-17 36 9. 
~~ 80 80 20 


EXERCISE 19 


1. A coin is tossed 500 times and we get 
heads: 285 times and tails: 215 times. 
When a coin is tossed at random, what is the probability of getting 
(i) a head? (ii) a tail? 
2. Two coins are tossed 400 times and we get 
two heads: 112 times; one head: 160 times; 0 head: 128 times. 
When two coins are tossed at random, what is the probability of getting 
(i) 2 heads? (ii) 1 head? (iii) 0 head? 
3. Three coins are tossed 200 times and we get 
three heads: 39 times; two heads: 58 times; 
one head: 67 times; 0 head: 36 times. 
When three coins are tossed at random, what is the probability of 
getting (i) 3 heads? (ii) 1 head? (iii) 0 head? (iv) 2 heads? 


Probability 709 


4. A die is thrown 300 times and the outcomes are noted as given below: 


a a 
o 92 *j2/|9/|9 
When a die is thrown at random, what is the probability of getting a 

(i) 3? (ii) 6? (iii) 5? (iv) 1? 

5. In a survey of 200 ladies, it was found that 142 like coffee, while 58 
dislike it. 

Find the probability that a lady chosen at random 
(i) likes coffee, (ii) dislikes coffee. 


6. The percentages of marks obtained by a student in six unit tests are 
given below: 


A unit test is selected at random. What is the probability that the 
student gets more than 60% marks in the test? 


7. On a particular day, at a crossing in a city, the various types of 240 
vehicles going past during a time interval were observed as under: 


Type of vehicle Three-wheelers 
[mem | * | € ] * - 


Out of these vehicles, one is chosen at random. What is the probability 
that the chosen vehicle is a two-wheeler? 


8. On one page of a telephone directory, there are 200 phone numbers. 
The frequency distribution of their unit's digits is given below: 


agp o [1 T2 [3 4 T5 T8 T pape 


One of the numbers is chosen at random from the page. What is the 
probability that the unit's digit of the chosen number is (1) 5? (ii) 8? 


9. The following table shows the blood groups of 40 students of a class. 


[mene [ 4 [ » To [= | 


[Ninberofsndens | n | * | x | *—] 


One student of the class is chosen at random. What is the probability 
that the chosen student has blood group (i) O? (ii) AB? 
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10. 12 packets of salt, each marked 2 kg, actually contained the following 
weights (in kg) of salt: 
1.950, 2.020, 2.060, 1.980, 2.030, 1.970, 
2.040, 1.990, 1.985, 2.025, 2.000, 1.980. 
Out of these packets, one packet is chosen at random. 
What is the probability that the chosen packet contains more than 2 kg 
of salt? 


11. In a cricket match, a batsman hits a boundary 6 times out of 30 balls 
he plays. Find the probability that he did not hit a boundary. 


12. An organisation selected 2400 families at random and surveyed them 
to determine a relationship between the income level and the number 
of vehicles in a family. The information gathered is listed in the table 
below: 


Monthly income Number of vehicles per family 
(in 3) 0 1 2 3 or more 


ismano | 3 ([ 1e | 5 | 9 — 


Te as000-ea0000 | o | x | m | 2 


Suppose a family is chosen at random. Find the probability that the 
family chosen is 


(i) earning 250003 30000 per month and owning exactly 2 vehicles. 
(ii) earning X 40000 or more per month and owning exactly 1 vehicle. 
(iii) earning less than X 25000 per month and not owning any vehicle. 
(iv) earning X 35000-7 40000 per month and owning 2 or more vehicles. 
(v) owning not more than 1 vehicle. 


13. The table given below shows the marks obtained by 30 students in 
a test. 


nus m 1-10 | 11-20 | 21-30 | 31-40 | 41-50 


Number of students 7 10 4 3 
(Frequency) 


Out of these students, one is chosen at random. What is the probability 
that the marks of the chosen student 


(i) are 30 or less? (ii) are 31 or more? (iii) lie in the interval 21-30? 


Probability 711 


14. The table given below shows the ages of 75 teachers in a school. 


Age (in years) 18-29 30-39 40-49 50-59 
Number of teachers 3 27 37 8 


A teacher from this school is chosen at random. What is the probability 
that the selected teacher is 


(i) 40 or more than 40 years old? 

(ii) of an age lying between 30-39 years (including both)? 
(iii) 18 years or more and 49 years or less? 
(iv) 18 years or more old? 

(v) above 60 years of age? 


NOTE Here 18-29 means 18 or more but less than or equal to 29. 


15. Following are the ages (in years) of 360 patients, getting medical 
treatment in a hospital: 


E 10-20 | 20-30 | 30-40 | 40-50 | 50-60 | 60-70 
(in years) 
imam e oi 90 50 60 80 50 30 
patients 


One of the patients is selected at random. 
What is the probability that his age is 

(i) 30 years or more but less than 40 years? 
(ii) 50 years or more but less than 70 years? 
(iii) 10 years or more but less than 40 years? 
(iv) 10 years or more? 

(v) less than 10 years? 


16. The marks obtained by 90 students of a school in mathematics out of 
100 are given as under: 


20-30 | 30-40 | 40-50 | 50-60 | 60-70 | 72 and 
above 


From these students, a student is chosen at random. 
What is the probability that the chosen student 
(i) gets 20% or less marks? (ii) gets 60% or more marks? 
17. It is known that a box of 800 electric bulbs contains 36 defective bulbs. 


One bulb is taken at random out of the box. What is the probability that 
the bulb chosen is nondefective? 
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18. Fill in the blanks. 
(i) Probability of an impossible event = ...... : 


(ii) Probability of a sure event = ...... : 
(iii) Let E be an event. Then, P(not E) = ...... s 
(iv) P(E) + P(not E) = ...... : 


(V) sce PŒ) < ss 
ANSWERS (EXERCISE 19) 
1. (057 (i) 043  2()0.28 — (04 (äi) 0.32 
3.()0.195 — (8) 0.335 — Gii) 0.18 (iv) 0.29 
4.()018 — (ü) 0.11 Gi) 0.13 ^ (iv) 02 
5.()071 (029 6 i 7. 0.35 
8.()012 (ii) 008 9.(0)035 (i) 0.15 
1.3, 1.08 12 (i A (ii) a (iii) 355 (iv) 35 (v) e 
13. (i) z (ii) 5 (ii) £ 14. ‘2 (ii) x (iii) er (iv)1 (v0 
15. O- (i) (iii) z Gv)1 (90 16. (d; (i) 17 
17. BL  4&()0 G)1 G)1-P() (iv) 1 ()01 


MULTIPLE-CHOICE QUESTIONS (MCQ) 


Choose the correct answer in each of the following questions: 


1. In a sample survey of 645 people, it was found that 516 people have 
a high school certificate. If a person is chosen at random, what is the 


probability that he/she has a high school certificate? 


(a) $ (b) 2 (0 d 


(a) £ 


2. In a medical examination of students of a class, the following blood 


groups are recorded: 


[ Weng [ 3 [3 [9 ]-9—] 
Lows e 


Number of students 


From this class, a student is chosen at random. What is the probability 


that the chosen student has blood group AB? 
3 1 
(b) 3 (9 s 


(a) 1T 


Probability 71 


[e»] 


3. 80 bulbs are selected at random from a lot and their lifetime in hours is 
recorded as under. 


Lifetime (in hours) 300 500 700 900 1100 
Frequency 10 12 23 25 10 


One bulb is selected at random from the lot. What is the probability that 
its life is 1150 hours? 


(a) 35 (b) 4 (c) 1 (d) 0 


4. In a survey of 364 children aged 19-36 months, it was found that 91 
liked to eat potato chips. If a child is selected at random, the probability 
that he/she does not like to eat potato chips is 


(a) i (b) i () = (a) = 


5. Two coins are tossed 1000 times and the outcomes are recorded as 
given below: 


Frequency 200 550 250 


Now, if two coins are tossed at random, what is the probability of 
getting at most one head? 


(a) 3 (b) £ () i (d) i 


6. 80 bulbs are selected at random from a lot and their lifetime in hours is 
recorded as under. 


ee [ x6 [ 5s [7 [ sw [sw] 


One bulb is selected at random from the lot. What is the probability that 
the selected bulb has a life more than 500 hours? 


(a) Z (b) 3 Oz (d) i 


7. To know the opinion of the students about the subject Sanskrit, a survey 
of 200 students was conducted. The data is recorded as under. 


Number of students 135 


What is the probability that a student chosen at random does not 
like it? 


714 


el 


10. 


11. 


12. 


13. 


14. 
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(a) 3 (b) ££ OF (d) 


. A coin is tossed 60 times and the tail appears 35 times. In a random 


throw of a coin, what is the probability of getting a head? 
7 12 5 1 
(a) 15 (b) 7 (c) 15 (d) 55 


. It is given that the probability of winning a game is 0.7. What is the 


probability of losing the game? 

(a) 0.8 (b) 0.3 (c) 0.35 (d) 0.15 
In a cricket match, a batsman hits a boundary 6 times out of 30 balls he 
plays. What is the probability that in a given throw, the ball does not hit 
the boundary? 


1 1 4 3 
(a) 4 (b) $ OF- (d) 1 
A bag contains 16 cards bearing number 1, 2, 3, ..., 16 respectively. One 


card is chosen at random. What is the probability that the chosen card 
bears a number which is divisible by 3? 


3 5 11 13 
(a) 16 (b) 16 (c) 16 (d) 16 
A bag contains 5 red, 8 black and 7 white balls. One ball is chosen at 
random. What is the probability that the chosen ball is black? 


(a) 3 (b) 2 © $ (a) i 

In 65 throws of a die, the outcomes were noted as under: 
[wwe [:T?T5[4 [515 
Numerus] =| | m [3 | 5 | 10 


A die is thrown at random. What is the probability of getting a prime 
number? 


(a) 3s (b) 2 (Q2: (d) 26 

In 50 throws of a die, the outcomes were noted as under: 
[ww [r[2T13T34 T5 T 
[Nm] s | » | 5 | 7 | 9 |-5— 


A die is thrown at random. What is the probability of getting an even 
number? 


(a) 12 os oi (d) 


Nie 


Probability 715 


15. The table given below shows the months of birth of 36 students of 
a class: 


ES 


No. of 
FOBHEBHBHEBBBEBS 


A student is chosen at random from the class. What is the probability 
that the chosen student was born in October? 


1 2 1 1 
OE (b) 4 (9 X (d) 45 
16. Two coins are tossed simultaneously 600 times to get 


2 heads: 234 times, 1 head: 206 times, 0 head: 160 times. 


If two coins are tossed at random, what is the probability of getting at 
least one head? 


eoo DET E (à) 75 


ANSWERS (MCQ) 
1.(d  2.() 3(d 4() 5. b) 606) 7() 8. (0 
9. (D) 10. (c) 11. (b) 12. (b) 13.(c) 14. (a) 15. (d) 16. (c) 


HINTS TO SOME SELECTED QUESTIONS 


1. Let E be the event that the chosen person has a high school certificate. Then, 


number of people having high school certificate 


P(E) total number of people 


-516_4, 2 
7955 [HCF (516, 645) = 129.] 
3. Total number of bulbs = 80. 

Number of times 1150 appears = 0. 


Required probability = E =0. 


4. Total number of children = 364. 
Number of children who like to eat potato chips = 91. 
Number of children who do not like to eat potato chips = (364 — 91) = 273. 
Required probability = z - i i 
5. Total number of throws = 1000. 
Number of times at most 1 head appears 
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= (number of time 0 head appears) + (number of times 1 head appears) 
= (250 + 550) = 800. 
: au, 800 4. 

Required probability — 1000 ^5 


6. Total number of bulbs = 80. 


Number of bulbs having their lifetime more than 500 hours = (23 + 25 + 10) = 58. 
; s 58 _ 29 
Required probability = 80 40 
7. Total number of students - 200. 
Number of students who do not like Sanskrit = 65. 
‘ or 65 13 
Required probability — 200 40 
8. Total number of times the coin is tossed = 60. 
Number of times tails appear = 35. 
Number of times heads appear = (60 — 35) = 25. 


P(getting a head) = a = a . 


9. P(losing the game) + P(winning the game) = 1. 
P(losing the game) + 0.7 = 1. 
P(losing the game) = (1 — 0.7) = 0.3. 
10. Total number of balls thrown - 30. 
Number of times the boundary is hit = 6. 
Number of times the ball does not hit the boundary = 30 —6 = 24. 
Required probability — E - Å ; 
11. Total number of cards = 16. 
Numbers divisible by 3 are 3, 6, 9, 12, 15. 
Number of such numbers = 5. 


Required probability = Š . 
12. Total number of balls = 5 +8 +7 = 20. 


Number of black balls = 8. 


P(getting a black ball) =È = 2. 


13. Total number of throws = 65. 
Number of throws giving 2,3 and 5=10+12+9=31. 
P(getting a prime number) — E ! 

14. Total number of throws = 50. 
Number of times we get 2, 4 or 6 =9+7+8 = 24. 


P(getting an even number) = E - D f 


15. Total number of students = 36. 
Number of students born in October = 3. 


Probability 717 


l 23.1. 
P(the chosen student was born in october) = 36 12 
16. Total number of tosses = 600. 
Number of times we get 1 head or 2 heads = (234 + 206) = 440. 


Required probability — En - ü : 


REVIEW OF FACTS AND FORMULAE 
1. Uncertainty or probability can be measured numerically. 
2. An operation which can produce some well-defined outcomes is called 
an experiment. Each outcome is called an event. 
3. The empirical probability of an event E is defined as 


P(E) = number of trials in which event happened 


total number of trials 

4. OX P(E) € 1. 

5. (i) If P(E) = 0 then E is called an impossible event. 
(ii) If P(E) = 1then E is called a sure event. 
(iii) P(E) + P(not E) = 1. 


